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Preface to the 
Third Edition 


As the previous editions of Statics and Strength of Materials have 
done, this third edition focuses on courses in statics and strength of 
materials which do not require the use of calculus. The practical 
orientation of the text has been retained and emphasized to ensure 
comprehension of the underlying principles and their applications. 
The text can therefore also serve as a reference for courses in mate¬ 
rials testing, materials selection, structural design, and machine 
design. 

Although changes have been introduced in this revision, the 
flavor and general content of much of the text have been retained. 
One of the more significant additions is the introduction of SI 
metric units in illustrative examples as well as in student problems, 
with given metric data rather than conversions. However, U.S. cus¬ 
tomary units are still employed throughout the text. The addition 
of metrics will permit instructors to selectively include proper SI 
units in their present courses so that students may begin to learn to 
think in terms of these units in preparation for the anticipated in¬ 
creasing usage in United States practice. Also, the latest changes in 
pertinent codes have been incorporated so that the text keeps pace 
with design procedures which students are likely to encounter in 
industry. In addition to the foregoing, many of the comments and 
suggestions of those who have used the second edition have been 
incorporated. 

As in the previous editions, the problems are graded for diffi¬ 
culty. Chapter 1, on fundamental terms, has been revised to include 
an introduction to metrics. Chapter 9 has been revised extensively 
in order to update the design of connections. In keeping with cur¬ 
rent industrial practice, the sections on rivets have been essentially 
eliminated and the treatment of bolted connections has been 
greatly expanded. Up-to-date codes pertaining to bolted and 
welded connections are employed. Chapter 12 has been revised so 
that beam design is based on the latest American Institute of Steel 
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Construction (AISC) code. In addition, tables and beam specifica¬ 
tions have been revised to show the new designations for rolled 
sections. To reflect the trend in connections, the section on eccen¬ 
trically loaded riveted joints has been replaced with a new section 
on eccentrically loaded bolted connections, in Chapter 14. Chapter 
15 has been updated through the introduction of the latest code 
provisions for columns. The section on continuous beams by the 
three-moments theorem method has been eliminated from 
Chapter 16. Where necessary throughout the text, figures have 
been revised to show more clearly pinned joints and beam supports. 

As before, the text consists of two main sections: Statics 
(chapters 1 through 6) and Strength of Materials (chapters 7 
through 16). For those who have previously completed a course in 
statics, it is recommended that they be referred to the review of 
statics in Appendix A. 

The most frequently used tables have been updated and are 
shown in Appendix B. A list of important formulas is again placed 
at the end of the appendix for convenient reference. The symbols 
used throughout the book conform to the latest recommendations 
of the American National Standards Institution (ANSI). 

The authors invite suggestions, comments, and corrections by 
persons using the text. 

We wish to acknowledge with thanks the many useful sugges¬ 
tions received from Professors G. J. Cavaliere; S. B. Foreman, P.E.; 
A. Peters, P.E.; and other members of both the construction tech¬ 
nology and the mechanical technology departments of New York 
City Community College (N.Y.C.C.C.) of The City University of 
New York. In addition, we wish to offer our special thanks to Pro¬ 
fessors P. Granek, P.E., and S. P. Stern, P.E., of the construction 
technology department at N.Y.C.C.C. 


Milton G. Bassin, PE. 
Stanley M. Brodsky, PE. 
Harold Wolkoff, PE. 




CHAPTER 


1 

Fundamental Terms 


1-1 INTRODUCTION TO MECHANICS 

1 he importance of a thorough knowledge of fundamentals in any field 
cannot be overemphasized. Fundamentals have always been stressed in 
the learning of new skills, whether it be football or physics. 

Similarly, the science of mechanics is founded on basic concepts and 
forms the groundwork for further study in the design and analysis of 
machines and structures. 

Mechanics can be divided into two parts: ( a ) statics, which relates to 
bodies at rest, and ( b) dynamics, which deals with bodies in motion. This 
text is concerned with statics. 

In mechanics, the term strength of materials refers to the ability of the 
individual parts of a machine or structure to resist loads. It also permits 
the selection of materials and the determination of dimensions to ensure 
sufficient strength of the various parts. 


1-2 BASIC TERMS 

It is essential that the following 13 basic terms be understood, since they 
continually recur in all phases of this technical study. 

Length. This term is applied to the linear dimension of a straight or 
curved line. For example, the diameter of a circle is the length of a 
straight line which divides the circle into two equal parts; the circumference 
is the length of its curved perimeter. 

Area. The two-dimensional size of a shape or a surface is its area. 
The shape may be flat (lie in a plane) or curved; for example, the size of 
a plot of land, the surface of a fluorescent bulb, or the cross-sectional size 
of a shaft. 

Volume. The three-dimensional or cubic measure of the space 
occupied by a substance is known as its volume. 
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Force. This term is applied to any action on a body which tends to 
make it move, change its motion, or change its size and shape. A force 
is usually thought of as a push or a pull, such as a hand pushing against 
a wall or the pull of a rope fastened to a body. 

Pressure. The external force per unit area, or the total force divided 
by the total area on which it acts, is known as pressure. Water pressure 
against the face of a dam, steam pressure in a boiler, and earth pressure 
against a retaining wall are some examples. 

Mass. The amount of matter in a body is called its mass, and for 
most problems in mechanics, mass may be considered constant. 

Weight. The force with which a body is attracted toward the center 
of the Earth by the gravitational pull is called its weight. 

Density. This term may refer either to weight density or mass density. 
Weight density is the weight per unit volume of a body or substance; 
mass density is the mass per unit volume of a body or substance. 

Load. This term is used to indicate that a body of some weight is 
applying a force against some supporting structure or part of a structure. 
For example, a desk weighing 100 lb is applying a load (and thus a force) 
of 100 lb against the floor on which it sits. 

Moment. The tendency of a force to cause rotation about an axis 
through some point is known as a moment. 

Torque. The action of a force which causes rotation to take place is 
known as torque. The action of a belt on a pulley causes the pulley to 
rotate because of torque. Also, if you grasp a piece of chalk near each end 
and twist your hands in opposite directions, it is the developed torque 
that causes the chalk to twist and, perhaps, snap. 

Work. The energy developed by a force acting through a distance 
against a resistance is known as work. The distance may be along a 
straight line or along a curved path. When the distance is linear, the work 
can be found from work = force x distance. When the distance is along a 
circular path, the work can be found from work = torque x angle. Common 
forms of work include a weight lifted through a height, a pressure 
pushing a volume of a substance, and torque causing a shaft to rotate. 

Power. The rate of doing work, or the work done per unit time, is 
called power. For example, a certain amount of work is required to raise 
an elevator to the top of its shaft. A 5-kW motor can raise the elevator, 
but a 20-kW motor can do the same job four times faster. 

1-3 INTRODUCTION TO METRICS 

Because industry has taken major steps toward a changeover to metrics, 
the technically trained individual should be familiar with its usage. 

Historically, a large number of different metric units have been in 
use throughout the world (countries have not necessarily used the same 
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units as their neighbors or trading partners). In order to overcome the 
obvious disadvantages of dealing with a variety of systems, an international 
agreement was reached which limits and standardizes the metric units to 
be used. The common system adopted is called the International System 
of Units, usually referred to as SI.* The United States has agreed to adopt 
this system of metrics. Thus, all reference and use of metric units in this 
text will be in the SI system. 

The metric system offets major advantages relative to the U.S. 
customary system (our historical system of units). For example, the metric 
system uses only one basic unit for length—the meter; whereas, the U.S. 
customary system uses many basic units for length—inch, foot, yard, mile, 
league, fathom, etc. Also, because the metric system is based on multiples 
of 10, it is easier to use and learn. For example, in the metric system 
there are 100 centimeters in 1 meter, 1000 meters in 1 kilometer, etc.; in 
the U.S. customary system there are 12 inches in 1 foot, 3 feet in 1 yard, 
5280 feet in 1 mile, etc. 

A major distinction exists between the SI system and the U.S. 
customary system. Whereas the U.S. system is a gravitational system with 
force as a basic unit —from which mass is derived—the SI system is an 
absolute system with mass as a basic unit —from which force is derived. 
Simply put, this means that in the U.S. customary system an object is 
referred to as having a weight of some number of pounds (lb), while in 
the SI system the same object would be referred to as having a mass of 
some number of kilograms (kg). 

The following example will illustrate the difference in procc- e 
between U.S. customary units and SI in order to determine the force 
exerted by an object resting on a table. In dealing with the U.S. customary 
system, the problem would state that the object has a weight of 100 lb, 
and we would then indicate that the force exerted by the object on the 
table is 100 lb, and, if needed, the mass would be calculated. In the SI 
system, the problem would state that the object has a mass of 45 kg. In 
order to establish the force the object exerts on the table, we must first 
calculate the weight of the object by using the formula W = m -g (weight 
= mass-gravitational constant). Thus, for g = 9.81 m/s 2 (gravitational 
constant for sea level on Earth), W - 45 kg-9.81 m/s 2 = 441 kg-m/s 2 . 
Since 1 kg-m/s 2 is defined as a newton (N), W = 441 N. Since the force 
is equal to the weight, we can now indicate that F = 441 N. 

The above example introduced you to SI units and symbols that you 
may not be familiar with—kg for kilograms, m for meters, s for seconds. 
As you continue into the text you will be introduced to additional SI units 
and symbols. You will find that once you become familiar with the SI 
system, you will enjoy working with it, since the system employs powers 


SI comes from the official name in French: Le Systeme International d'Unites. 
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TABLE 1-1 COMMON SI METRIC PREFIXES 


Factor 

Prefix 

SI Symbol 

1 000 000 000 = 10 9 

giga 

G 

1 000 000 = 10 6 

mega 

M 

1 000 = 10 3 

kilo 

k 

0.001 = 10" 3 

milli 

m 

0.000 001 = 10- 6 

micro 

M 

0.000 000 001 = 10“ 9 

nano 

n 


of 10. Those problems dealing with the SI system of metrics will be pre¬ 
ceded by an asterisk. For example, the basic unit for length is the meter 
(m). A kilometer (km) is equal to 10 3 m. A millimeter (mm) is equal to 10~ 3 
m. As we just discovered, the basic unit for weight and force is the newton 
(N), which is equal to 1 kg-m/s 2 . A meganewton (MN) is equal to 10 6 N. A 
micronewton (fi N) is equal to 10~ 6 N. Thus, we see that the SI system 
employs prefixes (kilo, mega, milli, etc.) in front of a basic unit. Table 1-1 
lists the most common prefixes used in engineering. Table 13, App. B, 
lists the SI units used in this text. 

There are a number of specific rules that apply to Che use of SI units. 
For example, a period is never used after a symbol, except when required 
to indicate the end of a sentence (e.g., kg not kg.); commas are not used 
to separate groupings of three digits as is done in the U.S. customary 
system—instead a space is used (e.g., 40,096 is written as 40 096). 


1-4 VECTORS AND SCALARS 

Any quantity that is specified by a magnitude only is a scalar term. That is, 
a scalar is not related to any definite direction in space. Examples of 
scalars are $10, 5 ft, 18°C, 16 hp, 6 volts, etc. 

A vector quantity has magnitude and is related to a definite direction in 
space. Force is such a quantity. To properly specify a force, its magnitude 
and direction must be known. 

A vector quantity is represented by a line carrying an arrowhead at 
one end. The length of the line (to a convenient scale) equals the 
magnitude of the vector. The line, together with its arrowhead, defines 
the direction of the vector. 

Suppose a man is using a rope to pull a box along the floor and in 
order to exert as little effort as possible he tilts the box onto one edge, 
as shown in Fig. 1-1. He must exert a pull of 30 lb, at an angle of 30° with 
the horizontal, in order to keep the box moving. This force can be 
represented as a vector, as shown in Fig. 1-2, by drawing it to scale (each 
unit of length equals 10 lb of force) at the same angle and sense as the 
force. Sense refers to the placement of the arrow on the vector. 
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FIGURE 1-1 Man pulling box 
with rope. 



FIGURE 1-2 Force represented 
as a vector. 


1-5 NUMERICAL ACCURACY 

Because the data used in engineering calculations vary in accuracy, it is 
important that we develop some means of indicating the accuracy of the 
data. This is necessary so that after performing a series of calculations, 
we arrive at an answer no more accurate than the original data. 

We can establish the accuracy of a number by the use of significant 
figures. The larger the number of significant figures, the more accurate 
the data. For example, the number 2300.65 has six significant figures and 
is more accurate than the number 2301, which has four significant figures. 

To establish the significant figures, we must keep in mind that the 
decimal point has nothing to do with the number of significant figures. 
Thus, each of the following has four significant figures: 27.61; 276.1; 
0.2761; 0.002761; 2761; 276 100; and 2.761 x 10 6 . 

One of the ways you can identify well-trained technicians or engineers 
is that they carefully avoid giving numerical answers which have too many 
significant figures. They recognize that the least accurate number in the 
original data establishes the accuracy of the result. The following sample 
problem will illustrate the above principle. 

Sample Problem 1 Determine the amount of work done (ft lb) by a 55- 
lb force acting on a body for a distance of 1075 ft. 

Solution: Work equals force times the distance through which the force 
acts. 

Work = F x d, 

Work = 55 x 1075 = 59 125 ft-lb 

This is the result which would be displayed by a calculator. But this 
answer has five significant figures. It is not proper to give such an accurate 
result from original data in which the least accurate number had only two 
significant figures (55 lb). Thus, the answer should be rounded off to two 
significant figures: 


Work = 59 000 ft-lb 
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This means that with the information available in this Sample Problem 
we can only determine the work done to the nearest 1000 ft-lb. It should 
be noted that most engineering calculations do not require an accuracy 
greater than three significant figures. 

1-6 ROUNDING OFF NUMBERS 

If a number is given to the nearest hundredth and we wish to express it 
to the nearest tenth, what procedures do we follow? The following will 
apply to the rounding off of all numbers. 

1. If the digit to be dropped is 5 or greater, increase the digit to the 
left by 1. Example: 36.48 becomes 36.5. 

2. If the digit to be dropped is less than 5, simply drop it without 
changing the value of the digit to the left. Example: 36.42 becomes 
36.4. 

1-7 DIMENSIONAL ANALYSIS 

In dealing with data, not only are we concerned with magnitude, but we 
must also be concerned with the unit. For example, if we measure the 
length of a room and express it as 30, this would be meaningless. Do we 
mean 30 in, or 30 ft, or perhaps 30 yd? Thus, we see that the dimension 
of length consists of both magnitude and unit. 

Very frequently we must change a dimension expressed in one unit 
to the same dimension expressed in another unit. For example, a length 
of 30 ft is equal to how many inches? To solve this, we have to use a 
conversion factor which will enable us to convert from feet to inches. The 
conversion factor will have to be used so that the value of the dimension 
will not be changed. This can be accomplished if we multiply the original 
form of the dimension by the conversion factor set up as a fraction. Thus, 

1 Q * 

30JV x-— = 360 in 

1 f C 

Take note that the conversion factor is equal to 1, since the numerator 
is equal to the denominator. Take note also that units can be canceled. 
In fact, units may be divided, multiplied, squared, etc., just as numbers. 

Example: express 30 mi/hr as ft/s. 

prf 5280 ft 1 Jrf ft 

30 ~ x-x —— = 44- 

hf 1 prf 3600 s s 

Example: express 60 km/h as m/s. 

_. km 1000 m 1 h 

60-x-x- 

h 


km 


3600 s 


= 16.7 m/s 






CHAPTER 



Resulronr and 

Equilibranf of Forces 

2-1 DEFINITIONS 

External Force. When a force is applied to a body, it is called an 
external force. 

/ 

Internal Force. The resistance to deformation, or change of shape, 
exerted by the material of a body is called an internal force. 

Suppose a load F is suspended by a cable as in Fig. 2-1. The load 
tends to stretch or break the cable. The fibers of the cable resist this 
tendency. Thus, the load applies an external force to the cable, while the 
cable fibers exert an internal force to prevent being pulled apart. 

Collinear Forces. These are forces whose vectors lie along the same 
straight line. 

Concurrent Forces. Forces whose lines of action pass through a 
common point are called concurrent forces. In Fig. 2-2 forces F x , F 2 , and 
F 3 pass through the common point 0 and are concurrent. 

Coplanar Forces. Forces whose lines of action lie in the same plane 
are called coplanar forces. Note that collinear forces must also be coplanar. 

Rigid Body. When a body is acted upon by forces and the size and 
shape of the body are not changed, the body is said to be rigid. All real 
bodies are more or less elastic, and the application of a force would 
produce some change. In the study of mechanics, the bodies on which 
the forces act are often considered rigid. 

Transmissibility of a Force. A force may be considered as acting at any 
point on its line of action so long as the direction and magnitude are 
unchanged. Suppose a body (Fig. 2-3) is to be moved by a horizontal 
force F applied by hooking a rope to some point on the body. The force 
F will have the same effect if it is applied at points A, B, C (Fig. 2-4), or 

7 
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FIGURE 2-1 Load suspended FIGURE 2-2 Concurrent forces, 

from cable. 


any point on its line of action. This property of a force is called 
tradmissibility. 

The principle of transmissibility may be used freely where overall 
effects on a body are being determined. It should be noted, however, that 
the local effects on individual members of the body will change when the 
force is moved. This can be seen in Fig. 2-4 by visualizing three eyebolts 
located at points A, B, and C. Only that eyebolt on which the rope is 
hooked will feel the effects of force F; the two unused eyebolts are 
unaffected by the force. 


B 




n 
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FIGURE 2-3 Transmissibility of a force. 
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(a) (b) 

FIGURE 2-4 Transmissibility of a force. 


(e) 


2-2 TYPES OF FORCE SYSTEMS 

Most practical problems in statics involve several forces which act simul¬ 
taneously. Such force systems may be classified as follows. 
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FIGURE 2-5 Concurrent-coplanar FIGURE 2-6 Nonconcurrent- 
forces. coplanar forces. 


Concurrent-Coplanar. This system occurs where the lines of action of 
all forces lie in the same plane and pass through the common point. In 
Fig. 2-5, forces t\, F 2 , and W all lie in the same plane (the plane of the 
paper) and all their lines of action have point 0 in common. Collinear 
forces are the simplest type and a special case of concurrent-coplanar 
forces. This chapter deals with concurrent-coplanar force systems. 

Nonconcurrent-Coplanar. Such a system exists where the lines of 
action of all forces lie in the same plane but do not pass through a common 
point. Figure 2-6 shows a situation of this type. These systems will be 
treated in Chaps. 3 and 4. It should be noted that parallel force systems, 
such as Fig. 2-7, are a special case of nonconcurrent-coplanar systems. 

Concurrent-Noncoplanar. This system is evident where the lines of 
action of all forces do not lie in the same plane but do pass through a 
common point. An example of this force system is the forces in the legs 
of a tripod support for a camera (Fig. 2-8) or a transit. Chapter 5 is 
devoted to concurrent-noncoplanar systems. 

Nonconcurrent-Noncoplanar. Where the lines of action of all forces do 
not lie in the same plane and do not pass through a common point, a 
nonconcurrent-noncoplanar force system is present. This type will not be 
discussed in the text.* 


Fi \F2 



FIGURE 2-7 Parallel forces. FIGURE 2-8 Tripod support 

for camera. 

* For a discussion of nonconcurrent-noncoplanar force systems see A. Jensen and H. H. 
Chenoweth, Applied Engineering Mechanics, 3d ed., McGraw-Hill Book Company, New York, 
1972. 
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2-3 RESULTANT OF CONCURRENT FORCE SYSTEMS 

A resultant is a single force which can replace two or more concurrent 
forces and produce the same effect on the body as the concurrent forces. 

It is a fundamental principle of mechanisms, demonstrated by 
experiment, that when a force acts on a body which is free to move, the 
motion of the body is in the direction of the force, and the distance 
traveled in a unit time depends on the magnitude of the force. Then, for 
a system of concurrent forces acting on a body, the body will move in the 
direction of the resultant of that system, and the distance traveled in a unit 
time will depend on the magnitude of the resultant. 

2-4 RESULTANT OF COLLINEAR FORCES 

The simplest type of a concurrent force system involves collinear forces. 
When two or more forces act on a body along the same straight line, their 
resultant will also act along the same line. 

If a body is acted upon by forces of 20 and 30 lb, as shown in Fig. 
2-9, it is evident that a single force of 20 + 30 = 50 lb would be the 
resultant. 



FIGURE 2-9 Collinear forces. 



FIGURE 2-10 Collinear forces. 


If the forces act in opposite directions (Fig. 2-10), their resultant 
would be 30 — 20 = 10 lb acting to the right. 

As a matter of convenience, when a force acts in a certain direction, 
say to the right, it is considered positive. If it acts to the left, it is negative. 
The force is read or expressed as so many pounds, with a plus or minus 
sign attached, depending on the direction in which the force acts. Thus, 
the forces of Fig. 2-10 are +30 and —20 lb. The purpose of the sign is 
to indicate direction of action only. 

The rule for determining the resultant of collinear forces may be 
stated as follows: The resultant of any number of forces acting along the same 
straight line is their algebraic sum. 

Although the choice of signs is a matter of convenience, the custom 
in mechanics is to observe the signs as in mathematics. Thus, for forces 
acting horizontally, a force acting to the right is positive, while a force 
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acting to the left is negative. For forces acting on a vertical line, up forces 
are positive and down forces are negative. 

Sample Problem 1 Find the resultant of the collinear force system in 
Fig. 2-11. 


20 lb 


151b 

10 lb 




FIGURE 2-11 Diagram for Sample Problem 1. 


Solution: R = + 15 + 25 - 20 - 10 = +10 lb 

Thus, the four given forces may be replaced by a single force of 10 
lb acting to the right. 

*Sample Problem 2 Find the resultant of the collinear forces in Fig. 
2 - 12 . 

Solution: i? = + 8 + 12-10=+10N 


12 n| 


18N 


|1° N 


FIGURE 2-12 Diagram for Sample Problem 2. 
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Therefore, the three given forces may be replaced by a single up 
force of 10 N. 

Sample Problem 3 Find the resultant of the forces in Fig. 2-13. 

Solution: There are two sets of collinear forces which will be analyzed 
separately. 

In the vertical direction, R u = + 10 - 10 = 0. 

In the horizontal direction, R x = —6 — 4 + 8 = —2 lb. 

Then the five forces may be replaced by a single force of 2 lb acting 
horizontally to the left. 



FIGURE 2-13 Diagram for Sample 
Problem 3. 


2-5 EQUILIBRIUM OF CONCURRENT FORCE SYSTEMS 

When the resultant of any number of concurrent forces acting on a body 
is zero, the forces are said to be in equilibrium. The student should notice 
that when forces are in equilibrium, the body on which they act may be 
at rest or in uniform motion. 

Statics is a study of forces in equilibrium. 

2-6 EQUILIBRIUM OF COLLINEAR FORCES 

If the resultant of forces acting on a body in the same straight line is zero, 
the forces are in equilibrium. The body on which these forces act will not 
move or, if in motion, will continue to move with the same speed. This 
condition of equilibrium might be stated in another way by saying that 
the sum of the forces in one direction must be equal to the sum of the 
forces in the opposite direction. Direction is not limited to either the 
horizontal or the vertical, but may make any angle with the horizontal. 







RESULTANT AND EQUILIBRANT OF FORCES 13 


2-7 ACTION AND REACTION 

To every action there is an equal and opposite reaction (Newton’s third 
law). 

When one pushes against a wall, one exerts an action. The wall resists 
the push with an equal and opposite force called a reaction. 

When a load is suspended from a hook, the load exerts an action 
downward. The hook exerts an equal, opposite force called the reaction. 

A body weighing 10 lb rests on a table. The action force is the 
downward pull due to the Earth’s attraction. The table exerts an upward 
reaction N (Fig. 2-14). Since the body does not move, the forces are in 
equilibrium. Then R = 0; but R = N — 10. Thus N — 10 = 0, and N = 
10 lb. 



FIGURE 2-14 Action and reaction. 


2-8 TENSION AND COMPRESSION: TWO-FORCE MEMBERS 

When two equal and opposite forces F act on a body as the bar in Fig. 
2-15, the body is in tension, because the tendency is to stretch or pull the 
bar apart. A hoisting cable is a good illustration of this action. 



FIGURE 2-15 Body in tension. FIGURE 2-16 Body in compression. 


If the forces act in the reversed directions, as in Fig. 2-16, the body 
is in compression, because the tendency of the forces F is to shorten, 
compress, or crush the body. This action occurs in a prop, brace, or 
column. 

When a bar is acted upon by two opposite forces that are in 
equilibrium, the member is always either in tension or compression, and 
the direction of the external forces is along the axis of the bar. These 
forces are termed axial forces. 

It is important to distinguish between axial tension and axial compres¬ 
sion forces. A long member subjected to axial tension force is not normally 
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affected by its length. On the other hand, a long member which is 
subjected to axial compression forcers affected by its length. If a member 
subjected to compression force is relatively long compared to its cross- 
sectional area, it will be subjected to both buckling and compression 
stresses. This type of member is discussed in Chap. 15. If a member 
subjected to compression force is relatively short compared to its cross- 
sectional area, it will be subjected to compression stress only. Unless 
otherwise indicated, it will be assumed in this text that a member subjected 
to compression force is a short compression member. 

For a simple experiment in tension, a rope of any convenient length 
is chosen and a force of 50 lb applied at each end, as in Fig. 2-17. 

501b C 501b 

< ■■ i » FIGURE 2-17 Rope in tension. 


The rope is cut at any point C, and two spring balances are fastened 
to the ends and hooked together (Fig. 2-18). 


50 ib 50 lb ^ ^ 50 lb ^^ 501b 

FIGURE 2-18 Rope in tension. 

Each balance then reads 50 lb, an indication that a force of 50 lb was 
required to hold the parts of the rope together. This is just the force that 
was exerted by the fibers of the rope before it was cut. 

Members subjected solely to axial forces or to forces whose resultants 
are axial forces are called two-force members. The ability to recognize two- 
force members will be useful in analyzing structures and mechanisms. 


2-9 RESULTANT OF TWO CONCURRENT FORCES 

Two forces that are concurrent can be added vectorially by means of the 
parallelogram law or the triangle law. 

Figure 2-19 shows a body acted on by two concurrent forces, P and 
F. By constructing a parallelogram whose sides are equal to P and F, 
respectively, the resultant of these forces can be determined. The diag¬ 
onal of the parallelogram will be the resultant R (Fig. 2-20a). 

The resultant R can also be found by constructing one-half of the 
parallelogram. This figure will be a triangle. From any convenient point 
A, using an appropriate scale, draw a vector equal in magnitude and 
direction to one of the forces (Fig. 2-206). From the tip of the arrowhead 
of the first vector, lay out the second vector to the same scale so that the 
vectors are connected head-to-tail. The closing side of the triangle, drawn 
from the starting point A of the first vector to the tip of the arrowhead 
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FIGURE 2-19 Diagram for Sample Problem 4. 


of the second vector, is the resultant of the two forces (Fig. 2-20 b). Note 
that the arrowhead of the resultant/? is at the end away from the starting 
point. The magnitude of the resultant is determined by measuring its 
length with the same scale used for drawing the other vectors. 

Most cases of concurrent force systems are best solved by algebraic 
methods. Such a solution is demonstrated in the following examples, 
along with the graphical method described above. 

Sample Problem 4 Two concurrent forces of 30 and 40 lb act on a 
body, making an angle of 90° with each other, as in Fig. 2-19. Find the 
magnitude and direction of the resultant by ( a) graphical method, ( b) 
algebraic method. 

Solution a (Graphical): From any point A , draw AB equal to 30 lb to any 
convenient scale and parallel to force P, as in Fig. 2-206. From B, draw 
a line BC in the direction of force F and in length to represent 40 lb. 
Then the line AC is the resultant R in magnitude and direction. By 


C 




FIGURE 2-20 (a) Parallelogram solution for Sample 
Problem 4. (b) Force triangle. 
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measurement, R is found to be 50 lb. Angle a can be measured by 
protractor. 

Figure 2-20 a indicates the graphical solution by means of the 
parallelogram law. 

Solution b (Algebraic): Notice that since the resultant forms a triangle 
with the two given forces, an algebraic solution of the triangle will give 
R. Since ABC is a right triangle, 

R = VP 2 + F 2 = V900 + 1600 = 50 lb 


The angle a that R makes with P may be found from 


BC F 40 _ 

tan a — -= — = — = 1.333 

AB P 30 

a = 53.13° or 53°8' 


Sample Problem 5 Find the magnitude and direction of the resultant 
of two concurrent forces of 50 and 75 N acting on a body at an angle of 
50° with each other, as in Fig. 2-21. Use (a) graphical method, ( b) algebraic 
method. 



FIGURE 2-21 Diagram for Sample Problem 5. 


Solution a (Graphical): From any point T, draw AB equal and parallel 
to F x , as in Fig. 2-22a. From B , draw line BC equal and parallel toP 2 - Line 
AC is the resultant R. By measurement, R is found to be 114 N. 

Figure 2-22 b indicates the graphical solution by means of the parallel¬ 
ogram law. 

Solution b (Algebraic): Triangle ABC (Fig. 2-22a) may be solved for R 
by using the law of cosines. 

R 2 = F x 2 + F 2 2 - 2 F X F 2 cos B 


But 0 = 180 - 50 = 130°. 
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FIGURE 2-22 (a) Force triangle for Sample Problem 5. 
(b) Parallelogram solution. 


cos 130° = —cos 50° = -0.6428 

R 2 = 50 2 + 75 2 - 2(50)(75)(-0.6428) 

= 2500 + 5625 + 4820 = 12 945 
R = 114 N 

Angle a may be calculated by the law of sines. 

F 2 

sin a 
sin 0 

sin a 

a 

The student should appreciate that the degree of accuracy obtainable 
with the graphical method depends upon the care with which the draw¬ 
ing is made and the scale that is used. 

2-10 EQUILIBRANT AND THE FORCE TRIANGLE 

If two forces are acting on a body, the third force that will hold them in 
equilibrium is called the equilibrant, or the balancing force. 

The relations among three forces in equilibrium are best illustrated 
by an experiment. In Fig. 2-23, let OA, OB, and OC be fastened to a ring 
at O. Spring balances are fastened at A, B, and C. The springs are then 
stretched and the rings fastened to pins E, F, and G. Since the forces 
acting on OA, OB, and OC are axial, these are two-force members. 

Balances E, F, and G show forces of 12, 15, and 20 lb, respectively. 
These forces are in equilibrium because the ring O is at rest. 

Now draw MN parallel to OA and to scale equal to 12 lb, as in Fig. 
2-24. From N, draw NP equal to 15 lb and parallel to OB. Join P and AT 
PM by careful measurement will be found to scale 20 lb. If the angles of 


R . F 2 . 

= —- sin a = — sin 6 

sin 6 R 

— sin 130° = sin 50° = 0.7660 

75 

=-(0.7660) = 0.505 

114 V ' 

= 30.3° or 30°18' 
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P 


FIGURE 2-24 Force triangle. 


the triangle MNP are found by a protractor and compared with angles 
AOC and BOC, PM will be found parallel to OC. 

The equilibrant, or balancing force, of any two forces is the closing 
line of the triangle, with the arrowhead pointing in such a direction that 
the arrowheads of all the forces appear to follow each other around the 
triangle. 

Triangle MNP is called the force triangle. Thus, three concurrent 
forces in equilibrium may be represented as sides of a force triangle. 


2-11 PRINCIPLE OF CONCURRENCE 

If three nonparallel forces acting on a body are in equilibrium, their lines of action 
must meet in a common point. As already shown, the resultant of any two con¬ 
current forces is a single force acting through their point of intersection. 
When equilibrium exists, their resultant is balanced by a third force 
(equilibrant). However, in order to be in equilibrium, the resultant and the 
equilibrant must act along the same straight line. To meet this condition, 
the lines of action of the original forces must meet at a point. This princi¬ 
ple of concurrence will be found useful in later problems in which the 
direction of some of the unknown forces is not at first evident. 


2-12 METHODS OF SOLUTION 

Since three concurrent forces in equilibrium may be represented as a 
triangle of forces, the solution of such a problem, in mechanics, is the 
solution of a triangle. 
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If the triangle of forces is constructed accurately, the unknown parts 
of the triangle may be found by measurement. This is called th e graphical 
solution. 

When the triangle is solved by means of algebra or trigonometry, the 
method is called algebraic. 

The three theorems used in the algebraic method are as follows. 

1. Pythagorean theorem. In any right triangle, the square of the 
hypotenuse is equal to the sum of the squares of the two legs: 

c 2 — a 2 -\- b 2 (2-1) 


2. Law of sines. In any triangle, the sides are to each other as the 
sines of the opposite angles: 


sin A sin B sin C 


( 2 - 2 ) 


3. Law of cosines. In any triangle, the square of any side is equal to 
the sum of the squares of the other two sides minus twice the product of the 
sides and cosine of their included angle: 

c 2 = a 2 + b 2 — 2 ab cos C (2-3) 


Sample Problem 6 Two forces of 75 and 100 lb, respectively, make an 
angle of 110° with each other as shown in Fig. 2-25. Find their resultant 
and the angle it makes with the 100-lb force. 



FIGURE 2-25 Diagram for 
Sample Problem 6. 



Pi 


FIGURE 2-26 Force triangle for 
Sample Problem 6. 


Solution: Sketch a force-vector diagram as in Fig. 2-26. 

d = 180 - 110 = 70° 


R2 = F 2 + F 2 _ 2Fl P 2 cos 0 

= 100 2 + 75 2 - 2(100)(75)(0.3420) 
= 10 000 + 5625 - 5130 = 10 495 
R = 1021b 


By Eq. (2-3), 
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By Eq. (2-2), 

F 2 _ R 
sin a sin 0 

Fo 75 

sin a = — sin 0 =-(0.9397) = 0.691 

R 102 

a = 43.7° or 43°42' 

Sample Problem 7 Three concurrent forces of 45, 60, and 90 N, 
respectively, are in equilibrium (Fig. 2-27). Find the angles that these 
forces must make with each other. 



FIGURE 2-27 Diagram for Sample FIGURE 2-28 Force triangle for 
Problem 7. Sample Problem 7. 


Solution: Since these forces are in equilibrium they may be represented 
as the three sides of a triangle (Fig. 2-28). 

With A as a starting point, draw AB parallel and equal to the 60 N 
force. With B as a center and a line equal to 45 N as a radius, strike an 
arc. With^ as a center and a radius equal to 90 N, draw an arc intersecting 
the first arc at C. Draw AC and BC. Then ABC is the required force 
triangle (Fig. 2-28) with sides parallel to the given forces. The required 
angles can be found by means of a protractor. A more accurate method 
is to apply the law of cosines. 

By Eq. (2-3), 

452 = go 2 + 90 2 - 2(60)(90) cos a 

60 2 + 90 2 - 45 2 9675 

cos a =-=-= 0.896 

2(60)(90) 10 800 

a = 26.4° or 26°24' 

By Eq. (2-2), 

90 _45_ 

sin (180 — 0 ) sin a 


but sin (180 — 0 ) = sin 0 
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90 90 

sin (9 = — sin a = — (0.4446) = 0.8892 
45 45 

0 = 62.8° or 62°48' 

Referring to Fig. 2-28, 

y = 180 — a = 180 - 26.4 
= 153.6° or 153°36' 

Referring to Fig. 2-27, 

/3 = 360 - e - y = 360 - 62.8 - 153.6 
= 143.6° or 143°36' 

The student should note that the angles between the forces (Fig. 
2-27) are supplements of the angles of the force triangle (Fig. 2-28). 

2-13 FREE BODY 

In solving problems of mechanics, it is often convenient to disregard 
bodies acting upon a single body and to replace these actions by force 
vectors, having their magnitude and direction the same as those of the 
actions produced by each of the acting bodies. A body thus represented 
is said to be a free body. 

It is essential to designate the free body clearly and to account for 
all the forces that act on it. A sketch showing the body with the forces 
acting is an important aid in the investigation and solution of problems 
and should always be drawn. 

Take, for example, a 10-ft ladder resting against a smooth wall. The 
ladder weighs 25 lb. A 155-lb man stands on it, as shown in Fig. 2-29, 
while his helper holds his foot against the bottom to prevent the ladder 
from slipping on the smooth floor. 

In order to analyze this problem, consider the ladder as a free body. 
To sketch a free-body diagram, draw a line to represent the ladder, so 
that the direction and length are proper. Force vectors are placed at the 
points on the line to represent the external forces which act on the ladder. 
The free-body diagram for the ladder is shown in Fig. 2-30. 

In this free-body diagram, the weight of the ladder and the man are 
shown acting downward. /?, and R 2 are the reactions of the floor and 
wall, respectively. F is the force applied by the helper’s foot. This particular 
problem involves nonconcurrent-coplanar forces and will be solved in 
Chap. 4 (Sample Problem 1). Free-body diagrams are useful for all types 
of equilibrium force systems. 

^Sample Problem 8 A body having a mass of 300 kg is suspended from 
a beam by two ropes, making angles of 20° and 30° with the vertical, 
respectively. Find the forces in the ropes. 
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0 



FIGURE 2-29 Man on a ladder. 

Solution: Let AB and£C be the ropes that support the body (Fig. 2-31). 
AB and BC are both two-force members and are in tension. 

Set point B out as a free body. There are three forces: the weight of 
the suspended body acting down (W = m-g = 300 kg-9.81 m/s 2 = 2940 N), 
and F x and F 2 up, at angles 20° and 30°, as shown in Fig. 2-32. 




FIGURE 2-30 Free-body diagram 
of ladder. 


FIGURE 2-31 Diagram for Sample 
Problem 8. 
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O 



FIGURE 2-32 Free-body diagram FIGURE 2-33 Force triangle 

for Sample Problem 8. for Sample Problem 8. 


From any point O in Fig. 2-33 draw OD to represent 2940 N. From 
D, draw a line parallel to F ly but indefinite in length. F t is known in 
direction but not in magnitude. Since the three forces must form a 
triangle, force F 2 must end at the point O. Therefore, draw a line through 
0, parallel toF 2 , cutting the second line at H. Triangle ODH is the force 
triangle, and DH and HO to scale represent F x and F 2 . These values may 
be obtained by direct measurement. By the law of sines, 


F , 


sin 30' 


F,= 


2940 

sin 130° 
0.50(2940) 


and 


F, 


2940 


sin 20° sin 130‘ 


= 1919 N 


0.7660 

Say, F t = 1920 N = 1.92 kN (tension) 


and 


03420(2940) = 13BN 


and 


0.7660 
F 2 = 1310 N = 

1.31 kN (tension) 


2-14 ANALYSIS OF A SIMPLE STRUCTURE 

A simple structure is a body formed of tension and compression members 
(two-force members) hinged or pinned together. The hinges or pins are 
assumed frictionless, and the weight of the parts is neglected. Most roof 
trusses, many bridge trusses, and certain mechanical devices are treated 
as simple structures. 
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Since the parts are in equilibrium, free-body diagrams may be drawn 
for any of the parts in a simple structure. However, it is usually more 
practical to use the pins at the joints as free bodies, since these pins are 
generally subjected to concurrent forces which are in equilibrium. 

Consider.a structure made up of a boom BC connected to a wall by 
pin C and a tie rod AB connected to the boom at pin B and to the wall 
at pin A. A load of W lb is suspended from the end of the boom, as shown 
in Fig. 2-34. 

Now, the tie rod AB and the boom BC are two-force members, since 
tie rod AB is a tension member and boom BC is a compression member. 
This is so because the boom acts as a strut, supporting pin B while the tie 
rod prevents the boom from rotating about pin C. The student should 
recall that internal tensile or compressive forces act in the direction of the 
axis of their respective members. The weight of the boom BC is assumed 
to be small enough, compared to load W, to be neglected. 


12 ' 



FIGURE 2-34 A simple structure 


R a AB 

A 

FIGURE 2-35 Free-body 
diagram of pin A. 


This structure is in equilibrium; hence, the pinsT, B, and C are in 
equilibrium. Free-body diagrams of the three pins may be drawn. For 
pin A, Fig. 2-35 shows the free-body diagram. This diagram shows the 
forces acting on the pin. AB is the tension which tends to tear the pin from 
the wall, while R a is the wall reaction which is necessary to maintain pin 
A in equilibrium. 

Similarly Fig. 2-36 is a free-body diagram for pin B. AB is again the 
tension of member AB which prevents pin B from swinging clockwise, BC 
is the compression, or thrust, of the boom, and W is the suspended load. 

Figure 2-37 is the free-body diagram for pin C. The boom force BC 
tends to drive pin C into the wall, while R c is the wall reaction to maintain 
pin C in equilibrium. Note that pins A and C are each subjected to two 
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FIGURE 2-36 Free-body 
diagram of pin B. 



FIGURE 2-37 Free-body 
diagram of pin C. 


collinear forces, while pin B is acted upon by three concurrent (and 
coplanar) forces. 

Sample Problem 9 For the structure of Fig. 2-34, the distance between 
pins A and C is 12 ft, the length of member BC = 13 ft, and W = 4000 
lb. Find the forces in members AB and BC. 

Solution a: ABC is a right triangle; hence, by Eq. (2-1) the length of 
member AB — 5 ft. Take pin B as a free body, as in Fig. 2-36, where W 
= 4000 lb. From M, draw a line parallel to BC and indefinite in length. 
Since the figure must close, AB terminates at O. But AB must be 
horizontal, since member AB is a two-force member and is horizontal. 
Then from O, sketch a line parallel to AB to intersect the second line 
drawn at point N. Thus, MNO is a force triangle (Fig. 2-38). Since MNO 
is a right triangle, AB and BC may be found trigonometrically. 



M 


FIGURE 2-38 Force triangle for Sample Problem 9. 










26 STATICS AND STRENGTH OF MATERIALS 


cos M = 


4000 

BC 


But angle M equals angle C in Fig. 2-34. Thus: 


cos M = cos C - 


12 

13 


12 4000 

13“ BC 

BC = ^ = 4330 lb (compression) 


Also, 


sin M - 

_5_ _ 
13 _ 

AB = 


AB 

BC 

AB 

4330 

5(4330) 

13 


and sin M = sin C 


= 1670 lb (tension) 


length AB 5 
length BC 13 


Solution b (Similar Triangles): Since force triangle MNO is similar to 
triangle ABC, or the original structure, a direct solution is possible. Since 
corresponding sides of similar triangles are proportional, then 


BC 4000 
13 “ 12 


and 


BC = 4330 lb (compression) 
AB 4000 

5 ~ 12 

AB = 1670 lb (tension) 


Whenever the principle of similar triangles is applicable, it should be used. 


2-15 COMPONENTS OF A FORCE 

The resultant of two forces was previously defined as the single force that 
will produce the same effect as the two forces. Also, it was stated that the 
two forces with their resultant form a triangle. 

The converse of this statement is also true, that a force may be 
replaced by any two forces which, with the given force, form a triangle. 
In Fig. 2-39, AB and BC are two forces that, if applied to a body at A, 
produce the same effect as AC. AB and BC are called the components of 
AC. Note the direction of the arrows. 
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C 



FIGURE 2-39 Components 
of a force. 


AB = 100 lb 



FIGURE 2-40 Diagram for 
Sample Problem 10. 


Sample Problem 10 Resolve a force of 100 lb into two components 
making angles of 30° and 70°, respectively, with the force. 


Solution: Let AB be the given force (Fig. 2-40). Draw AC and BC 
making angles of 30° and 70°, respectively. Then AC and BC are the 
components. By the law of sines, 


AC 


100 


sin 70° 

BC 


sin 80° 
100 


AC = MMZOOO) . 95 . 4 lb 


sin 30° sin 80° 


BC = 


0.9848 

0.50(100) 

0.9848 


= 50.8 lb 


Say, AC = 95 lb and BC = 51 lb. 

Therefore, forces of 95 and 51 lb acting at A (as in Fig. 2-41) are the 
components of AB. 


*Sarnple Problem 11 A force of 93 N has forces of 60 and 75 N for 
components. Find their directions with the given force (Fig. 2-42). 



FIGURE 2-41 Diagram for Sample 
Problem 10. 



C 


FIGURE 2-42 Diagram for Sample 
Problem 11. 
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Solution: Triangle ABC may be solved for angles a and (3 by Eqs. (2-2) 
and (2-3). Using the law of cosines, 


(BC) 2 = (AB) 2 + (AC) 2 - 2(AB)(AC) cos a 
(AB) 2 + (AC) 2 - (BC) 2 


cos a = 


2(AB)(AC) 

93 2 + 60 2 - 75 2 8650 + 3600 - 5625 


a = 


2(93)(60) 

0.594 

53.6° or 0.935 rad 


11 160 


6625 
11 160 


(Refer to App. B, Table 14, for conversion from degree to radians.) By 
the law of sines, 


60 


75 


sin (3 
sin (3 


si n 53.56° 
60(0.8045) 


75 


= 0.6436 


j8 = 40.1° or 0.699 rad 


2-16 RECTANGULAR COMPONENTS OF A FORCE 

When a force is resolved into two components that are at right angles to 
each other, they are called rectangular components . These components with 
the given force as hypotenuse form a right triangle. 

In the solution of many problems in mechanics, it is customary to 
choose an origin and* andy axes at right angles to each other. The force 
or forces acting are then resolved into their rectangular components 
along these axes. If the x axis is horizontal and the y axis vertical, the 
components of a force along these axes are called horizontal and vertical 
components. 

The axes are not always horizontal and vertical (such as in Fig. 2-45), 
but the components will be referred to as x and y components and 
represented by F x and F y , when the given force is F. 

Let F be a force making an angle 6 with the horizontal, as shown in 
Fig. 2-43. From the point B, drop a perpendicular to the x axis. Then 
F x = OA, and F y = AB. 

From trigonometry, 


cos 6 = F x /F 
sin 8 = FJF 
F x = F cos 8 
F y = F sin 8 
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FIGURE 2-43 Rectangular 
components of a force. 


But F x is the projection of F on the x axis, and since AB = OD, F y 
is the projection of F on the y axis. 

The following definitions may then be given. 

The x component of a force is the force times the cosine of the angle 
that the force makes with the x axis. 

They component of a force is the force times the cosine of the angle 
that the force makes with the y axis, or the force times the sine of the 
angle that the force makes with the x axis. 

When a force is at right angles with a line, its component is zero 
along the line; that is, the force has no effect on a body in a direction at 
right angles to the force. 

Sample Problem 12 A force of 50 lb makes an angle of 30° with the 
horizontal. Find F x and F y (Fig. 2-44). 

Solution: 

F x = F cos 6 - 50 cos 30° = 43.3 lb (say, 43 lb) 

F y = F sin 9 = 50 sin 30° = 25 lb 

^Sample Problem 13 A body having a mass of 50 kg rests on an inclined 
plane, making an angle of 20° with the horizontal. Find F x and F y of the 
body’s weight (Fig. 2-45). 
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Solution: Take the x axis parallel and the y axis perpendicular to the 
plane. The weight of the body is a force of (50 kg)(9.81 m/s 2 ) = 490 N 
acting down. But 6 — 70° and a = 20°. Then 

F x = 490 cos 70° = 490(0.3420) = 167.6 N 
F v = 490 cos 20° = 490(0.9397) = 460.5 N 

Say, F x = 170 N and F y = 460 N. 

2-17 INCLINED PLANE 

Let a body of weight W rest on an inclined plane making an angle a with 
the horizontal (Fig. 2-46). 

Choose the axes along and perpendicular to the face of the plane. 
Then 

F x = W sin a 
F y = W cos a 

That is, the component of the weight of a body parallel to the 
plane is equal to the weight times the sine of the angle that the plane 
makes with the horizontal. 


FIGURE 2-46 Body on an inclined 
plane. 
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The component of the weight perpendicular to the plane is the 
weight times the cosine of the angle that the plane makes with the 
horizontal. 

Since the y component is the one perpendicular to the plane, it 
produces no motion of the body. 

The component of the weight parallel to the plane ( F x ) is the force 
that acts to drag the body down the plane. If the body does not move, it 
is because of the reaction of some external force, such as friction, or of 
an applied force. (Friction is the force that acts between two surfaces in 
contact and tends to resist motion of one surface over the other. A more 
complete discussion of friction is found in Chap. 6.) 

If there is no friction, then it can be seen that the applied force 
necessary to prevent the body from sliding down the plane will be equal 
to W sin a. A force parallel to the plane and slightly greater than W sin 
a by the amount of the friction encountered will be needed to move the 
body up the plane. Frequent use is made of the inclined plane in loading 
heavy machinery on trucks, in jackscrews, and in ordinary screw threads. 
The general principle involved is that a relatively small force exerted 
parallel to the plane is capable of displacing the body along the plane and 
thereby raising the body to the desired height. 

Sample Problem 14 The floor of a truck is 3 ft above the ground. An 
inclined plane is formed by using a 12-ft plank. It is desired to load a box 
of machine parts weighing 300 lb by pushing it up the 12-ft plane. How 
much force must be exerted parallel to the plane, neglecting friction? 


Solution: 


sin a = 


_3 

12 


1 

4 


Fj. = W sin a = 300 


1 _ 

4 


= 751b 


A force slightly in excess of 75 lb and applied to the box in a direction 
parallel to the plane will slide the box up the plane. It is seen that a 
vertical lift without using the inclined plane would require 300 lb. 


2-18 RESULTANT OF MORE THAN TWO FORCES IN A PLANE 

Suppose that three or more forces act through a common point O, as in 
Fig. 2-47. Find the resultant. 

Graphical Solution: From any convenient points, in Fig. 2-48, draw AB 
parallel and equal to F x . From B, draw BC equal and parallel to F 2 . AC 
is the resultant of Fj and F 2 . From C, draw CD equal and parallel to F 3 . 
AD is the resultant of AC and CD. It is therefore the resultant of F u F 2 , 
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D 



FIGURE 2-47 Four concurrent forces. FIGURE 2-48 Force polygon. 


and F :i . From D, draw DE equal and parallel to F 4 . AE, the resultant of 
AD and DE, is then the resultant of the four forces F x , F 2 , F :i , and F 4 . 
ABCDEA is known as the polygon of forces. 

The method for determining the resultant of any number of con¬ 
current forces is as follows. From any point, construct the force polygon 
by adding the vectors taken in order, either clockwise or counterclockwise 
around the point. The closing line of the polygon drawn from the starting 
point of the first vector to the terminal point of the last vector is the 
resultant of the concurrent forces. (Notice the direction of the arrow¬ 
heads.) 

Sample Problem 15 Given concurrent forces of 20, 30, 10, and 40 lb 
making angles of 10°, 30°, 120°, and 125°, respectively, with a horizontal 
line through the common point, find the resultant. 

Solution: Figure 2-49 shows the given concurrent force vectors. A force 
polygon may now be constructed. From any point A, lay out the 20-lb 
vector AB. From point B, draw BC to represent the 30-lb force. Similarly, 
draw CD and DE for the 10- and 40-lb forces, respectively. Now, the 
resultant is the vector AE which closes the polygon, as in Fig. 2-50. By 
careful measurement, R is found to be 63 lb acting at an angle of 74° with 
the horizontal. These results may be verified by progressively solving 
triangles ABC, ACD, and ADE (Fig. 2-51) for unknown sides and angles 
by Eqs. (2-2) and (2-3). Note that 6 is the sum of %.EAD, 2^DAC, 2 f CAB , 
and 10°. 


2-19 EQUILIBRIUM OF MORE THAN TWO FORCES 

When three or more forces are in equilibrium, their resultant is zero. 
From Fig. 2-51, the resultant of the four forces shown is AE. The single 
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FIGURE 2-49 Diagram for Sample Problem 15. 



A A 

FIGURE 2-50 Force polygon for FIGURE 2-51 Force polygon. 

Sample Problem 15. 


force to be in equilibrium with AE is EA, a force equal in magnitude and 
opposite in direction. But EA closes the polygon. Then when concurrent 
forces are in equilibrium, the force diagram must be a closed polygon. 

Sample Problem 16 A body weighing 50 lb rests on a rough horizontal 
plane. A force of 10 lb acts horizontally to the right. The body does not 
move. Find the force resisting motion and the reaction of the plane (Fig. 

2-52). 


Solution: Let the body be considered as a particle (point O), and draw 
a free-body diagram (Fig. 2-53). AtO, the weight of 50 lb acts down. The 
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FIGURE 2-53 Free-body diagram FIGURE 2-54 Force polygon 

for Sample Problem 16. for Sample Problem 16. 


reaction of the plane is up and is represented by N. The force of 10 lb 
acts to the right. Since the body does not move, there must be a force 
acting between the two surfaces in contact to oppose the motion. Call it 
F. Construct the force polygon BCDEB (Fig. 2-54), taking the forces in 
order, counterclockwise. Since N and F are known in direction only, first 
draw the forces completely known. BC is equal to 50 lb and CD to 10 lb. 
At D, erect a perpendicular indefinite in length. Since the four forces are 
in equilibrium, they must form a closed polygon. Then force F must end 
at B. FromB, draw a line perpendicular to BC to meet the perpendicular 
from D at the point E. Then DE is N, and EB is F. Since BCDE is a 
rectangle, lines BC and DE are equal in magnitude, or DE = 50 lb = N, 
and EB = 10 lb = F. 

Sample Problem 17 A bar AC (Fig. 2-55), pinned to the wall at A, 
supporting a mass of 1000 kg at C, is held in a horizontal position by the 
strut, or compression member DB pinned at D and B. Find the force in 
DB and the pin reaction at A. 
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1000 kg 


W = (1000 kg) (9.81 m/s 2 ) = 9.81 kN 


FIGURE 2-55 Diagram for Sample 
Problem 17. 


Solution: The bar AC is in equilibrium under the action of three forces 
at A, B, and C, respectively. By the principle of concurrence (Sec. 2-11), the 
lines of action of three (nonparallel) forces in equilibrium must pass through a 
common point. The direction of the 9.81-kN load is vertical at point C. 
Since DB is a two-force member in compression, the direction of the 
thrust at point B must be along the axis of strut DB. Sketch AC as a free 
body and show the 9.81-kN load and the line of action of the force at B. 
Prolong these lines of action to meet at point E (Fig. 2-56). Then the 
reaction at pin A is a force that must also pass through point E, owing to 
concurrence. The force triangle may now be drawn, as in Fig. 2-57. The 
angle 0 which R a makes with the horizontal is found from Fig. 2-56. Since 
BCE is a right triangle and 2 ^B = 45°, then length EC = length BC = 
2 m. Now from triangle ACE, 

tan 0 = f = 0.40 
0 = 21 . 8 ° 

Thus, in Fig. 2-57, a = 90 + 0 = 111.8° 


E 

*i 


^ / I 



FIGURE 2-56 Free-body diagram of member AC for 
Sample Problem 17. 





* 
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FIGURE 2-57. Force triangle at point E 
for Sample Problem 17. 


Hence, 0 = 180 - 111.8 - 45 = 23.2° 
Now, by the law of sines, 


R a 9.81 
sin 45° ~ sin 23.2° 

DB 



9.81 


0.7071(9.81) 

0.3939 


= 17.61 kN (say, 17.6 kN) 


But 

And 

Then 


sin 111.8° 
sin 111.8° 
sin (90 + 0) 
sin 111.8° 


DB 

DB 


sin 23.2° 

= sin (90 + 6) 

= sin (90 — 6) 

= sin 68.2° 

= 0.9285 
0.9285(9.81) 

0.3939 

= 23.12 kN (say, 


23.1 kN) (compression) 


Sample Problem 18 The beam AD is pinned to the wall at A and held 
in a horizontal position by the tension member BC. There is a load of 
1000 lb atZ). What are the force in BC and the reaction at A (Fig. 2-58)? 


1,000 lb 



FIGURE 2-58 Diagram for Sample 
Problem 18. 
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Solution: The beam AD is in equilibrium under the aetion of three forces 
at A, C, and D, respectively. Since the member BC is acted on by forces 
at its ends only, this member is a two-force member. The force at C is in 
the direction of'.BC. The load is vertical. Prolong line BC to intersect the 
vertical through l). T hen E will be the point of concurrence of the forces. 
The reaction A is a force whose line of action must pass through E. T he 
directions of all the forces are now known, and the force triangle can be 
constructed. Angles 6 and y may be determined from Fig. 2-58. From 
right triangle CAB, 


tan y = f = 0.75 

7 = 36.9° or 36°54' 

Note that angle CED is also y. 

Now triangle ABC is similar to triangle CED. Thus, 

Length DE Length DC 

Length AB Length AC 

8(4) 1 

DE = = 5.33 ft 

6 


In triangle AED, 


5 33 

tan 6 = = 0.533 

10 


6 = 28.1° or 28°6' 


Figure 2-59 is the force triangle for the three concurrent forces 
acting on member AD 


a = 90 + 0= 118. Lor 118°6' 

(3 = 180 -ct -y = 180 - 1 18.1 - 36.9 = 25° 


By the law of sines, 


R a 1000 

sin 7 sin (3 
BC 1000 



0.6004(1000) 

0.4226 


= 14201b 


sin a sin (3 

sin a = sin (90 + 6) = sin (90 — 6) 
sin (90 - 6) = sin 61.9° = 0.8821 

BC = ^ 1 ^ 1 —0) _ 2087 lb (say, 2100 lb) (tension) 

0.4226 7 


Note that the point of concurrence need not lie on the body in 
equilibrium. 
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1,0001b 

FIGURE 2-59 Force triangle 
for Sample Problem 18. 



FIGURE 2-60 Resultant by 
summation of components. 



2-20 RESULTANT OF CONCURRENT 
FORCES BY SUMMATION 

Any force may be resolved into two components at right angles to each 
other. If x and y axes are taken through the point common to all the 
forces and each force is resolved into its x and y components the given 
forces are then replaced by two sets of forces acting along the axes of 
reference. The forces or component forces along the x axis may be 
combined by algebraic addition into a single force. This force is repre¬ 
sented by 2 F x . Similarly, there is found a force acting along they axis and 
represented by XF y (Fig. 2-60). The hypotenuse of the right triangle with 
legs equal to ST*, and ST V is the resultant force in magnitude and direction 
of the given system of forces. That is, 


F x = F cos a 

(2-4) 

F y = F sin a 

(2-5) 

R = V (2Cr) 2 + (2F„) 2 

(2-6) 

. 2F„ 

tan 6 — _ 

2F X 

(2-7) 


Sample Problem 19 Two 120-lb forces, one which is horizontal and the 
other at an angle of 60° with the horizontal, act on a body (point O). Find 
their resultant (Fig. 2-61). 



X 


FIGURE 2-61 Diagram for Sample 
Problem 19. 
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Solution: Establish x and y axes. The components may be tabulated as 
follows: 


Force 

Angle with 
x axis 

F x 

Fy 

120 

0 

120 

0 

120 

60 

60 

104 



180 

104 


Then 


= 180 lb 
1F U = 104 lb 


In Fig. 2-62, XT x and 2/q, are shown at 90° with each other. Their 
resultant is the hypotenuse R. By Eq. (2-6), 


R = 


By Eq. (2-7), tan 6 = 


Vl80 2 + 104 2 = V43 200 = 208 lb 
ZF y 104 


XF x 180 


= 0.5778 


0 = 30' 


Then a force of 208 lb acting at an angle of 30° with the horizontal 
is the resultant of the given forces. 

That the angle of the resultant is 30° could have been seen by 
constructing the parallelogram of forces as in Eig. 2-63. Since the ' r e 
is equilateral, the diagonal bisects the 60° angle. 



FIGURE 2-62 Summation of FIGURE 2-63 Parallelogram 

components for Sample Problem 19. solution for Sample Problem 19. 


If the body at O were a pin fastened to a vertical wall and held rigid, 
the pin would exert a force equal to R in the opposite direction, by the 
law that action equals reaction. Therefore, the pin reaction is a force of 
208 lb acting from O, opposite/?, the angle being 30° below the negative 
side of the x axis. 

Sample Problem 20 Find the resultant of the forces with magnitude 
and direction, as shown in Fig. 2-64. 
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FIGURE 2-64 Diagram for 
Sample Problem 20. 


Solution: Resolve each force into itsx and)’ components and arrange in 
a table. 


Force 

Angle with x axis 

F x 

F u 

80 

0 

+ 80 

0 

60 

50 

+ 38.6 

+ 46 

50 

90 

0 

+ 50 

100 

40 

- 76.6 

+ 64.3 

120 

30 

+ 104 

- 60 



+ 146 

+ 100.3 


Notice that the forces in the left-hand column cannot be added 
algebraically because they do not act in the same straight line, whereas 
those in the F x and F u columns are added algebraically because they do 
act in the same line. 


ZF X = 80 + 38.6 + 0 - 76.6 + 104 = +146 lb 
XF y = 0 + 46 + 50 + 64.3 - 60 = +100.3 lb 

Then, from Fig. 2-65, 


R = 


tan 6 = 


V146 2 + 100.3 2 
100.3 


V31 380 = 177 lb 


6 = 


ZF X 146 
34.5° or 34°30' 


= 0.687 


Therefore, the resultant is a force of 177 lb acting at an angle of 
34.5° with the horizontal. 
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100.31b 


FIGURE 2-65 Summation of components for 
Sample Problem 20. 


2-21 EQUILIBRIUM OF CONCURRENT FORCES 

In Sec. 2-20, it was found that, when concurrent forces act on a body, the 
resultant 


f? = vW + (W 

Now, when forces are in equilibrium, their resultant is zero. Then 

{iF x f + (: iF y f = o 


But both expressions are plus, being squares of numbers. The sum 
of two positive numbers cannot be zero unless each one is zero. That is, 

1F X = 0 and XF U = 0 (2-8) 


Then, when concurrent forces are in equilibrium, the sum of the components 
along each of two rectangular axes must he zero. 

Conversely, if %F X = 0 and = 0, the concurrent forces are in equilibrium 
and their resultant is zero. 

The foregoing law can be illustrated in another way. A fundamental 
principle of mechanics is that a body cannot be in equilibrium when acted 
upon by a single force. Now XF x is the sum of all the components of 
acting forces along any arbitrarily chosen axis. If a body is in equilibrium, 
there can be no change in motion. T herefore, there cannot be a force 
acting in any direction, or the body would move or change its motion. 
Consequently, 


X F x = 0 and %F y = 0 
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x projection of AB = HJ 
x projection of BC = JK 
x projection of CD = KR 
x projection of DE ~ RS 
x projection of EA = SH 


H 


H 




J 

J K 



K 


FIGURE 2-66 Force polygon. 


The meaning of Eq. (2-8) can also be illustrated by the force polygon 
shown in Fig. 2-66. Suppose ABCDEA is the force polygon of five forces 
in equilibrium. Now the x component of a force is its projection on the 
x axis as in Fig. 2-66. 

But XF x = HJ + JK + KR + RS + SH = 0. That is, the sum of the 
positive projections is equal and opposite to the sum of the negative 
projections. 

A corollary to the preceding law is that, when the resultant effect of concurrent 
f orces along any direction or axis is desired, simply project each of the forces onto 
the axis and find the algebraic sum of these projections. 


PROBLEMS 

*2-1. A body is acted on by an upward force of 12 N and a horizontal 
force to the right of 20 N. What are the amount and the direction 
of the resultant? 

2-2. Two forces of 100 lb each act on a body at an angle of 120° with 
each other. Find the resultant in magnitude and direction by 
constructing the triangle and also by trigonometry. 

2-3. Two equal forces P act on a body at an angle of 60° with each 
other. Find the resultant by trigonometry. 
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2-4. Two concurrent forces of 40 and 50 lb make an angle of 30° with 
each other. Find the direction and magnitude of their resultant. 

2-5. Resolve a force of 60 lb into two components, one of which is 38 
lb and makes an angle of 45° with the given force. Hint: Construct 
the triangle and apply cosine and sine laws. 

*2-6. Three forces of 40, 50, and 75 N, respectively, make angles of 10°, 
30°, and 120° with the x axis. What are the amount and the 
direction of the resultant? 

*2-7. A body is supported by two cords, each of which makes an angle 
of 50° with the vertical. The tension in each cord is 65 N. What 
is the mass of the body? 

2-8. A weight of 6000 lb is suspended from the point C in Fig. Prob. 
2-8. Find the forces in AC and BC if a = 30° and fi — 60°. Which 
member is a tie rod (tension), and which member is a brace 
(compression)? 



FIGURE PROBLEM 2-8 FIGURE PROBLEM 2-9 


*2-9. A mass of 10 metric tons (see Table 13, Appendix B) is carried by 
the simple derrick shown in Fig. Prob. 2-9. By making use of 
similar triangles, find the forces in AB and BC. 

2-10. A body weighing 160 lb is suspended from a hook by a rope 12 
ft long. If a horizontal force is applied to the body so as to swing 
it to one side and cause the rope to make an angle of 30° with the 
vertical, what will be the tension in the cord, and what is the 
amount of the horizontal force? 
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2-11. Find the rectangular components of a force of 200 lb making (a) an 
angle of 10° with the* axis; ( b) an angle of 35°; (c) an angle of 55°; 
(d) an angle of 80°; ( e) an angle of 90°. 

2-12. A simple truss supports a load of 8 kip (1 kip = 1000 lb) (Fig. 
Prob. 2-12). Find the forces (in kips) in members AB, BC, and AC, 
and the reactions at A and C. 


8 kip 



FIGURE PROBLEM 2-12 



2-13. A wire 24 in long will stand a straight pull of 100 lb. The ends are 
fastened to two points 21 in apart on the same level. What weight 
suspended from the middle of the wire will break it? 

*2-14. The lifting force of a balloon is 600 N. The anchor rope makes 
an angle of 65° with the vertical. Find the tension in the anchor 
rope and the horizontal force of the wind against the balloon. 

2-15. A truck weighing 2000 lb rests on a slope of inclination of 30°. 
Find what force will be needed to start the stalled truck up the 
grade if the resistance to traction is 50 lb. 

*2-16. A tractor is attached to a dump car by a cable which makes a 
horizontal angle of 10° with the track. It requires 1000 N to move 
the car. Find the force that the tractor exerts. What is the lateral 
force on the rails? 

2-17. A boiler weighing 2 tons is supported by cables making angles of 
30° and 40°, respectively, with the vertical, while being hoisted into 
place. Find the tension in each cable. 

2-18. Find the forces in AC and BC of Fig. Prob. 2-18. 

2-19. Find the forces in BC and AB of Fig. Prob. 2-19. 

2-20. A 300-lb body rests on a plane. Find the components parallel and 
perpendicular to the plane for the following angles of inclination: 
(a) 20°, ( b) 40°, (c) 70°, and (d) 85°. 

*2-21. If a force of 200 N is sufficient to move a body on a horizontal 
plane, find the force necessary to move it uniformly up a plane 
of slope 1 in 10, assuming the resistance is the same in both cases. 
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FIGURE PROBLEM 2-19 FIGURE PROBLEM 2-22 


2-22. In Fig. Prob. 2-22, find the thrusts in AB and BC. Also, find the 
vertical and horizontal components of the reactions at A and C. 

2-23. Figure Problem 2-23 shows a frame made of four pieces of equal 
length with pivots at points M, N, S, and R. With the forces acting 
as shown, find the forces in each of the arms and the horizontal 
reactions at S and N. 

2-24. Given three concurrent forces of 50, 75, and 90 lb making angles 
of 0°, 70°, and 120° respectively with thex axis, find the resultant. 

*2-25. In a toggle joint as shown in Fig. Prob. 2-25, what vertical force 
is exerted against the plunger due to the force of 4.0 kN? AB = 
0.4 m. BC = 0.4 m. BD — 0.3 m. Assume joint C to be stationary. 



FIGURE PROBLEM 2-23 


FIGURE PROBLEM 2-25 







CHAPTER 



Momenrs 


3-1 MOMENTS 

A complete study of force systems and their applications requires the 
understanding of the concept of moments. 

Figure 3-1 shows a person balancing a 100-lb load by means of a 
lever. A downward f orce of'40 lb applied at A is just sufficient to balance 
the load of 100 lb. The distance from the pivot to the end of the lever 
at which the force is applied is 5 ft. Then, 40 lb X 5 ft = 200 ft-lb is 
necessary to balance the turning effort of the load, which is also 200 ft-lb; 
that is, 100 lb x 2 ft = 200 ft-lb (Fig. 3-2). If the person were to try 
balancing the load by applying a force atfi, which is 4 ft from the pivot, 
50 lb would be required. That is, 50 lb x 4 ft = 200 ft-lb. At the 1-ft 
point, C, it would take 200 lb to do the job; 200 lb x 1 ft = 200 ft-lb. 
Thus, 200 ft-lb is a measure of the turning effort required to balance the 
load and is called the moment of the force about the pivot. 

It should be noted that the moment of a force varies directly with its 
distance from the pivot. The moment is measured by the product of the force 
and the perpendicular distance from the pivot to the line of action of the force. 

For example, it is much easier to turn a revolving door by pushing 
at the outer edge of the door, as in Fig. 3-3, than by pushing the center, 
as in Fig. 3-4. 

The moment of a force about an axis is defined as the force multiplied 
by the perpendicular distance from the axis to the force. For simplicity, 
the moment of a force about a point in a plane is to be understood as a 
moment about an axis perpendicular to the plane. A moment is expressed 
in foot pounds, or inch pounds, newton-meters, or other combinations 
of force and distance units. 

As a further illustration, if a force is applied to the rim of a pulley 
mounted on a shaft, the pulley will rotate. Experience shows that it is 
easier to turn the pulley when the force is applied to the rim than when 
it is applied closer to the shaft. 
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FIGURE 3-1 Use of lever to balance weight. 


100 lb 


401b 


777777 



FIGURE 3-3 Revolving door 
easily rotated. 


FIGURE 3-2 Lever. 



FIGURE 3-4 Revolving door 
rotated the ‘‘hard way.” 


It is quite apparent that any effort to turn a wheel will not be applied 
parallel to a spoke, but rather perpendicular to a spoke. Likewise, a force 
applied parallel to the axle will not rotate the wheel. From such obser¬ 
vations, it is seen that no rotation or moment results when the line of 
action of the force either intersects the axis or is parallel to it. These 
several conditions will be found useful in deciding about what axis 
moments may be taken. 

3-2 SIGN OF MOMENTS 

In Fig. 3-5, it is evident that the 100-lb force tends to rotate about AA in 
one direction, and the 50-lb force tends to rotate about AA in the opposite 
direction. Some rule for the direction of rotation is then necessary. In this 
book, the following rotation rules will be used unless stated otherwise. 
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When a force tends to produce clockwise rotation, the moment is positive. When 
the rotation is counterclockwise, the moment is negative. For example: 

Moment of 100-lb force = + 100 x 4 = -1-400 ft-lb 
Moment of 50-lb force = — 50 x 2 = — 100 ft-lb 

1’otal turning effect = +400 - 100 = +300 ft-lb (clockwise rotation) 


3-3 EQUILIBRIUM OF PARALLEL FORCES 

Forces whose lines of action are parallel are called parallel forces. 

The principles involved in the study and application of parallel forces 
will be best understood by a simple experiment. Suspend a very light rod 
AC (Fig. 3-6) by means of two spring balances at J and K. Now suspend 
120 lb from point if. The scale at/ will indicate 40 lb, while the one at 
K will show 80 lb. The forces at/f, B , and C are parallel and in equilibrium 
(as shown in the free-body diagram, Fig. 3-7). Their sum, 40 + 80 — 120 
= 0. Take moments of all forces about point A as an axis. The algebraic 
sum of moments about A is represented by 


XM a = (8 x 120) - (12 x 80) = 960 - 960 = 0 


J K 



1201b 


FIGURE 3-6 Parallel forces in 
equilibrium. 
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The algebraic sum of moments about B is 

XM b = (8 x 40) - (4 x 80) = 320 - 320 = 0 
Similarly, about C, 

1M C = (12 x 40) - (4 x 120) = 480 - 480 = 0 
About point D, 

lM d = -(3 x 40) + (11 x 120) - (15 x 80) 

= -120 + 1320 - 1200 =0 

These results illustrate the principle that when parallel forces are in 
equilibrium, the sum of their moments about any axis through any point is zero. 

Parallel forces tend to translate and rotate the body on which they 
act. If such a body is in equilibrium, it must neither translate nor rotate. 
Then the conditions for static equilibrium are as follows: 

1. The algebraic sum of the forces must be zero. 


1F = 0 


(3-1) 


2. The algebraic sum of the moments about any axis through any 
point must equal zero. 


= 0 (3-2) 

The resultant of the 40 lb at A and 80 lb at C must be their sum, 
80 + 40 = 120, and must act upward at the point B. Then 

80 length AB 8 
40 length BC 4 

The resultant is applied at a point dividing the distance between the 
forces into two parts that are in an inverse ratio to the forces themselves. 

In Fig. 3-8, the resultant of Pi and P 2 is their sum, Pj + P 2 , and acts 
at B such that 


Pi 

P 2 



Clearing of fractions produces 


(3-3) 


l\P\ — l 2 P 2 


(3-3a) 
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Pz 


c FIGURE 3-8 Resultant of parallel forces. 

That is, the moments of the two forces about a point on the resultant 
are equal to each other. 

Taking moments of the forces about A, 

h(P i + T 2 ) = ( l\ + 4)T 2 

or l l P l + hP 2 = l x P 2 + l 2 P 2 

The last equation could have been obtained by adding l t P 2 to both sides 
of Eq. (3-3 a). The result shows that the moment of the resultant of two 
parallel forces about any point is equal to the sum of moments of the 
forces about the same point. 

The previous statement can be extended to include any number of 
coplanar parallel forces. Thus, the resultant of any number of parallel 
forces is parallel to these forces and equal to their sum, and its moment 
about any point is equal to the sum of the moments of all the forces about 
the same point. 

Sample Problem 1 A bar 10 ft long carries a load of 20 lb, 6 ft from 
the end. What force must be applied at each end to support the rod in 
equilibrium (Fig. 3-9)? 

Solution a: The resultant ofP t and P 2 must be 20 lb applied at A. By the 
inverse ratio, 

Px = i 

P 2 6 

That is, -fe of the load is at B, or (i^) (20) = 8 lb. Also, & is at C, or 

(A) (20) = 12 lb. 
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Solution b: By the conditions of equilibrium, 

ZM b = (6)(20) - 10P 2 = 0 
P 2 = 12 lb 

Since XF y =0 P x + P 2 - 20 = 0 

P x = 20 - 12 = 8 lb 

Sample Problem 2 A beam resting on two end supports carries 
concentrated loads, as shown in Fig. 3-10. Find the reactions of the 
supports. 



FIGURE 3-10 Diagram for Sample 
Problem 2. 


Solution a: Let R x and R 2 be the reactions. By the conditions of 
equilibrium, the algebraic sum of the moments about any point is zero. 
A convenient point to choose would be either the right or left support, 
since one of the unknowns would be eliminated. If the point A is chosen, 

£M a = +(1000)(5) + (3000)(20) - 30P 2 = 0 
R 2 =2170 lb 

But R x + P 2 = 1000 + 3000 = 4000 lb 

Pi =4000 -2170 = 1830 lb 

Solution b: The problem may also be solved by the inverse ratio. The 
two components of 1000 lb, acting down at A and B, are found as follows: 

Component at A 25 5 

Component at B 5 1 

Component at A = £(1000) = 833 lb 
Component atB =£(1000) = 167 lb 

Component of 3000 at A 10 1 

Component of 3000 at B 20 2 


Then 


Similarly, 
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Then Component of 3000 at A = §(3000) = 1000 lb 
Component of 3000 at B = §(3000) = 2000 lb 

Total force at A = 833 + 1000 = 1833 lb (say, 1830 lb) 
Total force atfl = 167 + 2000 = 2167 lb (say, 2170 lb) 

But/?! and/? 2 are the equilibrants, or balancing forces: 

/?! = 1830 lb /? 2 = 2170 lb 


3-4 UNIFORMLY DISTRIBUTED LOADS 

Thus far, we have considered how to calculate the moment produced by 
a concentrated load. Since a concentrated load is assumed to be acting at 
a point, its moment arm is simply the perpendicular distance from the 
line of action of the load to the point about which the moment is assumed 
to be acting. 

Another type of load f requently encountered is a uniformly distributed 
load, which is assumed to be acting over an area rather than at a point. 
Whereas a concentrated load is designated in terms of a force unit, such 
as 4000 lb, the uniformly distributed load is usually designated in terms 
of a force unit per unit length, such as 750 lb/ft. 

As an illustration of a uniformly distributed load, consider a multistory 
structural steel building whose partial typical floor is indicated in Fig. 
3-11 a. Assuming that the 21- x 20-ft bay will be subjected to a uniformly 
distributed load of 100 lb/ft 2 , the beam indicated will be subjected to a 
uniformly distributed load of 700 lb/ft. This was arrived at as follows. 

The floor beam in question is responsible for carrying the load 
halfway between itself and the adjacent beams on either side. Thus, this 
beam will be subjected to a 100-lb/ft 2 uniformly distributed load over an 
area measuring 20 x 7 ft (area shown shaded). Fach linear foot of beam 
(typical 1 -ft strip) will then be subjected to 100 lb/ft 2 x 7 ft = 700 lb/ft 
of uniformly distributed load. Figure 3-11/? shows a view of the beam 
supporting the load and in turn being supported by the girders ( R x and 
/? 2 indicate the reactions of the girders at each end of the beam). 

In order to calculate the moment developed by a uniformly distributed 
load, the entire weight of the load is assumed to be concentrated at its 
centroid, which is the center of gravity of an area (see Sec. 10-2). Thus, 
the 700-lb/ft load produces a clockwise moment about R x equal to (700 
lb/ft x 20 ft) (10 ft). The quantity (700 lb/ft x 20 ft) represents the total 
weight of the load and the 10 ft represents the moment arm (the distance 
from the centroid of the area representing the load, to R x ). 


Sample Problem 3 When a load is uniformly distributed over a beam, 
the total uniform load may be considered as acting at the center of the 
length of beam over which it is distributed, when the moment of such a 
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(b) R, R 2 

FIGURE 3-11 (a) Partial plan view of structural steel floor framing. 

(b) Section A-A of Figure 3-1 la. 


load is desired. The weight of a beam is a uniformly distributed load. 
Find the reactions of the beam loaded as shown in Fig. 3-12. Ignore the 
load due to the beam itself. 

Solution: The beam is in equilibrium; thus, ST = 0. 

/?, + R 2 = 1000(3) + 4000 + 1000(1.5) - 3000 + 4000 + 1500 = 8500 N 

For the purpose of taking moments only, the uniform load AB may 
be assumed to be concentrated at point C, and load EF is assumed to be 
concentrated at point/). "Faking moments about points, 
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FIGURE 3-12 Diagram for Sample Problem 3. 

XM a = 0 

XM a = 3000(1.5) + 4000(4.5) + 1500(6.75) - R 2 (6) = 0 
R 2 = 5440 N = 5.44 kN 
Ri = 8500 - 5440 = 3060 N = 3.06 kN 

3-5 COUPLES 

Figure 3-13 shows a sports car steering wheel. In order to turn the wheel 
clockwise, the driver must exert equal and opposite forces (20 lb) as 
shown. These two forces form a couple, because they are parallel, equal 
in magnitude, and are opposite in direction. Obviously, a couple can cause 
rotation only, since %F X — 0 and XF y = 0. The perpendicular distance 
between the two forces is called the arm of the couple. 

Since the couple causes rotation, the moment, or torque, developed 
by the couple can be determined by taking the summation of the moments 
of the forces about some point. First we shall consider moments about the 
center of the wheel, point B, 

XM b = +20(|) + 20(i) = +20 ft*lb 


Diameter of wheel = 1' 



FIGURE 3-13 Steering wheel. 
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Then, moments about points, 

XM a = +20(1) = +20 ft-lb 

Choose a point D, 1 ft to the left of A, as a moment center. Then 

XM d = -20(1) + 20(2) = +20 ft-lb 

The example shows that the moment of this couple is a constant and 
is equal to one of the f orces times the arm, or distance bet ween the f orces. 
The statement is true, in general, and if the forces are F and F with an 
arm a, the moment is Fa. 

Since a single force produces translation and a couple produces 
rotation, a force cannot balance a couple. 


FIGURE 3-14 Eccentric force = force 
+ couple. 

In Fig. 3-14, a single force P acts at a point/). At A, b ft from/), draw 
two equal and opposite forces P. They neutralize each other, and the 
resultant effect remains the same. Now, forces along AB and DE form 
a couple with moment bP, tending to rotate the body clockwise. There 
remains the force P along AC, tending to translate the body. 

A single force acting at a point, not the center of the body, causes 
rotation around the center and a translation of the center. 

A single force acting at one point is equivalent to the same force, 
acting at a different point, plus a couple. 

Common illustrations of the couple are seen in the forces that are 
applied to the steering wheel of the automobile or to the arms of a lug 
wrench. 

PROBLEMS 

3-1. A beam 12 ft long is supported at the ends. A load of 600 lb is 
placed 5 ft from the left end. What are the reactions? 

*3-2. What should be the values of the forces R and F for the member 
shown in Fig. Prob. 3-2 to keep the member in equilibrium? 
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10,000 lb 


FIGURE PROBLEM 3-2 FIGURE PROBLEM 3-3 

3-3. With the loads as shown in Fig. Prob. 3-3, determine the values 
of R i and R 2 by moments and also by the inverse-ratio principle. 

3-4. Figure Problem 3-4 shows a beam weighing 40 lb per linear foot. 
This beam carries a load of 2000 lb, 4 ft from the right end, and 
an additional load, uniformly distributed, of 300 lb/ft on the 6 ft 
adjacent to the left end. Find /? x and R 2 . 


FIGURE PROBLEM 3-4 

3-5. Find the position of the resultant load for a truck with a wheel 
base of 140 in, if the distribution of the load is such that the 
reaction on the rear axle is 3.5 tons and that on the front axle is 
2.5 tons. 

*3-6. In Fig. Prob. 3-6, the beam overhangs the left support and is 
supported at the right end. The beam weighs 1000 N/m. With the 
other loads as shown, what are the reactions? 

3-7. What are the reactions of the beam shown in Fig. Prob. 3-7? The 
beam weighs 30 lb per linear foot. 









FIGURE PROBLEM 3-6 


FIGURE PROBLEM 3-7 
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*3-8. A beam supported at the ends is 6 m long and weighs 700 N/m. It 
carries a concentrated load of 8 kN, 2.7 m from the right end, 
and a total uniformly distributed load of 14 kN, which extends 
the full length of the beam. What are the reactions? 

3-9. A timber of uniform weight and cross section is shown in position 
on the rollers while being moved (Fig. Prob. 3-9). What are the 
roller reactions? With the rollers still 6 ft apart, what should be 
the position of the timber so that one roller will support twice as 
much as the other? The timber is 18 ft long. 



FIGURE PROBLEM 3-9 


3-10. What are the end reactions for simply supported floor beams 16 
ft long and spaced 4 ft from center to center? The total load on 
the floor including its own weight is 140 psf. 

3-11. A wheel 3 ft in diameter weighs 2500 lb with its load (Fig. Prob. 
3-11). Find the horizontal force necessary to start the wheel over 
an obstruction 6 in high. (Forces act through the center.) 

*3-12. Find the horizontal force F necessary to rotate the block about the 
point A shown in Fig. Prob. 3-12. 



FIGURE PROBLEM 3-11 



FIGURE PROBLEM 3-12 


3-13. What force P is necessary to maintain equilibrium in the arrange¬ 
ment of the beams shown in Fig. Prob. 3-13? CD has a mass of 
15.3 kg; AB has a mass of 10.2 kg and is pivoted at B. 

3-14. A safety valve shown in Fig. Prob. 3-14 is 3 in in diameter and is 
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FIGURE PROBLEM 3-13 



FIGURE PROBLEM 3-14 


just on the point of blowing off steam. The lever weighs 7 lb and 
its center of weight is at G. The weight of the valve is 3 lb. If the 
weight on the end of the lever is 50 lb, find the pressure of the 
steam in the boiler. If the steam is to blow off at 80 psi, find the 
amount of the weight on the end of the lever. 

*3-15. Figure Problem 3-15 shows an air cylinder and a system of levers. 

If the air pressure in the cylinder is 350 kPa, what is the force 
exerted at F? If a force of 40 kN is desired, what should be the 
air pressure? 


350 mm 



FIGURE PROBLEM 3-15 
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FIGURE PROBLEM 3-16 


3-16. Figure Problem 3-16 represents a brake cylinder. The lever is bent 
at an angle of 120°. What force is produced in the brake rod by 
a pressure of 60 psi in the cylinder? 

3-17. Forces of 10 lb each are applied on opposite sides of a steering 
wheel 18 in in diameter to form a couple. What is the moment of 
the couple? If a single force of 20 lb is applied to the rim of the 
steering wheel, how is a couple produced, and what is its moment? 

3-18. An iron pipe 1 in in diameter is embedded in a concrete base 
(Fig. Prob. 3-18). A horizontal force of 20 lb is applied perpen¬ 
dicular to BC. Describe the effect that this force has on each of the 
lengths of pipe and the elbow. 



M 


FIGURE PROBLEM 3-18 





CHAPTER 



Nonconcurrenr-Gopbnor 

Forces; Trusses 

4-1 RESULTANT OF NONCONCURRENT-COPLANAR 
FORCES 

In Chap. 2, on concurrent forces, it was shown that the resultant of a set 
of concurrent forces was a single force determined by %F X and XF y . Also, 
in Chap. 3, on parallel forces, the resultant was found to be a single force 
and a couple, determined by XF x , XF y , and XM. In this chapter, it will be 
shown that the resultant of nonconcurrent nonparallel forces is also a 
single force and a couple. The principle will be illustrated by an example 
before taking up the general proof. 

Figure 4-1 shows three forces in action. Find the resultant in 
magnitude and position with reference to point O. At O, Fig. 4-2a, 
introduce two forces of 100 lb each, opposite in direction and parallel to 
the original 100-lb force. This does not change conditions, for the forces 
introduced are in equilibrium. The two 100-lb forces, drawn as solid lines, 
form a couple with a moment arm of 2 ft, producing rotation around O 
in a counterclockwise direction. The other 100-lb force at O, shown by 
a dotted line, causes translation exactly as if the original 100-lb force had 
been applied at that point. The other forces are treated in the same way. 
The 200-lb force, Fig. 4-2 b, is equivalent to a couple of moment +4(200) 
= +800 ft-lb and a single force of 200 lb at O. Also, the 300-lb force, Fig. 
4-2c, is equivalent to a couple of moment —5(300) = —1500 ft-lb, and a 
single 300-lb force at O. If Figs. 4-2a, 4-2 b, and 4-2 c are superimposed, 
the combination is equivalent to the original system. The moment of the 
entire system is 


XM = - 200 + 800 - 1500 = -900 ft-lb 


60 


The resultant of the forces (dotted lines) at O is found as in Chap. 2. 
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FIGURE 4-1 Three nonconcurrent- 
coplanar forces. 





FIGURE 4-2 Transformation of 
nonconcurrent forces into equivalent 
concurrent forces and couples. 
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%F X = 100 cos 40° + 200 cos 10° + 300 cos 90° = +274 lb 
XFy = 100 sin 40° - 200 sin 10° - 300 sin 90° = -270 lb 

R = V2 74 2 + 2 70 2 = 385 lb 

tan 6 — = —0.985 

274 

6 = 315.42° or 315°25' 

The resultant is then a force of 385 lb, making an angle of 315.42° 
with the x axis. It is directed to the right and down. It must have a 
moment of —900 ft-lb. Then 


385r = 900 
r = 2.34 ft 

Then R must be drawn to the right and down. Since the moment is 
negative, R must cause counterclockwise rotation. Its location is shown in 
Fig. 4-3. The resultant is then a force and a couple. 



FIGURE 4-3 Resultant of noncon¬ 
current force system. 


4-2 GENERAL METHOD 

Now, take a set of forces F t , F 2 , F 3 at the distances r x , r 2 , r 3 , respectively, 
from the origin O in Fig. 4-4. At O, insert two forces F x parallel t oF x and 
opposite in direction. Two of the forces form a couple of moment F x r u 
and a single force F x acts at O. Doing the same with F 2 and F 3 , w£ obtain 
a set of couples tending to rotate around O, the resultant moment of 
which is 


= F t rt + F 2 r 2 + F 3 r 3 = X(Fr) (4-1) 


There is also a set of concurrent forces at O, the resultant of which is 
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FIGURE 4-4 Nonconcurrent-coplanar 
forces—general method. 


R = V(XF x ) 2 + (XF y f 

(4-2) 

XF„ 

tan 0 — 

XF. r 

(4-3) 

XM 

T R 

(4-4) 


The resultant R is located by drawing a vector, making an angle 6 with 
the x axis at a distance r from the origin. The resultant, therefore, is 
equivalent to a force and a couple. 

If the system of forces is in equilibrium, R = 0. But this result can 
be true only when XF x = 0 and XF y = 0. This condition shows that a body 
at 0 would not be translated by the system of forces. But, for equilibrium, 
there must be no rotation, a state that can exist when and only when XM 
— 0. There are then three equations of condition for the solution of 
forces in equilibrium. If the original forces F lf F 2 , and F 3 had been 
resolved into their F x and F y components in the position in which they 
are located, there would then have been two system of forces, one parallel 
to the x axis and the other parallel to the y axis. But, from Chap. 3, the 
resultant of a set of parallel forces is their algebraic sum. These sums are 
XF x and XF y , just as if they had been resolved into their components at 
point O and their sum taken. 

If XF x — 0 and XF y = 0 while XM does not equal 0, the resultant of 
the system of forces is a couple; also, if XM = 0 while XF x and SFj, are 
not equal to 0, the resultant is a single force. When all three of the 
foregoing expressions equal zero, the system of forces is in equilibrium. 


4-3 GRAPHICAL METHOD 

Let Fi,F 2 , andF 3 of Fig. 4-5 be three nonconcurrent-coplanar forces. To 
find their resultant graphically, extend the lines of Fi and F 2 to intersect 
at A (Fig. 4-6a). Lay off FY and F 2 ' equal, respectively, to F i and F 2 . 
Complete the parallelogram. The diagonal R t is the resultant of F t and 
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FIGURE 4-5 Nonconcurrent-coplanar 
forces—graphical method. 


F 2 . Now extend R t to intersect the line of action of F 3 at B (Fig. 4-66). Lay 
off/?,' and F 3 ' equal, respectively, to and F 3 . Complete the parallelo¬ 
gram. The diagonal R 2 is the resultant of Ri and F 3 , or of F 1} F 2 , and F 3 . 
With reference to a body at point 0, not on R 2 , the resultant is equivalent 
to a single force R 2 at point 0, and a couple of moment R 2 r, causing 
rotation about point 0. 



FIGURE 4-6 (a) Resultant of F 1 and F 2 = R j. (b) Resultant of F 3 and flj 

= fl 2 - 

If point 0 is on the line of action of R 2 (Fig. 4-7 a), the resultant is a 
single force R 2 . The moment of R 2 about point 0 is zero, since the 
moment arm is zero. 

If F 3 should be equal and parallel to R lt but opposite in direction 
(Fig. 4-7 b), the resultant force is zero. However, there is a resultant couple 
of moment R\r, where r is the distance between the parallel forces. 

If F 3 is equal and opposite to R i and coincides with it, then the 
resultant force and couple are each equal to zero. The system of forces 
is then in equilibrium. 

The preceding method of determining a resultant is general and 
may be extended to include any number of forces. 
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o 


(b) 


FIGURE 4-7 (a) Resultant R 2 has no moment if its line of action passes 
through point O. (b) A moment R x r exists and resultant fl 2 is zero when F 3 is 
equal, parallel, and opposite to fli. 


4-4 APPLICATIONS 

Many common nonconcurrent-coplanar force systems occur in pinned or 
hinged structures, machine linkages, and in beams. The application of 
the foregoing principles will be demonstrated by a series of illustrative 
examples covering a variety of situations. Certain groups of structures 
will be subjected to more intensive study. For example, beams are discussed 
in Chaps. 11, 12, and 16, columns in Chap. 15, and trusses in this chapter. 

Sample Problem 1 A 10-ft ladder rests against a smooth wall. The 
ladder weighs 25 lb. A 155-lb man stands on it, as shown in Fig. 4-8, while 
his helper holds his foot against the bottom to prevent the ladder from 
slipping on the smooth floor. Find the unknown force and reactions. 

Solution: Use the ladder as a free body and indicate the various known 
and unknown forces, as in Fig. 4-9. 

Since the system is in equilibrium, the sum of vertical forces must be 
zero, the sum of horizontal forces must be zero, and there can be no 
unbalanced moment. 




R x - 25 - 155 = 0 

R x = 25 + 155 = 180 lb 

F ~R 2 = 0 
F = R 2 


m 0 = o 


25(5 cos 60°) + 155(7 cos 60°) - R 2 ( 10 sin 60°) - 0 

R 2 = 70 lb 
F = 70 lb 
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FIGURE 4-8 Diagram FIGURE 4-9 Free-body diagram for 

for Sample Problem 1. Sample Problem 1. 


Sample Problem 2 A beam 6 m long having a mass of 45.9 kg is pinned 
to the floor at A and rests against a smooth wall at D. It carries a load of 
900 N at C. Find the reaction at A and D (Fig. 4-10). 



3.6 m 


FIGURE 4-10 Diagram for 
Sample Problem 2. 
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FIGURE 4-11 Free-body diagram 
for Sample Problem 2. 


Solution: Set AD out as a free body. Since the wall is perfectly smooth, 
the wall reaction atZ) will be normal to the wall. The reaction at/l, being 
unknown in magnitude and direction, will be replaced by its two com¬ 
ponents F x and Fy. The weight of the beam W is at B and is equal to 
W = m • g = (45.9 kg)(9.81 m/s 2 ) = 450 N; the 900-N load is at C (see 
Fig. 4-11). 


ZFu = 0 




F y - 450 - 900 = 0 
F y = 450 + 900 = 1.35 kN 

F x ~R d = 0 
F x — Rd 


450 ^3.6 x| + 900 ^3.6 x Mj - R d { 4 . 8 ) = 0 

(moment arms are calculated based on similar triangles) 

R d = 709 N = 0.709 kN 
F x = 709 N = 0.709 kN 

By Fig. 4-12, 



FIGURE 4-12 Summation of force components 
at point A. 
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R a = VF X 2 + F y 2 

= V(0.709) 2 + (1.35) 2 = V2^33 
= 1.53 kN 
Fy 

tan 6 = — 

Fjc 

1.35 

_ 0.709 
= 1.90 
0 = 62.3° 

Sample Problem 3 An A-frame carries a load of 1000 lb, as shown in 
Fig. 4-13. Find the floor reactions at A and E and the pin reactions at B, 
C, and D. 


C 



FIGURE 4-13 Diagram 
for Sample Problem 3. 


Solution: Set the entire A-frame out as a free body (Fig. 4-13). Since the 
load, or action, is vertical, the reactions at A and E will also be vertical, 
there being no tendency for the frame to move sidewise. 




R a + R e - 1000 = 0 

R„ + R e = 1000 

1000 ( 12 ) - ^( 20 ) = 0 

R e = 600 lb 
R a = 400 lb 


Now set all three members out as free bodies (Fig. 4-14). Since all the 
pin reactions are unknown, they must be represented by their horizontal 
and vertical components. The student should note very carefully the 
directions of these components. Since the member BD pulls downward 
on AC and also prevents the motion of AC to the left, F bx acts to the 
right on AC, and F by acts downward. Since AC prevents BD from falling 
and also exerts a pull to the left on BD in the free-body diagram of BD, 
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FIGURE 4-14 Free-body diagrams for Sample Problem 3. 


F bx acts to the left and F by acts upward. A similar condition is shown 
at C and D. This result verifies the principle that action and reaction are 
equal. When members of the A-frame are joined together, there must 
be equilibrium at each of the points B, C, and D. That is, for each of the 
pins, 2,F X = 0 and XF y = 0. Referring again to the free-body drawing of 
AC, the reader will observe that there are four unknowns. Since only 
three equations are possible, these unknowns cannot be found without 
further information. 

Now, consider the free-body drawing of BD. From this sketch it is 
possible to determine the two vertical components by applying XM = 0 
and %Fy = 0. 

tF v = 0 

F by + F (ly - 1000 = 0 

F bu + F dy = 1000 

£Af ft = 0 

1000(8) - F dy ( 12) = 0 

F dy = 667 lb 
F by = 333 lb 

Inserting this value of F by on the free-body drawing of AC, we have but 
three unknowns remaining, and the solution may be completed. By taking 
moments around C, two of the three remaining unknowns are eliminated. 


XM C = 0 

= 0 

XF y = 0 


+400(10) - 333(6) - T ftx (6) = 0 

F bx = 333 lb 

333 - F cx = 0 

F cx = 333 lb 

400 - 333 + F cy = 0 

F cy = - 67 lb 
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The minus sign indicates that the wrong direction was assigned to F cy . It 
acts downward. From the free-body diagram of BD, it is evident that 
F dx = Fbx — 333 lb. As a check on the solution, insert the known values 
in the free-body drawing of CE (Fig. 4-14). 





+ 333 - 333 = 0 
+ 600 - 667 + 67 = 0 
-4(667) - 4(333) + 333(10) + 10(67) = 0 


The resultant pin reaction at B is found as follows: 


F b = VF bx 2 + F by 2 = V (333) 2 + (333) 2 = 471 lb 
333 


tan 6 = 


333 
d = 45° 


= 1.0 


In the same way, the pin reactions at C and D may be found to be 

F c = 340 lb at 11.3° from the horizontal 
F,i = 745 lb at 63.5° from the horizontal 

Sample Problem 4 Figure 4-15 shows a derrick carrying a load of 2000 
lb. The boom DG weighs 500 lb, and the mast weighs 400 lb. Find the 
reactions at E, D, C, B, and F. Neglect the weight of member CF. 



FIGURE 4-15 Diagram for Sample Problem 4. 
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FIGURE 4-16 Free-body diagram for Sample Problem 4. 

Solution: First, set the entire derrick out as a free body (Fig. 4-16). The 
derrick is acted upon by the load, the weights of the members, the cable 
AB, and the ground at E. Since AB is a two-force member, the tension F b 
in cable AB must act along the cable. The reaction at E is unknown, and 
therefore we represent it by its components. Taking moments about point 

B, 





-15 F ex + 8(500) + 16(2000) = 0 

F ex = 2400 lb 

2400 - F b sin 30° = 0 

F b = 4800 lb 

F ey - 400 - 500 - 2000 - 4800 cos 30° = 0 

F ey = 7060 lb 


Next, classify the members of the derrick. AB and CF are two force 
members, whereas EB and DG are not. Since there is no point at which 
only two-force members meet, the next step in the solution will be to set 
out DG and EB as free bodies (Figs. 4-17 and 4-18). Applying the 
conditions of equilibrium to Fig. 4-17, 



—9 F f + 8(500) + 16(2000) = 0 

F f = 4000 lb = F c 
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FIGURE 4-17 Free-body diagram of member DG 


B 



F fc = 4,8001b 




F c =4,000 lb 


4001b 


F dy = 2,500 lb 


D 



F„ = 2,400 lb 


F dx =4,000 lb 



F ey = 7,060lb FIGURE 4-18 Free-body diagram of member EB 


ZF r = 0 


F dx - 4000 = 0 

F dx = 4000 lb 


= 0 


F dy - 500 - 2000 = 0 


F du = 2500 lb 


The reader can now find the resultant reactions by the method shown 
in the preceding problem. These results are 
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F e — 7460 lb at 71.2° from horizontal 
F (l = 4720 lb at 32° from horizontal 
F b = 4800 lb at 60° from horizontal 
F c = F f = 4000 lb horizontal 

Check: Since the forces are all known, the free-body drawing of EB 
may now be used as a check on the solution (Fig. 4-18). 

1F X = 0 2400 - 4000 + 4000 - 4800 sin 30° = 0 
ZF y = 0 7060 - 2500 - 400 - 4800 cos 30° = 0 

XM b = 0 -15(2400) + 11(4000) - 2(4000) = 0 

4-5 TRUSSES 

Trusses are structures whose members are connected to form triangles. 
The triangle is significant because it is stable and cannot collapse as long 
as a member does not break or deform. Thus, when designing a truss, 
it is necessary to find the force in each member of the truss and then 
select structural members which are adequate with regard to strength 
and resistance to buckling. 

Such structures may exist as roof trusses, bridges, airplane-wing 
trusses, booms of industrial cranes, and the like, as illustrated in Fig. 
4-19. The method of connection of the members may be either with pins, 
welds, or bolts as shown in Fig. 4-20. At one time, rivets were widely used 
but are seldom used today. 

Roof trusses are generally made of wood or steel depending upon 
the nature of the structure. Most other trusses would be steel, except for 
wing trusses, which are usually made of aluminum or magnesium alloys. 
Wood trusses are generally joined by bolts. Metal trusses are joined either 
by bolts or welds, with pin connections being used only at the reaction 
points. 

A structure consisting mainly of bolted or welded joints is complex 
to analyze with theoretical exactness. It is much simpler to assume that 
all the joints are connected by means of frictionless pins (which, of course, 
they are not). This assumption yields results which are suitable for many 
important types of structures. Even for structures which are unusually 
large or stiff it is possible to first assume the joints are pin-connected and 
then apply a correction factor. 

There are two common methods for analysis of trusses. One is called 
the method of joints; the other, the method of sections. Both are based on 
principles of static equilibrium which were established in Chap. 2, and in 
both, the free-body method of analysis is important. The method of joints 
is most convenient in cases where it is desired to determine the forces on 
all the members of the truss or those near the reactions only. The method 
of sections is most convenient in cases where it is desired to find the 
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FIGURE 4-19 Several common types of trusses (broken lines represent 
members occasionally added). 


forces on only one or a few members, particularly those which are not at 
or near the supports. Because each method has its advantages and area 
of application, both methods will be described here. In each method, the 
members of the truss are assumed to be connected by frictionless pins, 
and the members of the truss are assumed to be two-force members. 

The reader should recall that two-force compression members may 
be subjected to both buckling and compression, due to column action, as 
mentioned in Sec. 2-8 and discussed in Chap. 15. In our treatment of 
trusses, we will only be finding the forces which the members must sustain 
and transmit. The next design step of selecting the actual sizes of 
compression members would require the techniques shown in Chap. 15. 

4-6 METHOD OF JOINTS 

Since the members of a truss are two-force members connected by 
frictionless pins, each force acting at the end of the member is assumed 
to be acting axially along the member. Furthermore, since the conditions 
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(c) 

FIGURE 4-20 Methods of connecting truss members. 


of static equilibrium apply, the end forces on a member must be equal 
and opposite. 

The method of joints will be demonstrated in the following problem, 
where it is desired to find the internal forces in each one of the member 
of the truss (Fig. 4-21). 

The reactions at the supports are found by setting out the entire 
truss as a free body and applying the equations for static equilibrium. 
First, we should note that because support A is a roller-type support, no 
horizontal reaction can occur at A. However, because support £ is a 
pinned-type support, it is possible for a horizontal reaction to occur at E. 
Since the truss is not subjected to any horizontal forces, the horizontal 

F = 8000 lb 



FIGURE 4-21 Truss diagram to illustrate method of joints. 
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reaction at£ ( R H ) must be equal to zero and will not be considered in our 
calculations. Suppose we first take moments about an axis through support 
A and set the algebraic sum of these moments to zero (2M„ = 0). This 
gives us T(4) — /? e (16) = 0, from which R e may be calculated since the 
load F is known. 


R e ( 16) = 8000(4) 

R e = 2000 lb 

Now sum the vertical forces algebraically and set this sum to zero 
(%F y = 0). We obtain 

R n + R e - F = 0 

R a = 8000 - 2000 = 6000 lb 

Now it is necessary to find a joint where there are only two unknown 
forces. Then, using XF x = 0, = 0, and information obtained from 

the geometry of the situation, it is possible to solve for the two unknown 
forces. 

By referring to Fig. 4-21, it can be seen that joints^ and E have two 
unknown forces each, whereas all the other joints have more than two 
unknown forces acting (originally, joints A and E had three unknowns 
before the reactions were computed). Therefore, it is necessary to start 
either with joint A or E. 

We shall start with A and draw a free-body diagram of the joint (Fig. 
4-22). In the free-body diagram, all the forces acting on the joints are 
shown. Included are the reaction R n and the forces exerted by the 
members AB and AC. Since AB and AC are two-force members, their 
forces are shown acting axially along the directions of the members. For 
simplicity, the symbols AB and AC are used to represent the forces 
exerted upon the pin by these members. 

Although the lines along which the forces act are known, it is 
necessary to determine in which direction the arrows are pointing. The 
choice is easily made in this case. R (l is known to be acting upward. Since 
equilibrium is known to exist (joints is at rest), R„ must be balanced by 
a downward force. Since AC cannot provide a downward component, 
such a component must come from AB, which then must be acting as 
shown in Fig. 4-22 in order that AB y is downward. This selection of 
direction for AB then automatically makes AB X act to the left, so that AC 

AB, 

A t AC 

|i? Q = 6,000 lb FIGURE 4-22 Free-body diagram of joint A. 
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FIGURE 4-23 Free-body diagram of 
joint A showing force AB resolved 
into its x and y components. 



FIGURE 4-24 Part of the truss 
showing the geometric relationship 
of the members. 


must act to the right in order to balance AB X . This method of selecting 
the direction of forces will be found to work in most cases. In the 

remaining cases, it is necessary only to assume a direction for the force 

and solve the problem accordingly. Should the answer come out to be 
negative, then it is only necessary to change the direction of the force. 

We can now set up equations for the forces on this joint. It is first 
desirable to resolve AB into its x and y components (Fig. 4-23). 

%F X = 0 AC - ABj. = 0 ABj. = AC 

XF U = 0 6000 - AB U = 0 AB„ = 6000 lb 

The third equation comes from the geometry of the situation, from 
which AB was resolved into AB^ and ABy. The basic information comes 
from the direction (line of action) in which AB is known to act. Member 
AB is the hypotenuse of a 3-4-5 triangle, as seen in Fig. 4-24. Since force 
AB acts in the same direction as member AB , it must make the same 
angle with the horizontal and the vertical, and the two triangles ABG and 
A'B'G' (Fig. 4-25) can be seen to be similar. Corresponding sides of similar 
triangles are proportional, so that 

B'G' A'G' A'B 

BG ~ AG AB 



(a) ( b ) ( c ) 

FIGURE 4-25 (a) Part of the truss which forms a 3-4-5 right triangle. 
(b) Force AB and its components, (c) Force triangle for joint A. 
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But B'G' = AB 
A'G' = 

A'B' = 
and AB = 

BG -- 
AG = 


y 


AB X 

AB 

5 ft 

3 ft 

4 ft 


from the vector triangle Fig. 4-256 


from the truss-member triangle Fig. 4-25a 


Therefore, 


AB V AB, AB 


3 

4 

since they 

mean 

ABy 

AB, 

3 

4 

AB, 

AB 

4 

5 

ABy 

AB 


From these equations, we obtain 


ABy AB 


ABy = 


and 


AB 


X 


AB, = 


5 

3AB 

5 

AB 

5 

4AB 


We had previously found that AB, = AC and AB V = 6000 lb. Combining 
these equations with those above, we can solve for AB and AC. 


AB 


3AB 


n 


AB = 


AB 


5 

5(6000) 

3 

4AB 


= 6000 lb 


10 000 lb (compression) 


X 


= AC 


AC = — [ ° K — )) = 8000 lb (tension) 


AB X = AC = 8000 lb 


also, 
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Since member AB is seen to be pushing on joints, joints is pushing 
back on member AB, and the member is in compression. 

Since member AC is seen to be pulling on joint A, joint A is pulling 
back on member AC, and this member is in tension. 

The unknown forces at joint A could have been determined by 
recognizing that the force triangle made by connecting AB, AC, and R n 
(Fig. 4-25c) is similar to triangle ABG of Fig. 4-25a. From the propor¬ 
tionality of these triangles, we find that 

AB AC R a 

5 “ 4 ~ 3 

Thus, AB = —^ = 10 000 lb (compression) 

3 3 

and AC = — = = 8000 lb (tension) 

3 3 

The use of a force triangle and geometry gives a rapid solution for 
joints with three forces when one force is known. 

A set of free-body diagrams showing joint A, member AB, and joint 
B are shown in Fig. 4-26. It is easy to see from these diagrams that if one 
end of a member acts with a certain force on one joint, it acts with an 
equal and opposite force on the other joint to which it is connected. 


AB = 




AC = 8,000 lb 


= 6,000 lb 

FIGURE 4-26 Free-body diagrams 
of member AB and joints A and B. 


F= 8,000 lb 



AB= 10,0001b 

FIGURE 4-27 Free-body diagram 
of joint B. 


Knowing the value of force AB acting upon joint B is important, 
since it leaves us only two unknown forces acting on the joint, BC and BD 
(Fig. 4-27). 

These forces can be determined using ST*. = 0 and XFj, = 0. Note 
that it is not necessary to calculate the components of AB again. As can 
be seen from Fig. 4-28, since the forces are equal and opposite, the 
components are also equal and opposite. 
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FIGURE 4-28 (a) Free-body diagram 
of member AB. ( b ) Components of 
force acting on member AB. 


With respect to joint B, AB X = 8000 lb and AB U = 6000 lb, as before. 
Then 2F X - 0 gives 


AB X - BD - BC X = 0 

BC X = -BD + 8000 


and = 0 gives 

ABy + BCy - 8000 = 0 

BCy = 8000 - 6000 = 2000 lb 

From the geometry of the situation, using the similar triangle method as 
before, 


from which 



BC 

5 

4(2000) 

3 


= 2670 lb 


Substituting and solving for BD, we obtain 

BC X = 2670 = -BD + 8000 
BD = 5330 lb (compression) 

Also, BC = —~ = 3330 lb (compression) 

3 3 


We can now proceed to joint C and D, using the principles explained 
before, and finally to joint £ (which can be used as a check). Figure 4-29 
shows joints C, D, and E with the forces acting and the values computed 
thus far. The remainder of this solution is left to the reader. The results 
of these calculations are: 


CD = 3330 lb (tension) 

DE = 3330 lb (compression) 
CE = 2670 lb (tension) 





4-7 METHOD OF SECTIONS 

Suppose we have a truss such as the one loaded as shown in Fig. 4-30. It 
is desired to find the force in member FH. 

To do this by the method of joints, it is necessary to solve for the 
reaction at joint A and then solve for the forces involved at joints A, B, 
C, D, E, and F, which, of course, is quite involved. 

A simpler solution is available through the method of sections. First 
solve for the reaction at support A, using = 0. 

2M„ = 0 gives 

R n ( 48) - 4000(36) - 8000(4) - 0 

48 R n = 144 000 + 32 000 
R a = 3670 lb 

Note that it is not necessary to solve for both reactions in this method, 
although R n can be calculated easily using %F U = 0. 

Take a section through the truss, as shown in Fig. 4-31. Note that 
this section passes through the unknown member FH and through two 
other members FG and EG. Now draw a free-body diagram of the truss 
to the left of the section, as in Fig. 4-32. This free-body diagram is not 
complete because there are forces acting upon the portions of members 
FH, FG, and EG which are part of the free body. The existence of these 
forces can be easily understood from the following reasoning. If the truss 



FIGURE 4-30 Truss diagram to illustrate method of sections. 
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8000 lb 



N 


FIGURE 4-31 Free-body diagram of truss showing section plane cutting 
unknown member FH. 


existed only as shown in Fig. 4-32 without forces acting at the “cut” 
members, it would fall down, as can be determined by inspection of the 
moment situation. Something must be helping to hold the truss up. 
Obviously, the rest of the truss is doing it and can only do it by means of 
forces acting at points 1, 2, and 3. The only things which can supply these 
forces are the remainder of members FH, FG, and EG, which are part of 
the rest of the truss. Members FH, FG, and EG are either in tension or 
compression. Take, for example, FH in compression. Since FH is in 
equilibrium, force P must also be acting at point 1 (see Fig. 4-33). A 
similar argument can be extended to the other members. 

The correct free-body diagram then looks like Fig. 4-34. The 
directions of force FH, FG, and EG could have been selected arbitrarily. 
However, examination of the situation shows that we shall need an 
upward component to help balance the 4000-lb force at D (hence, FG in 
the direction as shown), and since FG will probably be small (the amount 
required for XFy — 0 is only 330 lb), we shall also need a counterclockwise 
moment to balance the clockwise moment caused by the 3670- and 4000- 
lb forces. Hence, FH and EG will be in the directions as shown in Fig. 
4-34. 



FIGURE 4-32 Incomplete free-body 
diagram of portion of truss 
to left of Section A-A. 





P 





P 



FIGURE 4-33 Equilibrium of a 
member cut by a section plane. 
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4000 lb 



FIGURE 4-34 Complete free-body diagram of portion of truss to 
left of Section A-A. 


If readers desire to circumvent this reasoning exercise, they may 
select arbitrary directions for the vectors FH, FG, and EG. If an incorrect 
assumption is made, the answer for that force will be negative and all that 
need be done is simply to reverse its direction. 

The free-body diagram is now complete and we can proceed to solve. 
Note that we have three unknowns; but we also have three equations 
available, namely, %F X = 0, XF V = 0, and = 0. 

Since the sum of the moments about any axis is zero, let us try to 
select an axis which will simplify our calculation to the greatest extent. 
Note that forces FG and EG both pass through joint G (located in Fig. 
4-34). If we take moments about point G, forces FG and EG have zero 
moment about G, which leaves only the 4000-lb, 3670-lb, and FH forces 
with moments about G. 

= 0 gives 

3670(24) - 4000(12) - 3FH = 0 
88 000 - 48 000 - 3FH = 0 

3FH = 40 000 

FH = 13 300 lb (compression) 

Note that it was not necessary to use XF x — 0 and lF y = 0 to solve for 

FH. 

This problem did not require a calculation for forces FG and EG, but 
if they were needed, several approaches are possible. For example, EG 
could be computed directly by taking moments about joint F, eliminating 
the unknown force FG. Then FG can be obtained by taking moments 
about joint E, or, if preferred, the components of FG can be calculated 
by XF x = 0 and %F y = 0. These calculations will give: 

EG = 13 800 lb (tension) 

FG = 550 lb (compression) 
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An extremely useful modification of the method of sections allows 
direct calculation of the forces in slanted internal truss members. The 
procedure employs XF y = 0 and is often called the method of shears. 
Suppose it is necessary to calculate FG in Fig. 4-34 without finding FH 
or EG. It is again necessary first to calculate the support reactions and 
then to choose a section through the truss which cuts no vertical members 
and no other slanted member except the one whose force is to be 
calculated. This requirement is met by the section taken in Fig. 4-34. 
Now, simply apply the condition that XF V = 0 and solve for the vertical 
component of FG. 

3670 - 4000 + FG V = 0 

FG y = 330 lb (upward) 


From the geometry of the truss, 

FGy_3 

FG 5 

330(5) 

FG_ 3 

= 550 lb (compression) 

This method can be applied conveniently to members AB, BC, CD, 
DE, EF, and any other slanted member of the truss. 

Sample Problem 5 Find the forces in all members of the truss shown 
in Fig. 4-35. The method of joints is to be used. 

Solution: First determine the reactions at the supports. Since the loads 
are symmetrically placed, the support reactions are each one-half of the 
total load, or 



FIGURE 4-35 Diagram for Sample 
Problem 5. 
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= 0 


R n + R e — 5 + 10 + 5 + 10 + 20 + 10 — 60 


R„ = R e = 30 kip 


At joints (Fig. 4-36), 


= 0 


R a - AB sin 60° = 0 


AB = 


30 


30 


sin 60° 0.866 


= 34.6 kip (compression) 


XF x = 0 


AH - AB cos 60° = 0 

AH = 34.6(0.50) 


17.3 kip (tension) 



FIGURE 4-36 Free-body 
diagram of joint A. 


FIGURE 4-37 Free-body 
diagram of joint H. 


Now, we cannot go to joint i? next since there are three unknown forces, 
BH, BG, and BC. At joint H, however, there are only two unknowns; 
therefore, we choose joint H next. At joint// (Fig. 4-37), 




BH - 10 = 0 

BH = 10 kip (tension) 

HG - 17.3 = 0 

HG = 17.3 kip (tension) 


At joint i? (Fig. 4-38), 

2F V = 0 

34.6 cos 30° - 5 - 10 - BGcos 30° = 0 

15 

BG =-= 17.3 kip (tension) 

0.866 

lF x = 0 

34.6 sin 30° + BG sin 30° - BC = 0 

BC = 17.3 + 8.7 

BC = 26 kip (compression) 
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5k 



FIGURE 4-38 Free-body 
diagram of joint B. 



FIGURE 4-39 Free-body 
diagram of joint C. 


At joint C (Fig. 4-39), 


2F V = 0 
XFr = o 


CG- 10 = 0 

CG = 10 kip (compression) 


26 - CD = 0 

CD = 26 kip (compression) 


At joint G (Fig. 4-40), 


lF y = 0 

17.3 sin 60° + GD sin 60° - 10 - 20 

GD(0.866) 


= 0 


GD = 


30 — 15 = 15 
15 


0.866 


= 17.3 kip (tension) 


= 0 


GF 4 17.3 cos 60° - 17.3 cos 60° - 


17.3 = 0 

GF = 17.3 kip (tension) 


The reader will find that the remaining forces can be predicted 
from those already calculated because the loading is symmetrical, as are 
the truss members. Thus, AB = DE, AH = FE, BH = DF, BG - GD, HG 
= GF, and BC = CD. If the loading were not symmetrical, it would be 


BG= 17.3 k 


HG= 17.3 k 



20 k t 


FIGURE 4-40 Free-body diagram of joint G. 
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necessary to proceed from joint to joint until all the forces were evaluated. 
There will always be one joint that has not been used. Summing forces 
about this “leftover” joint provides a check on the calculations. 

The results for this problem are tabulated below: 


Member 

Force, kip 

Type 

AB 

34.6 

C 

BC 

26.0 

C 

CD 

26.0 

C 

DE 

34.6 

C 

EF 

17.3 

T 

FG 

17.3 

T 

GH 

17.3 

T 

HA 

17.3 

T 

HB 

10.0 

T 

BG 

17.3 

T 

CG 

10.0 

C 

GD 

17.3 

r 

DF 

10.0 

T 


^Sample Problem 6 Find the forces in members CD and DL in the truss 
shown in Fig. 4-41. 

Solution: The method of sections applied conveniently to this problem. 
The support reactions will share the total load equally, owing to the 
symmetrical arrangement. 

XF y = 0 

R a +R g ~ 112.5 - 225 = 0 

R a = R a = 168.8 kN 


22.5 kN 22.5 kN 22.5 kN 22.5 kN 22.5 kN 



FIGURE 4-41 Diagram for Sample Problem 6. 
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22.5 kN 22.5 kN 



FIGURE 4-42 Free-body diagram of portion 
of truss to left of Section A-A. 


Take a section through the truss which cuts the member to be solved. 
In this case, both CD and DL can be cut by the same section. Set out the 
left portion of the sectioned truss as a free body (Fig. 4-42). Take moments 
about joint L to obtain a direct solution for CD. Note that the widths of 
all panels are equal (but unknown, p). 

2M, = 0 

168.8(2 p) - 22.5 (p) - 4b(p) - CD(>/3 p) 

CD(V3 )p 

CD 

Now, sum forces vertically to find DL y . 

= 0 

168.8 -I- DLy — 22.5 - 22.5 - 45 - 45 = 0 

DLy = -168.8 4 135 = -33.8 

The direction of DL was incorrectly chosen in Fig. 4-42. DL should 
act downward, putting the member in compression instead of tension. 
Thus, 

DL y = 33.8 kN (downward) 

But from the direction of DL (60° with the horizontal), we note that 

DL DL y DLj. 




2(33.8) 

V3 


39 kN (compression) 


Then 
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Incidentally, the direction of KL in Fig. 4-42 is correct, which can be 
verified by inspecting the moment situation about joint D. 

PROBLEMS 

4-1. Three smooth cylinders, each 18 in in diameter and each weighing 
30 lb, are placed in a box as shown in Fig. Prob. 4-1. What are the 
forces at all points of contact? 


301b 



FIGURE PROBLEM 4-1 



4-2. An ocean liner has an arrangement for supporting lifeboats and 
for lowering them over the side, as shown in Fig. Prob. 4-2. There 
is a socket at A and a smooth hole through the deck rail at B. If 
the boat and its load weigh 2000 lb, what are the reactions at A 
and B ? Two identical davits support each lifeboat. 

*4-3. A member of uniform cross section having a mass of 68.8 kg is 
hinged at its upper end to a beam and is held in the position 
shown in Fig. Prob. 4-3 by means of the horizontal brace BD. 
What will be the reaction at C and the force in BD? 

4-4. The jointed frame in Fig. Prob. 4-4 carries loads as shown. What 
are the vertical and horizontal components of the pin reactions? 

*4-5. A brace is hinged at one end to a vertical wall and at the other end 
to a beam 3.6 m long. The beam has a mass of 183.5 kg and is also 
hinged to a vertical wall as shown in Fig. Prob. 4-5. The beam 
carries a load of 2.7 kN at the free end. What will be the 
compressive force in the brace, and what will be the values of the 
vertical and horizontal components of the reaction at hinge A? 

*4-6. A timber of uniform cross section, having a mass of 90 kg, is 
hinged at its lower end and held at an angle of 60° with the 
horizontal by a rod attached as shown in Fig. Prob. 4-6. A cylinder 







FIGURE PROBLEM 4-5 FIGURE PROBLEM 4-6 


which has a mass of 30 kg is placed between the timber and the 
wall. What are the horizontal and vertical components of the 
reaction at A? What is the force between the cylinder and the 
timber? 

*4-7. A gate has a mass of 140 kg, which may be considered as uniformly 
distributed (Fig. Prob. 4-7). A small child, having a mass of 40 kg, 
climbs up on the gate at the point .6. What will be the reactions 
at the hinges? 

4-8. In an irrigation project, it was found necessary to cross low ground 
or else swing the canal to the left by cutting into the solid rock. It 
was decided to run the canal as a flume and support it on a 
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FIGURE PROBLEM 4-7 



number of frames, as shown in Fig. Prob. 4-8. The two members 
rest in sockets in solid rock at points A and B. These sockets may 
be considered as hinges. What will be the vertical and horizontal 
components of the reactions at A and .6? The weight of the water 
in the flume supported by each frame is estimated as 18 200 lb. 

4-9. The A-frame in Fig. 4-13 has an additional load of 1200 lb at the 
center of BD. All members weigh 90 lb per foot of length. What 
are the pin reactions at B, C, and D? 

4-10. Figure Problem 4-10 shows a wooden brace hinged to a floor at 
A and held by means of the rod BC. The weight of the brace is 
300 lb and may be assumed to be applied as shown. What will be 
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the horizontal and vertical components of the force at A? What is 
the force in BC? 

4-11. In the crane shown in Fig. Prob. 4-11, the member BG weighs 600 
lb, which is considered to act midway between B and F. If other 
weights of members are neglected, what will be the forces in the 
two tension rods? What will be the horizontal and vertical com¬ 
ponents of the reactions at A and B ? 

4-12. In an iron foundry, ajib crane, shown in Fig. Prob. 4-12, was used 
to handle the molten metal. With the moving load in the position 
shown, what will be the forces in the members A, B, and C? What 
is the horizontal component of the reaction at the upper end of 
the vertical member? 

4-13. For the Pratt truss shown in Fig. Prob. 4-13, find the magnitude 
and type of forces in members AB, AH, BH, BC, HG, BG, and CG. 



FIGURE PROBLEM 4-12 
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10 k 



FIGURE PROBLEM 4-13 



4-14. A cantilever truss, shown in Fig. Prob. 4-14, carries a load of 1200 
lb. Find the reactions at A, B, C, and E. 

4-15. Figure Problem 4-15 shows a truss supported at A and B and 
carrying a load of 4000 lb. Find the external reactions and the 
forces in all the members, assuming that all joints are pin-con¬ 
nected. 

*4-16. Determine the magnitude and direction of the reactions at roller 
A and pin B in Fig. Prob. 4-16. 

4-17. Find the pin reaction for the link shown in Fig. Prob. 4-17. 

*4-18. Find the forces in the members of the truss shown in Fig. Prob. 
4-18. 

4-19. Find all the forces in the Warren truss shown in Fig. Prob. 4-19, 
all angles being equal to 60°. 
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F 



4000 1b FIGURE PROBLEM 4-15 


18 kN 



FIGURE PROBLEM 4-16 FIGURE PROBLEM 4-17 



FIGURE PROBLEM 4-18 
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2000 lb 2000 lb 



FIGURE PROBLEM 4-20 


4-20. The members in one plane of a four-cornered tank tower are 
shown in Fig. Prob. 4-20. The weights given are due to the tank 
and water above. The horizontal forces are due to the wind. Find 
the forces in the members. 




CHAPTER 



Concurrenr-Noncoplonor 

Forces 


5-1 RESULTANT OF CONCURRENT-NONCOPLANAR 
FORCES 

When concurrent forces are not in the same plane they are called 
noncoplanar. To find the resultant of such forces, it is best to resolve each 
force into components along three axes making angles of 90° with each 
other. 

Let x, y, and z be the axes and O the point through which the 
concurrent forces pass. Take OE as one of the forces, making the angles 
a, (3, and y with the axes (Fig. 5-1). Then the components, or projections, 
of OE = F are F x = F cos a, F y = F cos (3 , and F z = F cos y. But the three 
projections OG, OA, and OC are the three edges of a rectangular 
parallelopiped of which the force F is the diagonal. From geometry, the 
square of the diagonal is equal to the sum of the squares of the three 
edges. Then 

F 2 = F x 2 4- F y 2 4- F 2 = F^cos 2 a 4- cos 2 /3 4- cos 2 y) 

But this cannot be true unless 

cos 2 a + cos 2 (3 4- cos 2 y = 1 (5-1) 

Angles a, (3, and y are called the direction angles of the force F, and the 
foregoing equation gives the condition that their cosines must satisfy. For 
example, if a = 60° and /3 = 45°, 

cos 2 60° + cos 2 45° + cos 2 y — 1 
0.25 + 0.5 + cos 2 y = 1 

cos 2 y = 0.25 
cos y = 0.5 
y = 60° 


96 
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FIGURE 5-1 x, y, and z components of 
a force. 


If each of the concurrent systems of forces is resolved into its x, y, and z 
components, the original system is replaced by three sets of forces acting 
along the x, y, and z axes, respectively. Since all the forces along the x axis 
are in the same straight line, they may be added algebraically and their 
sum represented by XF x . Similarly, those along the y axis and the z axis 
may be added algebraically and their sums represented by XF y and XF Z , 
respectively. Their resultant, the diagonal of the parallelopiped formed 
by XF x , XF y , and XF Z , is equal to 

R = V(XF,) ! + (ZFy) 2 + (XF 2 ) 2 (5-2) 

Sample Problem 1 The force F in Fig. 5-1 is 100 lb. What will be the 
components along the three axes if a = 60°, (3 = 45°, and y = 60°? 

Solution: ^ 

F x = 100 cos a = 100 cos 60° = 100 x 0.5 = 501b 
Fy = 100 cos P = 100 cos 45° = 100 x 0.707 = 70.7 lb 
F z = 100 cos y = 100 cos 60° = 100 x 0.5 = 50 lb 


^Sample Problem 2 A system of concurrent forces has been reduced to 
the following components: 

XF x = 45 N ZF y = 90 N and 1F Z = 67.5 N 

Find the magnitude of the resultant and its direction angles. 

Solution: The resultant of the three forces may be represented as the 
diagonal of a parallelopiped whose sides are the three given components. 
Thus, by Eq. (5-2), 


R = V 45 2 + 90 2 + 67.5 2 = 121 N 


R 


45 

121 


= 0.372 


cos a = 


a = 68.2° 
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sp 90 

cos 13 = ~R = \zi = O ' 744 13 =4L9 ° 

Sp 67 5 

cosy = ±Ji = — = 0.558 7 = 56.1° 

r R 121 r 

Of course, once a and /3 are known, y may be found by Eq. (5-1). 

5-2 CONDITIONS FOR EQUILIBRIUM 

When forces are in equilibrium, their resultant is zero; that is, 

V(2FJ 2 + (2F,) 2 + (IF,) 2 = 0 

But each quantity under the radical sign is positive, being a square. The 
sum of positive numbers cannot be zero unless each one is equal to zero. 
Then 


ST* = 0 %F V = 0 = 0 (5-3) 

This result gives three equations of condition, from which three unknowns 
may be determined. 

If the force polygon were drawn for a set of concurrent-noncoplanar 
forces that were in equilibrium, the polygon would close. Then the 
projection of this polygon on any plane would be a closed-plane polygon. 
But since it is a closed figure, the forces that form it are in equilibrium. 
We then have coplanar forces in equilibrium, and the principles of Chap. 
2 may be applied. 

1F X = 0 and = 0 are the equations of condition that must be 
satisfied when concurrent forces in equilibrium are projected on the xy 
plane. Also, %F Z = 0 is the equation that the projection of such forces on 
the z axis must satisfy. 

The forces might also be projected on the xz plane and the y axis or 
theyz plane and thex axis. The conclusion may be summarized as follows: 
When a set of concurrent-noncoplanar forces is in equilibrium, project 
all the forces on a convenient plane and also on an axis perpendicular to 
the plane. Then, form XF x = 0, 2,F y = 0, and 2F* = 0, and solve 
simultaneously. 

^Sample Problem 3 A body having a mass of 46 kg is suspended from 
the ceiling by three cords of equal length. The cords make angles of 30° 
with the vertical, and they are attached to the ceiling at points equally 
spaced on the arc of a circle. Find the tensions in the cords (Fig. 5-2). 

Solution: Let the tensions in OA, OB, and OC be F u F 2 , and F 3 . Set point 
0 out as a free body (Fig. 5-3). Now, project all the forces on a horizontal 
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FIGURE 5-2 Diagram for Sample FIGURE 5-3 Free-body diagram of 
Problem 3. point O for Sample Problem 3. 



FIGURE 5-4 Forces at point 0 FIGURE 5-5 Forces at point O 

projected on horizontal (xz) plane. projected on vertical (y) axis. 


plane xz and a vertical axis y (Figs. 5-4 and 5-5), after calculating the 
weight of the body. W = m-g = (46 kg)(9.81 m/s 2 ) = 451 N. 

XF x = 0 -Fi sin 30° cos 60° -F 2 sin 30° cos 60° + F 3 sin 30° = 0 

XF u = 0 (Fi + F 2 + F 3 ) cos 30° — 451 = 0 

XF Z = 0 -Fi sin 30° sin 60° + F 2 sin 30° sin 60° = 0 

From the equation for %F Z , 


Fr=F 2 





100 STATICS AND STRENGTH OF MATERIALS 
From the equation for SF*, 

Fi = F 2 = F 3 

From the equation for SFj,, 

3F(0.866) = 451 

451 

F - —— = 173 N (tension) 

4i • yj 

Sample Problem 4 A 200-lb weight is suspended from the wall by means 
of a bracket, as shown in Fig. 5-6. Find the forces in OA, OB, and OD. 



200 lb 


FIGURE 5-6 Diagram for Sample 
Problem 4. 


Solution: Let the forces be represented by F 1; F 2 , and F 3 (Fig. 5-7 a). 
Take point O as a free body. First project the forces onto a vertical axis 
through O. Since F 2 andF 3 are perpendicular to this axis, their projections 
are zero. Then 

F lS in * COA - 200 = 0 
But ZCOA = 45° 

Fi = = 283 lb (compression) 


Now, project the forces on a horizontal plane through O (Fig. 5-7 b). Since 
F 2 and F 3 make equal angles with F u they are equal to each other. 
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FIGURE 5-7 (a) Free-body diagram of point O for Sample 
Problem 4. (b) Forces at point O projected on horizontal 
plane. 


XF x = 0 

— 2F 2 cos 4 . COD + 283 cos 45° = 0 
But DO = V9 2 + 12 2 = 15 ft and cos 4 COD = if = $ 

Then -(2)iF 2 + 200 = 0 

F 2 =F 3 = 125 lb (tension) 

^Sample Problem 5 An object having a mass of 230 kg is suspended 
from the wall by means of a bracket, as shown in Fig. 5-8. Find the forces 
in the members OA, OB, and OD. 



FIGURE 5-8 Diagram for Sample 
Problem 5. 


Solution: W = m-g = (230 kg)(9.81 m/s 2 ) = 2260 N = 2.26 kN. Represent 
the forces by Pi, P 2 , P 3 . Take BOD as a free body. The forces acting on 
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BOD are P u 2.26 kN, and the reactions at B and D. Taking moments 
about line BD, we have 


Pi x 2.7 sin 0 — 2.26 x 2.7 = 0 


But 0 = 45°. 



2.26 x 2.7 2.26 

2.7 sin 45° “ 0.707 


= 3.20 kN (compression) 


Now, project the three forces on a horizontal plane, with the point O as 
the free body (Fig. 5-9). 



FIGURE 5-9 Forces at point O projected on 
horizontal plane. 


4 BOC = * COD = 0 

tan 0 = - 7 — = 0.67 
2.7 

0 = 33.7° 
P 3 =P 2 


SFx = 0 

2P 2 cos 6 = Pi cos 45° 

2/^2(0.832) = 3.20(0.707) 

P 2 —Pz= 1.36 kN (tension) 

Sample Problem 6 The boom of the derrick shown in Fig. 5-10 can 
swing from the horizontal to 25° from the vertical and through the larger 
angle CDA. With the boom horizontal and bisecting the angle CDA, find 
the forces in all members of the derrick. 

Solution: Since all the members are two-force members, the lines of 
action of all forces are known. At point B, there are four forces in 
equilibrium. Since they are noncoplanar, there are but three equations 
of condition that can be formed, and the solution cannot start at this 
point. v 

At point/, there are three coplanar forces, one of which is known. 
Since for this case two equations exist, the solution is possible. Set point 
E out as a free body (Fig. 5-1 lzz) and draw the force triangle LMN (Fig. 
5-1 lb). Since 2 $. BDE is 90°, side BE = 50 ft because DBE is a 3-4-5 right 
triangle. Hence, 
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FIGURE 5-10 Diagram for Sample Problem 6. 



M 



(b) FIGURE 5-11 (a) Free-body diagram of 

point E for Sample Problem 6. 

(b) Force triangle for point E. 
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The results for F i and F 2 could have been obtained by use of similar 
triangles DBE and LMN. 

Point B may now be set out as a free body, since the force in BE is 
known and there are but three unknowns left (Fig. 5-12). 


B 



FIGURE 5-12 Free-body diagram of point 8. 


First, project the forces on a horizontal plane through B, as shown in Fig. 
5-13«. The projection of F 5 is zero since it is perpendicular to the plane 



(a) ( b) 

FIGURE 5-13 (a) Forces at point 8 projected on 
horizontal plane with boom horizontal and central. 
(b) Force triangle for point 8. 


of projection. Now, draw the force triangle (Fig. 5-13 b). Since it is an 
isosceles right triangle, F 3 equals F 4 . 


cos 45° = 


Fa cos 45' 


3000 

F 4 — 3000 lb = F s (tension) 


Now, project all forces at point B onto a vertical line through B. 
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XF Z = 0 

F 3 cos 45° + F 4 cos 45° + 5000 cos <£ — F 5 = 0 
But F 3 — F 4 and cos (f) = 0.80 

Then 2[3000(0.707)] + 4000 = F 5 

F 5 = 8240 lb (compression) 

When a derrick is to be designed, the maximum forces that exist in 
every member are to be found for a given load while the boom moves 
through its entire range. Since the force triangle LMN is similar to DBE, 
two of the sides of which are of fixed lengths, the force in BE will be a 
maximum when BDE is a right angle; that is, when the boom is horizontal 
(assuming BDE may not exceed 90°). 

Now the maximum forces will occur in AB, CB, and BD when the 
force in BE is a maximum. It now remains to find what angle boom DE, 
when it is horizontal, must make with CD to give maximum forces in the 
mast and legs. Let 2 (_ CDE = d. Set point B out as a free body. Now, 
project all the forces onto a horizontal plane through point B (Fig. 5-14a). 
Next, draw the force triangle (Fig. 5-146), from which 




(b) 


FIGURE 5-14 (a) Forces at point B projected on horizontal plane 
with boom horizontal and positioned for maximum tension in leg CB. 
(i b ) Force triangle for point 8. 


sin (0 - 90°) 

F 3 


F 3 cos 45° 

3000 

3000 sin (6 - 90°) 
cos 45° 


Now, F 3 is greatest when sin (6 — 90°) is greatest. 

sin (6 - 90°) = 1 
6 - 90° = 90° 

6 = 180° 


v 
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This makes the plane of the boom perpendicular to the vertical plane 
through the leg .42?. Although this case is special, in that the planes of the 
legs are perpendicular to each other, the same method of procedure for 
any angle CDA will lead to the same conclusion. 

The maximum tension is found in one leg of a derrick when the 
plane of the boom is perpendicular to the plane of the other leg. 
Substituting 6 = 180° in the equation for F :u we have 




3000 sin 90° 

0.707 
3000 sin 0° 

0.707 


4240 lb (tension) 


The analysis for maximum tension could be applied as well to 
maximum compression, if it were possible to swing the plane of the boom 
into the smaller angle CDA. However, the maximum compression will be 
developed in either leg when the plane of the boom coincides with the 
plane of that leg and is on the same side of the mast. Again, set point B 
out as a free body, with the boom horizontal and in the position for 
maximum compression in leg CB, and project the forces onto a horizontal 
plane (Fig. 5-15). By inspection, 



FIGURE 5-15 Forces at point B projected on 
horizontal plane with boom horizontal and positioned 
for maximum compression in leg CB. 


F 4 = 0 

and F 3 cos 45° = 3000 

F 3 = 4240 lb (compression) 

To obtain the force in DB for each of the foregoing cases, project onto 
the vertical axis DB. Then 

5000 cos (f) + 4240 cos 45° = i r 5 

4000 + 3000 = F 5 

F 5 = 7000 lb (compression) 

This result is less than the value obtained when the plane of the boom 
bisected angle CDA. To prove this, let CDE = 6 (Fig. 5-14a). Then, by 
Fig. 5-146, 
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3000 cos 0 

0.707 
3000 sin 0 

0.707 

From the vertical projection on DB, 

F 5 = 5000 cos (f) + F 3 cos 45° -F F 4 cos 45° 

= 4000 -F 3000(—cos 0 + sin 0) 

Now, F 5 is a maximum when sin 0 — cos 0 is greatest. This condition 
occurs when both functions are numerically equal and cos 0 is negative; 
i.e., when 0 = 135°. When angle CDA is not 90°, the same line of reasoning 
will show maximum force in the mast when the plane of the boom bisects 
the angle between the legs. 

Sample Problem 7 In Sample Problem 6 , in order to lift the weight 
vertically with the boom stationary and horizontal, it is connected toF by 
a block and tackle. Four lengths of cable run from F to W. One end is 
fastened at F, and the other runs along DE over a pulley at D and then 
to a winch. Between B and F, there are five strands of another cable, the 
free end of which runs down BD to a pulley at D and then to a second 
winch (see Fig. 5-16). Find the maximum forces in all members and the 
reaction at D. 

Solution: Set W out as a free body (Fig. 5-17). If we neglect friction on 
the pulleys, the tension in the cable is the same at all points, and each of 
the upward forces is T t . For vertical equilibrium, 

4 Ti = 4000 

Ti = 1000 lb (tension) 

Now, set point E out as a free body (Fig. 5-18). By taking 2F V = 0, 
F 2 = 5000 lb, as in Sample Problem 6 ; but this is carried by five cables, 
and 


F, = 


Fa = 


3000 sin (0 - 90°) 
cos 45° 

3000 sin (180° - 0) 
cos 45° 


5 T 2 = 5000 

T 2 = 1000 lb (tension) 


From XF x — 0, 

F l = 1000 + 3000 = 4000 lb (compression) 

where 3000 lb is the horizontal component of F 2 . 

Now, set point B out as a free body (Fig. 5-19). Projecting the forces 
on a horizontal plane, we see that F 3 and F 4 have the same values as in 
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FIGURE 5-16 Diagram for Sample Problem 7. 





4,000 lb 

FIGURE 5-17 Free-body 
diagram at W. 



FIGURE 5-18 Free-body 
diagram at point E. 


Sample Problem 6. By summing all vertical components along BD and 
setting them equal to zero, we obtain F h = 9300 lb (compression), or 
1060 lb greater than in the preceding example. 

For determining the reaction at D, set out D as a free body (Fig. 
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FIGURE 5-19 Free-body diagram at point B. 


5-20). The reaction not being known, the components are used. By 
XF y = 0 and = 0 , 


Fdy = 
F(ix = 

F d = 

tan 6 = 
0 = 


9300 + 1000 - 1000 = 9300 lb 
4 000 - 1000 - 1 000 = 2000 lb 
V93 00 2 + 2 0 00 2 = 95 1 0 lb 

9300 a « 

-= 4.65 

2000 

77.85° or 77°50' 



FIGURE 5-20 Free-body diagram 
at point D. 



40,0001b 


E 


FIGURE 5-21 Diagram for Sample 
Problem 8. 


Sample Problem 8 Figure 5-21 shows a shear-leg crane lifting a 
40 000-lb load. The legs are 60 ft long and 30 ft apart at their lower ends. 
The backstay is 70 ft long All members are pin-connected, andT, E, and 
C are in the same horizontal plane. Find the forces in the members. 
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FIGURE 5-22 Free-body diagram at 
point B. 


Solution: All members are two-force members and concurrent at B. Set 
B out as a free body (Fig. 5-22). Project all forces onto a vertical plane 
ABF. Since the two forces P are in a plane BCE, perpendicular to the 
plane of projection, they project into P', their resultant (Fig. 5-23 a). 



(a) ( b) 

FIGURE 5-23 (a) Forces at point B projected on vertical 
plane ABF. ( b) Force triangle at point B. 


Next, form the force triangle LMN (Fig. 5-236). Angles M,L, and N 
must now be found. 


BD 2 = 60 2 - 15 2 = 3375 
BD = 58.1 ft 
BF 2 = BD 2 - 25 2 = 2750 
BF = 52.4 ft 
52 4 

cos 4 ABF = ~^- = 0.7490 

^ABF = 41.57° or 41°34' 

4 L = 180° - 41°34' = 138°26' 

25 

tan 4 DBF = tan 2(M =-= 0.477 

52.4 


v 
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= 25.5° or 25°30' 

4 N = 180° - (138°26' + 25°30') = 16°4' 
From the triangle LMN, 


F _ 40 000 

sin 25°30' _ sin 16°4' 

F = 62 200 lb (tension) 


P' 40 000 


sin 138°26' sin 16°4' 


Since P' is the resultant of the thrusts P, it will equal the sum of the 
components along BD, or 


P' = 95 900 lb 
2 P cos 2 ^DBC = 95 900 



95 900 
2(58.1/60) 


= 49 500 lb (compression) 


*Sample Problem 9 A tripod has legs 3.6 m long. The lower ends of the 
legs are placed at the corners of an equilateral triangle 1.8 m on a side. 
What are the forces in the legs when a load of 4.5 kN is placed on top? 


Solution: Figure 5-24 shows 
an elevation of the tripod and a 
bottom view of the base. The 
point D' is the projection of the 
vertex of the tripod on the plane 
of the base. Since the sides of the 
base are equal in length, this 
projection falls at the geometric 
center of the triangle. The angle 
that each leg makes with the 
vertical can be determined from 
the triangle ADD'. From the 
geometry of the triangles, 

AD' = %AE = f Vl.8 2 - 0.9 2 
= §(1.56) = 1.04 m 
DD' = V(AD ) 2 - (AD') 2 = 3.45 m 


4.5 kN 



FIGURE 5-24 Diagram for Sample Problem 9. 
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Since the legs are symmetrically arranged and make equal angles 
with the vertical, then from = 0, 


3 F 


3 F cos 6 = 4.5 
3.45 


3.6 


= 4.5 



3.6(4.5) 
3(3.45) 


= 1.57 kN say, F 


1.6 kN (compression) 


PROBLEMS 

5-1. Figure Problem 5-1 shows a tripod used in unloading heavy 
machinery. What is the force in each of the legs if the load is 4 
tons? 


B 



FIGURE PROBLEM 5-1 FIGURE PROBLEM 5-2 


*5-2. Find the forces in all members in the bracket shown in Fig. Prob. 
5-2. Members AD and CD are horizontal. 
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5-3. What is the force in member BD in the derrick in Fig. Prob. 5 - 3 , 
with boom AC in the position shown? 


B 



FIGURE PROBLEM 5-3 and 5-4 


5-4. For the derrick in Fig. Prob. 5-4, what would be the force in BD 
if boom AC were rotated into plane ABD ? 

5-5. What are the forces in all parts of the shear-leg crane, shown in 
Fig. Prob. 5 - 5 , if a naval gun weighing 50 tons is lifted? 



FIGURE PROBLEM 5-5 
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*5-6. Figure Problem 5-6 shows a derrick used in a quarry. The mast 
and boom are pivoted at the top and the bottom so that they can 
be rotated through an angle a of 360°. The angle 6 that the boom 
makes with the vertical is also adjustable. If a load having a mass 
of 9.20 metric tons is raised, what is the force in the boom when 
6 = 45°? The length of the mast DF is 7.2 m and the boom EF is 
5.4 m (1 metric ton = 1000 kg). 

5-7. The derrick in Fig. Prob. 5-7 is stabilized by three guy wires AD, 
BD, and CD. In erecting the derrick, wires AD and BD are each 
pulled taut to an initial tensile force of 2500 lb by means of 
turnbuckles. What should the initial tensile force in wire CD be, 
so that forces in a horizontal plane through point D are fully 
balanced, if a = 0°, (3 = 60°, and y = 75°? (The derrick is not 
lifting a load.) 

5-8. What force do the guy wires in Prob. 5-7 impart to member DF? 

5-9. The derrick in Fig. Prob. 5-9 lifts a load of 18 tons. Members DF 
and EF are 30 and 20 ft long, respectively. The various angles are 
a = 15°, = 60°, y = 70°, and 6 = 60°. \Vires AD and BD were 

initially tightened to balance the horizontal initial pqll of CD. The 
tension in guy wire CD is 5000 lb after the derrick is loaded. Find 
(a) force in DE, ( b ) resultant force in DF, ( c ) resultant forces in the 
guy wires. 

*5-10. A load having a mass of 9.20 metric tons is to be lifted by means 
of a contractor’s derrick, as shown in Fig. Prob. 5-10. If the 
vertical plane containing the boom bisects the angle ADB, what 
reactions must be provided at points A and B to keep the derrick 



FIGURE PROBLEM 5-6 through 5-9 
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from tipping? The boom has a mass 1.84 metric tons and makes 
an angle of 45° with the horizontal. (1 metric ton = 1000 kg.) 

5 - 11 . When the boom of the derrick in Fig. Prob. 5-11 swings into the 
plane BCD, what will be the force in leg BC ? The load is 7 tons 
and the boom weighs 3000 lb and makes an angle of 60° with the 
horizontal. 

* 5 - 12 . Both of the 900 N forces in Fig. Prob. 5-12 are acting in a hori¬ 
zontal plane and are applied to the top of pole AC at point A. 
To eliminate bending of the pole, a guy wire AB is used. Determine 
the force acting in the pole and the guy wire. 


900N 



FIGURE PROBLEM 5-12 


( 




CHAPTER 



Static and Kinetic Friction 

6-1 MAXIMUM STATIC FRICTION 

Friction was defined in Sec. 2-17 as a force between two surfaces in contact 
acting to resist the motion of one surface over the other. Friction is a 
passive force. It acts only when there is an effort made to move one body 
over the other. 

In Fig. 6-1, let a 100-lb body rest on a rough plane and be acted on 
by a horizontal force P. If the body does not move, the forces are in 
equilibrium. Then P = F, and N = 100 lb; i.e., when P = 10 lb, F = 10 
lb; and when P = 20 lb, F — 20 lb, etc. 

But if P = 30 lb and the body is just on the point of moving, F — 30 lb 
is its greatest, or maximum, static friction. Any value of P, say 31 lb or 
more, will cause motion. 

Experiments have shown that within certain limits the maximum 
value of friction depends on the normal force on the plane and the 
materials in the two rubbing surfaces. So long as the normal force per 
square inch does not exceed the elastic limit of the bearing surface, the 
friction is independent of the area of contact between the two surfaces, 
but does depend on the normal force between the surfaces. 

Experiments have also shown that, for practical purposes, the ratio 
of the maximum friction to the normal force on the plane is a constant 
for any given material. This ratio is defined as the coefficient of static friction. 
Let/ represent the coefficient of friction and F m the maximum friction 
force. Then 



( 6 - 1 ) 

( 


Thus, if F m — 30 lb, for Fig. 6-1, 
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N FIGURE 6-1 Forces acting on body on rough plane. 



FIGURE 6-2 Resultant of normal FIGURE 6-3 Resultant of normal 
force N and maximum friction force N and any static friction force 

force F m . F, including impending motion when 

F = F m . 

T he resultant of F m and N when motion is impending is a single 
force R, as shown in Fig. 6-2. Since P, W, and R are in equilibrium, they 
form a triangle such as OAB (Fig. 6-3). 

Now, let 6 be the angle that R makes with the normal to the plane. 
Then tan 6 = fro = 0.3; that is, when motion is impending, the resultant 
R makes an angle whose tangent is the coefficient of friction/. R is always 
drawn on the opposite side of the normal from the direction of motion. 
That is, if motion would take place to the right, R bears to the left. This 
principle is evident from the fact that F is always resisting motion. 

In Fig. 6-3, AOB = 6, the maximum angle of friction. Suppose P 
is less than F m ; then the friction F is less than F m , say BC. Then OC is 
the resultant making an angle COB with the normal. Motion cannot take 
place until P is greater than BA. 

From Eq. (6-1), F m = fN. If/ = 0.25 and N — 50 lb, then F m = 12.5 
lb. If/ = 0.2 and N = 75 lb, then F m = 15 lb. 
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Every surface has depressions on its face. These depressions vary 
with the material and are more evident in a rough surface than in one 
with a smooth surface. When one body rests on another, the elevations 
on one tend to fill the depressions on the other. Before there can be 
motion, one body must be lifted out of the depressions, or the surface 
leveled or smoothed. Although this illustration does not explain all the 
action of friction forces, it at least furnishes an explanation of why a body 
moves more easily over ice than over a brick sidewalk and also why it is 
easier to move a weight by pulling at an angle to give a small vertical or 
lifting component. 

The force necessary to continue uniform motion is usually less than 
the force necessary to start it. The friction of motion in rotating shafts, 
drums on brake shoes, etc., is called kinetic friction. 

Sample Problem 1 A 75-lb body rests on a horizontal plane for which 
f = 0.4. The body is acted on by a force of 20 lb at 30° with the horizontal, 
as shown in Fig. 6-4. Will the body move? 


751b 



751b 


FIGURE 6-4 Diagram for FIGURE 6-5 Free-body diagram 

Sample Problem 1. for Sample Problem 1. 


Solution: Set the object out as a free body (Fig. 6-5). T he forces are in 
equilibrium vertically. 



N - 75 4- 20 sin 30° = 0 

N = 65 lb 




By Eq. (6-1), maximum friction 


F m = 0.4A = 0.4(65) = 26 lb 
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For equilibrium horizontally, 



—F + 20 cos 30° = 0 

F - 17.321b 


But the body will not move until the maximum friction of 26 lb is 
overcome. Since only a force of 17.32 lb is necessary to prevent motion, 
the body remains at rest. Friction equals 17.32 lb. 

*Sample Problem 2 A body having a mass of 46 kg rests on a horizontal 
plane for which/ = 0.4. A force P acts on the body at an angle of 20° with 
the horizontal. Find its magnitude for impending motion (Fig. 6-6). 


P 



Solution: When motion is impending, it will often be found convenient 
to use the resultant R of N and F m , which must make the 4 . 0 with the 
normal (tan 6 =/). Setting out the free body (Fig. 6-7), we find there are 
three forces in equilibrium, R, P, and W. 

tan 6 = f = 0.4 

0 = 21.8° or 21°48' 


This problem may be solved by using the summation method. Since 
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the components of the forces in the horizontal direction are in equilibrium 
at the instant of impending motion, 


^F x = 0 


1F U = 0 


P cos 20° - R sin 0 = 0 

P cos 20° = R sin 0 


R cos 0 + P sin 20° - 451 = 0 

451 


R = 


P sin 20' 


cos 0 


sin 0 


P cos 20° =-(451 - P sin 20°) 

cos 0 

= tan 0(451 — P sin 20°) 
P (cos 20° + 0.4 sin 20°) = 0.4(451) = 180 

180 


P = 


0.9397 +0.1368 


= 167 N 


It can be seen that the force P exerts a lifting component and reduces 
the amount of the normal pressure; thus, N = 394 N. 

Table 6-1 gives several values of coefficient of friction. The degree 
of smoothness of the surfaces affects the value of f very materially, and 
this fact accounts for the range of values. The kinetic coefficients are 
usually from 20 to 40 percent lower than the values of static/. 


TABLE 6-1 COEFFICIENTS OF FRICTION (/)* 


Material 

Static 

Sliding 

Dry 

Lubricated 

Dry 

Lubricated 

Steel on steel 

0.78 

0.23 

0.42 

0.08 

On babbitt 

0.42 

0.17 

0.35 

0.14 

On Teflon 

0.04 



0.04 

On lead 

0.95 

0.50 

0.95 

0.30 

On aluminum 

0.61 


0.47 


On copper 

0.53 


0.36 

0.18 

On brass 

0.51 


0.44 


Cast iron on cast iron 

1.10 


0.15 

0.07 

On copper 

1.05 


0.29 


On zinc 

0.85 


0.21 


Aluminum on aluminum 

1.05 


1.40 


Nickel on nickel 

1.10 


0.53 

0.<12 

Wood on wood 

0.62 


0.48 

0.16 

Leather on wood 

0.61 


0.52 


On cast iron 



0.56 

0.13 

Teflon on Teflon 

0.04 



0.04 

Class on glass 

0.94 

0.01 

0.40 

0.09 

Laminated plastic on steel 



0.35 

0.05 


* Baumeister, Theodore, Eugene A. Avalone, and Theodore Baumeister III: Marks' 
Standard Handbook for Mechanical Engineers , 8th ed. f p. 3-26, McGraw-Hill Book Company, 
Inc., New York, 1978. 
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6-2 FRICTION ON AN INCLINED PLANE 

Let a body weighing W lb rest on a rough inclined plane, Fig. 6-8. Suppose 
the weight is just on the point of slipping down the plane. Then friction 
is a maximum F m . From Sec. 2-17, the component of 'W down the plane 
is W sin a, and that normal to the plane is W cos a. 


FIGURE 6-8 Body on an inclined plane. 

F m = W sin a 

N = W cos a 

F m W sin a 

— =-= tan a 

N IT cos a 

But F m /N =f= tan 6, where 6 is the angle of friction, or the angle 
that the resultant makes with the normal. Then tan 6 = tan a and 6 = 
a. 

When a body rests on an inclined plane, if the angle of friction 6 is 
less than a, the angle of the plane, the body will slip. If 6 > a, the body 
will not slide down the plane. 


Dividing, 



Sample Problem 3 A body weighing 50 lb rests on a 20° plane. Let 
f = 0.2. Will the body slide down the plane? 


Solution: 


tan 6 — 0.2 
6= 11°20' 


Since 6 < a, the body will slide. Alternatively, 

N = W cos a = 50 cos 20° = 47 lb 
F,„ = 0.2 N = 0.2(47) = 9.4 lb 

The component of IT down the plane is 

W sin a = 50 sin 20° = 17.1 lb 

Since 17.1 lb > 9.4 lb, the body must move. 
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Sample Problem 4 In the preceding example let/ = 0.3 and a = 15°. 
Will the body move? How large is the frictional force? 


Solution: 


tan 0 = 0.3 
0= 16°42' 


Since 0 > a, the body will not move. Now, 

N= W cos a — 50 cos 15° = 48.3 lb 
F m = 0.3(48.3) = 14.49 lb 

But the force trying to move the body down the plane is 

W sine* = 50 sin 15° = 12.91b 


Since 12.9 lb < 14.49 lb, it is evident at the body will not move. But 
friction is a passive force. Only enough resistance is offered to prevent 
motion. Therefore, the frictional force actually developed is 12.9 lb. 


6-3 FORCE NECESSARY TO MOVE 
A BODY UP A ROUGH PLANE 

Figure 6-9 shows a body on a plane with a force P acting on the body 
parallel to the plane. If motion is impending up the plane, the resultant 
R of F m and N makes an angle 0 (tan 0 = f) with the normal to the plane 
and is drawn on the left-hand side. There are then three concurrent 
forces in equilibrium. Construct the triangle of forces by drawing AB 
equal to W, the only known force. From B, draw a line parallel toP. Since 
the figure closes, R must end at A. Then, from A draw a line parallel to 
R, forming the triangle ABC (Fig. 6-10). Since the normal makes an angle 
a with the vertical, angle A of the triangle is 0 + a. 


B = 90° - a 

= 180° - (90° - a + 0 + a) = 90° - 6 

t 

This is easily seen from Figs. 6-9 and 6-10. 

By the law of sines, the force P necessary to just start the body up 
the plane is 



sin (6 + a) 

P = 


sin (90° - 0) 
W sin (0 + a) 


cos 0 


cos 0 
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FIGURE 6-9 Body with motion 
impending (but not yet moving) up 
a rough plane. 


0 + a 



FIGURE 6-10 Force triangle for 
impending motion up a rough 
plane. 


*Sample Problem 5 Find the force required to move a body having a 
mass of 46 kg up a 20° inclined plane if/ = 0.3. 

W = (46 kg)(9.81 m/s 2 ) = 451 N 


Solution a: From Sample Problem 4, 6 = 16°42' = 16.7°. 



451 sin (20° + 16.7°) 
cos 16.7° 


451(0.5976) 

0.9580 


= 281 N 


Solution b: Choose axes as in Fig. 6-11. 



FIGURE 6-11 Diagram for Sample 
Problem 5. 


( 


2F, = 0 
= 0 


P - F m - VF sin 20° = 0 

N - W cos 20° = 0 

N = 451(0.94) = 424 N 
F m = 0.3(424) = 127 N 
P = 127 + 451 sin 20° 

= 127 + 154 = 281 N 
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FIGURE 6-12 Diagram for Sample 
Problem 6. 



FIGURE 6-13 Force triangle 
for Sample Problem 6. 


Sample Problem 6 Find the force P parallel to the plane (Fig. 6-12) 
needed to just start the body down the plane. 

Solution: From Fig. 6-13 and the law of sines, 



sin (0 - a) 

P = 


sin (90° - 0) 
W sin (0 — a) 

cos 0 


cos 0 


6-4 LEAST FORCE 

Let a body W rest on a horizontal plane (Fig. 6-14). A force P acts at an 
angle y. Find the least force to just move the body. R, the resultant 
reaction, makes an angle 0 with the normal. There are three concurrent 
forces in equlibrium. Draw AB equal to W (Fig. 6-15). Since the direction 
of P is unknown, we draw a line parallel to R from/1. The diagram must 
close, the P must be drawn from B to some point on AD and is to be the 
least force, represented by the shortest line. But the shortest line from 
B is a perpendicular to AD, which in this case is line BC. 

Since P is perpendicular to R, P makes an angle 0 with the horizontal; 
y = 0. But ABC of Fig. 6-15 is a right triangle. ' 

P — W sin 0 

Sample Problem 7 Let W — 50 lb and/ = 0.3. Find the least horizontal 
force needed to move the body. Find the least force for any direction 
(Fig. 6-14). 


Solution: If P is horizontal, P = F. 
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FIGURE 6-14 Free-body diagram FIGURE 6-15 Force triangle 

for finding least force to move a for finding least force, 

body. 

N = W f — 0.3 
F m — Nf = 50(0.3) = 151b 
:.P = 151b 

But, for least force, 

P = VT sin 0 = 50 sin 16°42' = 14.37 lb (at 16°42') 

6-5 CONE OF FRICTION 

If the line OA of Fig. 6-3 making the maximum angle of friction 6 with 
the normal is revolved about OB as an axis, the cone generated is called 
the cone of friction. 



FIGURE 6-3 Repeated. 
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FIGURE 6-16 Diagram for Sample Problem 8. 


If the resultant/? of the normal reaction and the friction falls within 
the cone of friction, the forces acting on the body are not great enough 
to cause motion. 

This principle is used in self-locking mechanisms and also in taper 
pins. For example, if the angle of the taper pin is less than the angle of 
friction, no force at a right angle to the axis of the pin could cause it to 
move in the direction of its axis. This principle will be illustrated by 
applying it in the solution of a problem. 

Sample Problem 8 A lift slides on a vertical shaft 3 in in diameter. Find 
the greatest distance from the shaft at which any load W can be placed 
and still permit the lift to slide on the shaft. Let/ = 0.3. Disregard the 
weight of the lift (Fig. 6-16). 

Solution a: When the load is placed on the lift, force is exerted 
perpendicular to the shaft, on the right side at the bottom and on the left 
side at the top. Let^ and B be the points of application of these resultant 
horizontal forces F ax and F bx . Friction at A and B is called F m in the 
direction indicated by vectors. Since motion is taking place, or impending, 
maximum friction is developed and the resultant reaction at A is (along 
AE at the angle 6 — tan -1 (0.3) with the normal AH. AtB, it is along BE 
at the same angle with the horizontal (Fig. 6-17). 

For impending motion, the lift is in equilibrium under the action of 
three forces. By the principle of concurrence they must meet at the point 
(point E) at which AE and BE meet. From triangles KBE and HAE, 

tan 6 = - — 0.3 
x 

y = 0.3x 
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FIGURE 6-17 Forces acting 
on lift in Sample Problem 8. 


From the dimensions in Fig. 6-16, 


12 -y 
x + 3 



12 - = 0.3x + 0.9 


Substituting for)}, 


12 — 0.3x = 0.3x + 0.9 
0.6x =11.1 
x = 18.5 in 


That is, with W less than 18.5 in from the edge of the shaft, the lift will 
slide. 


Solution b (Summation Method): The conditions for equilibrium give 


IF, = 0 
XF, = 0 



Since F ax = F bx , 


Fma + F mb — W - 0 



F mb ( 3) + Wx- F bx ( 12) = 0 



From above, 



or 



W 

2 


Since F m =fN and N = F ax = F bx , 

F W 
N = £jh = 1L 

f 2/ 









128 STATICS AND STRENGTH OF MATERIALS 


Substituting in the expression for 2M (I = 0, we have 


W 

—(3) + Wx 


VF 


2 / 


( 12 ) = 0 


Dividing by W produces 


3 12 

— + x — 

2 2(0.3) 




1.5 = 20 - 1.5 = 18.5 in 


6-6 WEDGE ACTION 

A wedge is a piece of wood or metal used in lifting heavy loads, 
transmitting power, etc. It may be made with one or two inclined faces. 
Figure 6-18 shows a load of 3000 lb to be lifted by means of two wedges 
with faces inclined at an angle of 15° with the horizontal. Coefficient of 
friction for all rubbing surfaces is 0.3. Find the forces/ 3 needed to just 
lift the load. 



FIGURE 6-18 Lifting a load by wedges. 


First, set the load out as a free body (Fig. 6-19a). It is in equilibrium 
under the action of the 3000-lb weight and the two resultant reactions R x 
of the two rubbing surfaces. The direction of R x is determined by first 
drawing a line normal to each of the inclined surfaces at their centers. 
The motion of the load relative to the wedge is upward. Therefore, the 
force R x must act inclined to the normal so that it will resist this motion, 
as shown in the figure. The angle that R x makes with the normal is 6 = 
tan -1 (0.3) = 16°42'. Now, draw the force triangle, Fig. 6-196. By the law 
of sines, 


ft, sin 31°42' 


3000 sin 116°36' 
R x = 1760 lb 
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(a) (b) 


FIGURE 6-19 (a) Free-body diagram of load for impending 
upward motion. ( b) Force triangle for load. 

Now, set the wedge out as a free body (Fig. 6-20a). It is in equilibrium 
under the action of force/ 3 and the resultant reactions of the two rubbing 
surfaces. Since motion is impending, R x and R 2 must make the angle of 
friction with the normals at the center of the rubbing surfaces. The 
motion of the wedge is to the right. This motion is resisted by the two 
surfaces in contact with the wedge. Therefore, /Zj and R 2 are drawn to 
the right of and at an angle of 16°42' with their respective normals. Now, 
draw the force triangle (Fig. 6-206). By the law of sines, 

P sin 48°24' 

R, ~ sin 73°18' 

P = 13701b 



(a) ( b) 

FIGURE 6-20 (a) Free-body diagram of wedge for 
impending upward motion, (b) Force triangle for wedge. 
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The two free-body diagrams show that in one figure is equal, 
parallel, and opposite to R x in the other. This fact is easily understood 
because action is equal and opposite to reaction. 

For this type of problem, the solution by means of the force triangle 
is probably the simplest. However, for purposes of comparison, the 
summation method will now be applied. For the load (Fig. 6-19a), 



2Ri cos 31°42' 


- 3000 = 0 



1500 

cos 31°42' 


= 17601b 


For the wedge (Fig. 6-20a), 



R 2 cos 16°42' - R t cos 31°42' = 0 

1760(0.8508) 


R , = 


0.9578 


= 15601b 


'ZFj. = 0 

P - 1760 sin 31°42' - 1560 sin 16°42' = 0 
P = 1760(0.5255) + 1560(0.2873) = 13701b 


With the same conditions in Fig. 6-2 la, suppose the problem is to 
find what force applied to the wedge will cause impending downward 
motion of the load. First, set the wedge (Fig. 6-22a) and load (Fig. 6-2 la) 
out as free bodies. Since the motion of the load is downward, the resultant 
reaction of the surfaces of the wedges must act on the side of the normal 



FIGURE 6-21 (a) Free-body diagram of load for 

impending downward motion. ( b ) Force triangle 
for load. 


( 
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16°-42' 



FIGURE 6-22 (a) Free-body 
diagram of wedge for 
impending downward motion, 
(b) Force triangle for wedge. 


opposite to that acted on in the preceding problem. Also, since the wedge 
tends to move to the left, the reactions must act on the left side of the 
normals. The force triangles are now drawn. The one for the wedge 
shows P acting to the left. The mechanism is self-locking, and it requires 
a force to pull the wedge from under the load. 

6-7 JOURNAL FRICTION 

When a shaft or axle rotates in its bearings, a suitable amount of 
lubrication is usually applied in order to reduce the effect of friction. 
However, since there is sliding between surfaces in contact, a force of 
friction is present and must be recognized. Owing to the lubrication, the 
value of f is substantially reduced compared to the value of f for a similar 
unlubricated surface. The effect of the friction is to cause wear on the 
bearings as well as to increase the turning moment needed to continue 
rotation. Figure 6-23 shows a shaft and bearing. The resultant R of the 
friction F and the normal reaction N will be equal and opposite to the 
resultant of the weight W and the force P. The friction will therefore be 


Flywheel 



P 


FIGURE 6-23 Force acting in a journal bearing. 
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at a slight angle with the horizontal in order to satisfy the requirements 
for equilibrium. In other words, the shaft will at first climb up on the 
bearing until a point is reached where the forces are in equilibrium. 

^Sample Problem 9 A flywheel having a mass of 920 kg is 1.8 m in 
diameter. The coefficient of friction is 0.01. What tangential force applied 
to the rim will cause rotation? The diameter of the shaft on which the 
flywheel is mounted is 150 mm — 0.15 m. 

Solution: 

W = m-g = (920 kg)(9.81 m/s 2 ) = 9020 N 
F = 0.01(9020) = 90.2 N 


Taking moments about the axis of the shaft, 


P(0.9) = 
P = 


90.2(0.075) 

90.2(0.075) 

0.9 


7.5 N 


This is the force that may be assumed to be sufficient to turn the wheel. 
There is a slight omission in that the actual normal force is equal to 
9020 T P. But, in this case, it can be seen that there is no appreciable 
error. 


Sample Problem 10 A pulley 27 in in diameter weighs 80 lb. It is 
mounted on a 2-in axle. A weight of 1000 lb is to be lifted. If f = 0.1, 
what vertical pull will be needed? The value of f implies poor lubrication. 


Solution: 

N = 80 + 1000 + P 
F = 0.1(80 + 1000 + P) 

Taking moments about the center of the axle, 


0.1(80 + 1000 + P)1 = P(13.5) - 1000(13.5) 

80 + 1000 +P = (P - 1000)(135) = 135P - 135 000 
135P - P = 135 000 + 1080 = 136 080 
134P = 136080 


136 080 
134 


- 10151b 


6-8 JACKSCREW 

A jackscrew has a threaded screw which turns in a stationary frame or 
base (Fig. 6-24). As the force is applied to the lever, the screw turns and 
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w 



FIGURE 6-24 Jackscrew. 



FIGURE 6-25 Free-body diagram of 
a jackscrew thread. 


moves upward, lifting the load. The thread in the frame is an inclined 
plane. The load supported by the screw is transmitted to the inclined 
plane. As shown in Fig. 6-25, a single thread is set out as a free body. 

From XF r = 0 


P = N sin a + fN cos a 


From XF,, = 0 

N cos a —JN sin a 

W 

To produce motion, the screw must be rotated by the force F. Then 

FI — Pr = Wr tan (a + 0) 


= W 


sin a +/cos a 
cos a — f sin a 


= tan (a + 6) 


Sample Problem 11 A jackscrew with a mean radius of 18 mm has a 
pitch of 6 mm. With/ = 0.1, what force applied to the end of a 500 mm 
lever will lift 1.84 metric tons (Note: 1 metric ton = 1000 kg)? 


Solution: 


W = m-g — (1840 kg)(9.81 m/s 2 ) = 18.05 kN 

0 

tan a =-— = 0.053 

2tt(18) 

ct = 3°2' = 3.03° 
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tan 9 — 0.1 

9 = 5°42' = 5.7° 

F(500) - 18(18.05) tan 8.73° 

18(18.05)(0.15S6) = 

500 


PROBLEMS 

6-1. Find the force required, parallel to the plane, to just start a body 
weighing TOO lb down an inclined plane. The slope of the plane 
is 12° with the horizontal, and f = 0.3. 

*6-2. Find the force required, parallel to the plane, to start a body 
having a mass of 46 kg down an inclined plane. The slope of the 
plane is 20° with the horizontal, and f = 0.3. 

6-3. If, in Fig. 6-9, P is a horizontal force, prove that for motion up the 
plane, P = W tan (ct + 9). See Sec. 6-3. 

6-4. If, in Fig. 6-9, P is a horizontal force, prove that for motion down 
the plane, P = W tan (ct — 9). See Sec. 6-3. 

6-5. Show that the least force P necessary to start a body up a plane 
whose slope is ct is given by the equation P — W sin (9 + ct). This 
result shows that the least force is required when it acts at an 
angle 9 with the direction of impending motion. 

6-6. Parcels are to slide down a sheet-metal chute. If the coefficient of 
friction is 0.15, find the minimum angle of inclination of the chute. 

6-7. A body weighing 100 lb rests on a plane making an angle of 10° 
with the horizontal. A horizontal force of 30 lb is just sufficient to 
cause motion up the plane. What is the coefficient of friction? 

*6-8. A body having a mass of 46 kg rests on an inclined plane. A 
horizontal force of 135 N is just sufficient to cause motion up the 
plane. If / = 0.1, what angle does the plane make with the 
horizontal? 

6-9. Will the bodies in Fig. Prob. 6-9 slide? What is the tension in the 
cord connecting the two bodies? What force is needed to start the 
200-lb body to the right? The bodies are brass and the planes are 
steel. 1 

*6-10. I n the friction drive shown in Fig. Prob. 6-10, the wheelT transmits 


2001b 



FIGURE PROBLEM 6-9 
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U 



A 


j 


B 




h 


15 m 


.50 m diam 




.45 m- 


D 


FIGURE PROBLEM 6-10 


a turning moment of 22 Nm to the wheel B. If the coefficient 
between the surfaces of the wheels in contact is 0.35, what must 
be the force P between the wheels, and what are the vertical 
reactions at the bearings C and D? 

6-11. A load of 1000 lb is to be raised by means of a wedge which is 
moved by a horizontal force P (Fig. Prob. 6-11). The load is 
compelled to move up the slope, because of the horizontal force 
F. What are the amounts of the horizontal forces P and F if all 
surfaces are wood? 



FIGURE PROBLEM 6-11 



FIGURE PROBLEM 6-12 


i 


6-12. What load Q can be supported by the f orce of 600 lb if all surfaces 
are dry steel (Fig. Prob. 6-12)? 

*6-13. A ladder 3 m long and having a mass of 18 kg is placed with the 
lower end resting on a rough floor and the upper end against a 
smoooth wall at a point 2.4 m above the floor. If the value of f = 
0.2, will the ladder remain in position? The weight of the ladder 
is assumed to act at the midpoint of its length. 
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6-14. A turbine-generator rotor weighing 5 tons on a 14-in diameter 
shaft can be turned with a force of 80 lb applied at a radius of 
4 ft. Find the coefficient of friction. There are two bearings. 

6-15. Block A, weighing 250 lb, rests on a surface whose coefficient of 
friction is 0.25. A forceF = 68 lb is applied to a cable which passes 
over a 4-in diameter sheave (with no slip), as in Fig. Prob. 6-15. 
The sheave weighs 2 lb and is mounted on a 1-in diameter shaft 
with a friction coefficient of 0.03. Will block A be moved? 



FIGURE PROBLEM 6-15 


*6-16. The mean radius of the screw of a square-threaded jackscrew is 
25 mm. The pitch of the threads is 7.5 mm. If the coefficient of 
friction is 0.12, what force applied to the end of a lever 600 mm 
long is needed to raise a load having a mass of 1.84 metric tons? 






CHAPTER 



Simple Stresses 


7-1 STRESS 

When a restrained body is subjected to external forces there is a tendency 
for the shape of the body to be deformed or changed. Since materials are 
not perfectly rigid, the applied forces will cause the body to deform. The 
internal resistance to deformation of the fibers of a body is called stress. 

Stress can be considered either as total stress or unit stress. Total stress 
represents the total resistance to an external effect, and is express^ in 
pounds, kips, newtons, or other force dimension. Unit stress reprt s 
the resistance developed by a unit area of cross section, and is expressed 
in pounds per square inch (psi), kips per square inch (ksi), newtons per 
square meter, megapascals (1 MPa = 10 6 Pa = 10 3 kN/m 2 ), or other force 
per unit area dimension. For the remainder of this text, the word stress 
will be used to signify unit stress. 

The various types of stress may be classified as: 

1. Simple or direct stress 

(a) Tension* 

(b) Compression* 

(c) Shear 

2. Indirect stress 

(«) Bending (see Chap. 12) 

( b ) Torsion (see Chap. 13) 

3. Combined stress (see Chap. 14) 

(a) Any possible combination of types 1 and 2 

This chapter deals with simple stresses only. 


* See Sec. 2-8. 
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7-2 SIMPLE STRESS 

Simple stress is often called direct stress because it develops under direct 
loading conditions. That is, simple tension and simple compression occur 
when the applied force (called load) is in line with the axis of the member 
(axial loading) (see Figs. 7-1 and 7-3); and simple shear occurs when equal, 
parallel, and opposite forces tend to cause a surface to slide relative to the 
adjacent surface (see Fig. 7-5). 

There are many loading situations in which the stresses that develop 
are not simple stresses. For example, referring to Fig. 11-7, the member 
is subjected to a load which is perpendicular to the axis of the member 
(transverse loading). This will cause the member to bend, resulting in 
deformation of the material and stresses being developed internally to 
resist the deformation. All three types of stresses—tension, compression, 
and shear—will develop, but they will not be simple stresses since they 
were not caused by direct loading. 

When any type of simple stress develops, we can calculate the 
magnitude of that stress by 


5 


F 

A 


(7-1) 


where 

5 = average unit stress, psi; Pa (usually expressed as 10 6 Pa or MPa) 

F = external force causing stress to develop, lb; N/min 2 
A = area over which stress develops, in 2 ; m 2 

If a member is in tension due to the action of force F, as in Fig. 7-1, 
the stress on each cross section is the same since the cross-sectional areas 
A lt A 2 , A 3 , etc., are all equal. However, the stresses on the various cross 
sections in Fig. 7-2 are different since the areas are different. The largest 
stress occurs where the force must be resisted by the smallest area. In this 
case, section 3 carries the largest stress. That is, Si = F/A x < s 2 = F/A 2 < 
■$3 = F/A 3 . 



uniform cross section. varying cross section. 
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FIGURE 7-3 Compression member— 
uniform cross section. 


A similar analysis applies to members in compression. Figure 7-3 
shows a compression member in which the same stress exists on all cross 
sections. 

The compression member shown in Fig. 7-4 carries different stresses 
at different levels because of the changing areas. Of course, the stress is 
maximum where the area is minimum, since the same load must be 
transmitted by all sections. 




Section B B 


FIGURE 7-4 Compression member—varying cross 
section. 


It should be noted that in cases of either simple tension or simple 
compression, the areas which resist the load are perpendicular to the 
direction of the forces. 

When a member is subjected to simple shear, the resisting area is 
parallel to the direction of the force. Common situations causing shear 
stresses are shown in Figs. 7-5 and 7-6. 



F 



FIGURE 7-5 (a) Bolt resisting shear. 
(b) Bolt failure due to shear. 
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FIGURE 7-6 (a) Punch approaching plate. ( b) Punch shearing plate, 
(c) Slug showing sheared area. 


A bolt connecting two flat plates, as in Fig. 7-5 a, is subjected to shear 
stress on the circular area aa. Thus, the magnitude of this stress is s s = 
F/A. If the bolt material is not strong enough to provide the necessary 
shear stress, the failure might occur as shown in Fig. 7-5 b. A similar 
situation is encountered in riveted joints. 

Stamping and blanking operations depend upon the material to fail 
cleanly in shear. Figure 7-6a shows a circular blanking punch approaching 
the work. The extent of the slug to be sheared out is indicated by broken 
lines. Figure 7-6 b shows the punch penetrating the plate with the slug 
falling out below. Figure 7-6 c indicates the shear area as the cylindrical 
surface of the slug. 

Sample Problem 1 A steel rod 1 in in diameter is subjected to a pull of 
6000 lb. What is the average stress? 

Solution: 


F = 6000 lb 

7T(1 2 ) 


A - 


= 0.785 in 2 


F 6000 
A ~ 0.785 


7640 psi (tension) 


\ 


^Sample Problem 2 A 100- by 100-mm bar, 150 mm long, is under a 
compression force of 45 kN. Find the average stress. 

Solution: 

F = 45 kN = 45(10 3 ) N 

A = (0.1 m)(0.1 m) = 0.01 m 2 
F 45(T0 3 ') 

5 = — = ———— = 4 500 000 Pa = 4.5(10 6 ) Pa = 4.5 MPa (compression) 
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Sample Problem 3 In Fig. 7-7, what will be the average shearing stress 


on the area ABCD1 F = 2000 lb, AB 

Solution: 

F = 2000 lb 

A = 32 in 2 
F 2000 

S ~A ~~32 



FIGURE 7-7 Diagram for Sample 
Problem 3. 


= 8 in, and BC = 4 in. 


62.5 psi (shear) 



FIGURE 7-8 Diagram for Sample 
Problem 4. 


Sample Problem 4 Figure 7-8 shows a common type of bolt. If a tensile 
load is applied to the bolt, the greatest tensile stress will be developed 
across the root area (section AA) rather than the shank area (section BB) 
since the root area is smaller. 

A l"-8 UNC hex-head bolt carries a tensile load of 6000 lb. Find the 
stresses on the root and shank areas. 


Solution: From App. B, Table 3, the root diameter is found to be 0.8466 
in. 


F 

Root area 

s 

Shank area 

s 


6000 lb 


7r 


(0.8466) 2 = 0.563 in : 


4 

6000 

0.563 

nil? 

4 

6000 

0.785 


= 10 660 psi (tension at root) 


= 0.785 in 2 


= 7640 psi (tension on shank) 


N 


^Sample Problem 5 The rod and yoke shown in Fig. 7-9 are subjected 
to a tensile load of 29 kN. The pin diameter is 12 mm. The rod diameter 
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F 


\ 



\ 


F 



FIGURE 7-9 


Diagram for Sample Problem 5. 


at section AA is 22 mm. Find the average shearing stress in the pin and 
the average tensile stress in the rod at section AA. 


Solution: The pin is in double shear; that is, it tends to fail simultaneously 
on two separate areas. The total area resisting shear is 



= 2(113) = 226 mm 2 = 226(10~ 6 ) m 2 


The average shearing stress in the pin is 

F 29H0 3 ! 

= — =---= 128( 10 6 ) Pa = 128 MPa 

A s 226(1 O' 6 ) v ’ 

At section AA, the area resisting tension is 


A( = — = = 380 mm 2 = 380(10" 6 ) m 2 

4 4 


The average tensile stress in the rod is 


F 29(10 3 ) 
A, ~ 380(10 -6 ) 


- 76(10 6 ) Pa = 76 MPa 


^Sample Problem 6 A circular brass rod is to carry a tensile load of 45 
kN, and its average stress is not to exceed 52 MPa. What diameter rod is 
required? 





SIMPLE STRESSES 


143 


Solution: 


F F 

s = — or A — — 

A s 

A = 45 -- 1Q ? = 0.86(10- 3 ) m 2 = 0.86(10 3 ) mm 2 
52(10 6 ) v ; v ; 

= 860 mm 2 (required tensile area) 



d = / 4(860) = _ 33 mm 


V 7 T 

Sample Problem 7 If the diameter found in the previous problem is 
doubled, what tensile load can be carried? 

Solution: 


F 

s = — or F = As 
A 

A = = 3420 mm 2 = 3420(10" 6 ) m 2 

4 4 

F = (3420-10“ 6 )(52-10 6 ) = 178 kN 

(Note: If the calculations had not been rounded off, F would equal 180 
kN, because a doubling of the diameter results in an increase of 4 times 
the load.) 

PROBLEMS 

7-1. A bar of steel 1 by 1| in in cross section and 6 in long is subjected 
to a pull of 6000 lb. What is the average tensile stress in the bar? 
*7-2. A short rod of steel 50 mm in diameter supports a load of 9 kN. 
What is the average compressive stress? 

7-3. What load F will develop an average shearing stress of 8800 psi 
in the shank of the f"-10 UNC bolt shown in Fig. 7-5a? 

*7-4. A structure having a mass of 180 metric tons is supported equally 
by 24 short posts, 150 mm in diameter. What average compressive 
stress will be developed? 

*7-5. In Prob. 7-4, what diameter posts may be used if an average 
compressive stress of 7.5 MPa is permitted? 

7-6. A l "-8 UNC hex-head bolt is subjected to a tensile load of 10 000 
lb. The height of the head is f in. Find the average tensile stress 
in the bolt and the average shearing stress in the bolt head (Fig. 
Prob. 7-6). 

7-7. In Prob. 7-6, what height of head is necessary so that the bolt will 




144 STATICS AND STRENGTH OF MATERIALS 


7-8. 

*7-9. 

*7-10. 

7-11. 

7-12. 

7-13. 

*7-14. 

*7-15. 



FIGURE PROBLEM 7-6 


be stressed twice as much in tension as the head is stressed in 
shear? 

Select an American Standard hne-thread bolt to carry a tensile 
load of 1000 lb. An average tensile stress of 10 000 psi must not 
be exceeded. 

What force is required to punch a hole 50 mm in diameter through 
a 16-mm-thick aluminum-alloy plate? An average stress of 265 
MPa will cause this material to shear. 

A steel rod 30 mm in diameter and 18 m long is suspended 
vertically. Calculate the average stress in the rod due to its own 
weight at a section 9 m from the top. What is the maximum 
average stress in the rod due to its weight, and on what section 
does it act? (p = 7830 kg/m 3 for steel.) 

A platform 16 by 24 ft is to support a uniformly distributed load 
of 480 psf of surface. How many square timber posts whose 
nominal size is 4 by 4 in (see App. B, Table 11, for actual sizes) 
must be used to support the platform if an average stress of 1200 
psi in compression is permitted? Show how you would arrange 
these posts. 

The lower one-third of a wall consists of concrete, and the upper 
two-thirds consists of brick. What total height of wall would cause 
an average stress of 100 psi at the base? (p = 150 lb/ft 3 for concrete; 
p = 120 lb/ft 3 for brick.) 

The maximum gas pressure in an 8-in diameter diesel-engine 
cylinder is 750 psi. There are six F-9 UNC cap screws fastening 
the cylinder head to the engine block. In order to provide a gas- 
tight joint, the cap screws have been tightened so that each screw 
has an initial tensile load of 14 000 lb. Find the maximum average 
tensile stress in the cap screws when the engine is operating. 
Ignore the effect of the gasket. 

What maximum load F can the link shown in Fig. Prob. 7-14 
withstand if the average tensile stress must not exceed 75 MPa? All 
dimensions are in millimeters. 

A hollow, cylindrical, short steel compression member is required 
to support an axial load of 180 kN. Specifications limit the average 
compressive stress to 95 MPa. The cylinder is 200 mm long. 
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FIGURE PROBLEM 7-14 


a. Find the inside and outside diameters if the outside diameter is 
li times the inside diameter. 

b. Find the inside and outside diameter if the wall thickness is 
6 mm. 

7-16. For the machine-part connection shown in Fig. Prob. 7-16, describe 
(in words) the possible ways in which failure might occur; indicate 
what kind of simple stress causes the failures described; and 
calculate (using the symbols in the figure) the area that resists 
each failure. 




FIGURE PROBLEM 7-16 









CHAPTER 



Properties of Materials 


8-1 USE OF PROPERTIES OF MATERIALS IN DESIGN 

Designers of machinery and structures must know both the action of the 
forces that are applied and the strength of the various members working 
together to resist the forces successfully. It is essential for the members 
to be strong enough; but any part that is unnecessarily strong means a 
waste of material. It is therefore highly important for the designer to 
know the mechanical and physical properties of the ferrous (e.g., steel) 
and nonferrous (e.g., aluminum) metals, timber, concrete, plastics, brick, 
stone, etc., with which he or she works. In the solution of problems a 
knowledge of the laws of mechanics alone is insufficient and must be 
accompanied by a substantial knowledge of the various properties of the 
materials. 

Many experiments are conducted in the laboratory to determine 
required properties. One of the most important tests which gives the 
designer many properties of a material is the tension test. A typical 
tension test is described below. 

8-2 TENSION TEST 

In order to determine the tensile properties of metals, standard tests 
have been devised by the American Society for Testing and Materials 
(ASTM) and other groups. Figure 8-1 shows the dimensions of a steel test 
specimen. 

The specimen is mounted in a testing machine and an axial tensile 
load is applied. The length increases as the load is increased. This change 
in length is measured by an extensometer which is attached to the 
specimen. The data in Fig. 8-2 a were obtained in a typical tension test. 

With reference to the data, some explanation is in order. Under 
Initial data, the material is specified as AISI 1020 cold-rolled steel. The 
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FIGURE 8-1 Tension test specimen. 


American Iron and Steel Institute (AISI) uses a code, similar to the 
Society of Automotive Engineers (SAE) code, to identify various steels. 
A steel designated as AISI 1020 is a low-carbon steel containing approx¬ 
imately 0.20 percent carbon. If a steel is designated as AISI 1045, it is a 
medium-carbon steel containing approximately 0.45 percent carbon. Also 
under Initial data, the hardness of the steel specimen is given as Rockwell 
B75 (commonly written as RB75). The Rockwell test establishes the 
hardness of a material by forcing a specific-shaped indentor below the 
surface of the specimen. The depth of penetration is then measured and 
specified. The hardness test can be conducted with a combination of 
different magnitude of forces and indentor shapes, resulting in different 
Rockwell scales, such as A, B, C, etc. Rockwell B75 indicates that the B 
scale was used. Note that the hardness under Final data is Rockwell B76, 
which indicates that the specimen became harder as the test progressed.* 


8-3 STRESS AND STRAIN 

In order to permit comparison with standard values, the data must be 
converted to a unit basis. The load is expressed jn terms of load per unit 
area, which is unit stress (henceforth called stress). The deformation (in 
this case elongation) is expressed in terms of deformation per unit length, 
which is unit strain (henceforth called strain). 

Strain can be calculated by 


‘-7 ^ 

where e = unit strain, in/in; m/m 

8 = deformation, in; m 
l = original length, in; m 

* For a complete discussion of hardness testing and the classification systems used for steels 
and other metals, refer to Sidney H. Avner, Introduction to Physical Metallurgy , 2d ed., 
McGraw-Hill Book Company, New York, 1974. 
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TENSION TEST 


Laboratory data 
(a) 

Calculated data 

(b) 

Initial data: 


Elongation 


Strain, 

Material AISI 1020 

Load 

in 2 in, 

Stress, 

in/in 

cold-rolled steel 

kip 

in x 10" 4 

ksi 

x 10~ 4 

Diameter: 0.503 in 





Gage length: 2.000 in 

F 

8 

.S' 

€ 

Hardness: Rockwell B75 

n 

n 

9 ^ 

n 

Speed of testing: 

1 5 

u 

3 

7 5 

u 

1 5 

0.025 in/min 

2.5 

6 

12.5 

3.0 


3.5 

10 

17.5 

5.0 


4.5 

13 

22.5 

6.5 


5.5 

16 

27.5 

8.0 


6.5 

20 

32.5 

10.0 


7.5 

23 

37.5 

11.5 


8.5 

26 

42.5 

13.0 


9.5 

30 

47.5 

15.0 

*10.0 

32 

50.0 

16.0 


10.5 

34 

52.5 

17.0 


11.0 

36 

55.0 

18.0 


11.5 

39 

57.5 

19.5 


12.0 

43 

60.0 

21.5 


12.5 

46 

62.5 

23.0 


13.0 

51 

65.0 

25.5 


13.5 

60 

67.5 

30.0 


14.0 

73 

70.0 

36.5 


14.5 

88 

72.5 

44.0 


15.0 

118 

75.0 

59.0 

Ultimate 

15.83 


79.15 


Breaking 

12.50 


62.50 


Final data: 





Diameter: 0.312 in 



Elastic-limit stress: 

Gage length: 2.328 in 



52 500 psi 


Hardness: Rockwell B76 



Yield stress: 72 500 psi 

Character of fracture: 



Ultimate stress: 

^ cup-cone 



79 150 psi 





Percent elongation in 




2 in: 16.4% 





Percent reduction in 




area: 62.0% 





Modulus of elasticity 




E = 29.7 x 

10 6 psi 


FIGURE 8-2 Data for typical tension test. 
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F 



F 

(a) 



77 7 7/7 77 //" '///////TV 




FIGURE 8-3 (a) Tensile specimen before loading and 
after a load F is applied, (b) Short compression member 
before loading and after a load F is applied, (c) Member 
before loading and after a shearing load F is applied. 


(Note: e = - = tan a) 


In Fig. 8-3, three applications of the use of Eq. (8-1) for calculating unit 
strain, e, are shown. Strains related to the three simple stresses—tension, 
compression, and shear—are shown. Note that in all cases, the deforma¬ 
tion, 8, is measured in the same direction as the applied force. 

The following sample calculations will demonstrate conversions from 
load and deformation to stress and strain. The values used correspond 
to the starred data in Fig. 8-2. 


Stress = 


A = 


load 


F 


s = 


A 

c l\ 2 


Strain = 


elongation 


e = 


area 
TT(l 2 77 ( 0 . 503 ) 

4 4 

10 000 


= 0.20 in 2 


e = 


original length 

0-0032 nomn- /■ 

-= 0.001b m/in 

2.000 


8 

/ 




0.20 


50 000 psi = 50.0 ksi 


By following this procedure, the test data are converted to stress and 
strain, as tabulated in Fig. 8-2 b. 

These results are represented graphically by plotting stress vs. strain 
(Figs. 8-4 and 8-5). The American Society for Testing and Materials 
(ASTM) test specifications require that an initial load be applied to the 
specimen after which the extensometer dial is set to zero. This ensures 
that the specimen is securely gripped by the machine before data are 
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recorded. For this reason, point A is plotted at the initial stress (corre¬ 
sponding to the initial load) and zero strain. 

The straight-line portion of the curveTfi' indicates a direct proportion 
between stress and strain in this range. Point B' represents the limit of 
proportionality, and thus is called the proportional limit. 

At any stress up to point B, the specimen will return to its original 
dimensions upon removal of the load. At stresses higher than B , the 
specimen will not return to its original dimensions. Point B represents the 
limit of elasticity since a permanent deformation, or set, occurs when the 
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Elastic range 



Plastic range 


Unit strain 


FIGURE 8-5 Complete stress- 
strain diagram for data of Fig. 
8 - 2 . 


material is stressed beyond this point. Thus, point B is called the elastic 
limit. 

For ductile materials, the elastic limit/? and the proportional limit/?' 
are sufficiently close so that they may be assumed to be located at the 
same point without serious error. Henceforth, this point will be referred 
to as the elastic limit. However, if it is necessary to establish the accurate 
location of the elastic limit, the specimen will have to be loaded and 
unloaded until the condition described in the previous paragraph is 
reached. 

In the course of testing the material beyond the elastic limit, a point 
is reached where, without a significant increase in the load, the specimen 
continues to elongate. This is point C on the stress-strain curve (Figs. 8-4 
and 8-5), and is called the yield point. For materials which do not show 
an apparent yielding, this point may also be found by the 0.2 percent 
offset method which is discussed in Sec. 8-7. 

The stress at point D (Fig. 8-5), is the ultimate strength of the material 
and is the maximum stress which the specimen can withstand. In the 
neighborhood of this point the specimen begins to neck-down, that is, its 
cross-sectional area decreases rapidly (Fig. 8-6), and failure occurs at 
point E. 


8-4 DEFINITIONS 

The following terms are among those which are associated with properties 
of materials. 

Hardness: The ability of a material to resist wear or penetration; the 
strength of a metal varies directly as its hardness. 

Malleability: The ability of a material to deform appreciably in a 
hammering or rolling operation before rupture. 

Toughness: The ability of a material to withstand high-impact (shock) 
loads. The area under the stress-strain curve is a measure of toughness. 
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A 


FIGURE 8-6 (a) Tension specimen necking down 
(&) before failure, (b )Tension specimen after failure. 


Ductility: The ability of a material to deform appreciably under a 
tensile load before rupture; high percent elongation and percent reduction 
of area indicates ductility. 

Brittleness: The tendency of a material to fail with very little defor¬ 
mation; low percent elongation and percent reduction of area indicates 
brittleness. 

Elasticity: The ability of a material to return to its original size and 
shape upon removal of the load; high elastic limits indicate materials with 
good elasticity. 

Plasticity: The ability of a material to deform nonelastically without 
rupturing; large plastic ranges indicate materials with good plasticity. 

Stiffness: The abilty of a material to resist deformation; stiffness of 
a material varies directly as its modulus of elasticity. 

Alloy: A mixture of two or more elements, at least one being a metal, 
exhibiting metallic properties. 


8-5 MODULUS OF ELASTICITY 

« 

The slope of the straight-line portion of the stress-strain curve is the ratio 
of stress to strain. 


Slope of AB = - = tan 6 

e 

This ratio is often considered a constant for a material and is called 
the modulus of elasticity, represented by E. Actually, E varies with temper¬ 
ature, but such variation will not be considered in this book. 

tan 6 = E = - 

e 


or 


s — Ee 


( 8 - 2 ) 
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The units of modulus of elasticity are pounds per square inch (psi) 
and Pa. In U.S. customary units, E is usually expressed in terms of 10 6 psi. 
In SI metric units, E is usually expressed in terms of 10 9 Pa or GPa. 

Another form of the equation can be obtained by substituting F/A 
for s and 8/1 for e. 


5 F/A FI 
€ ~ 8/1 ~ A8 


(8-3) 


The reader should recall that the ASTM specifications require an 
initial load on the specimen before elongation is mesured. Thus, the 
initial stress is s„ at zero strain. Therefore, to determine the modulus of 
elasticity from the stress-strain curve (Fig. 8-4), 

Sh Sn 

tan 6 = E = —;- (8-4) 


In the application of Eq. (8-4), points A and B' may be any two widely 
separated points on the straight-line portion of the stress-strain curve. 
From the data in Fig. 8-2 b, e a is zero, and 



50 000 - 2500 
0.0016 - 0 


47 500 
0.0016 


= 29 700 000 psi 


This value of E is within the expected range for steel, as indicated 
in App. B., Table 1. 

The modulus of elasticity ( E) for a material is the same in tension 
and compression. However, the modulus of elasticity in shear, called the 
modulus of rigidity and designated as G (not to be confused with G, which 
is used in the SI metric system to represent the prefix giga), is smaller in 
value. The values of G are found experimentally and are indicated in 
App. B, Table 1. 


8-6 DUCTILITY 

In manufacturing processes, such as rolling, drawing, extrusion, etc., it 
is important to know the relative ductility of the material. Percent 
reduction in area and percent elongation are measures of ductility. These 
terms are defined by the following equations. 


Percent reduction in area* 


original area — final area 
original area 


( 100 ) 


(8-5) 


* An alternate form of this equation may be written: 


Percent reduction in area 


(original diameter) 2 — (final diameter) 2 
(original diameter) 2 


( 100 ) 









154 STATICS AND STRENGTH OF MATERIALS 


Percent elongation = change in gage len g t h 

original gage length 


( 8 - 6 ) 


Using Eqs. (8-5) and (8-6) with previous test data, we obtain 


Original area = 0.20 in 2 


77 


Final area - -(0.312) 2 = 0.076 in ; 


Percent reduction in area = 


Percent elongation 


0.20 - 0.076 


0.20 

2.328 - 2.000 

2.000 


(100) = 62.0 percent 


(100) = 16.4 percent 


This elongation is an average value for the 2-in gage length. Actually, 
the elongation is more severe near the point of failure. 


8-7 BRITTLE METALS 

Members made of brittle materials, such as cast iron, do not readily 
deform before breaking. Therefore, they do not show an apparent yield 
point in physical tests. Figure 8-7 is a stress-strain diagram for a brittle 
specimen in tension. Since the yield strength is often necessary in design, 
it can be arbitrarily determined by either the 0.20 percent offset method* 



FIGURE 8-7 Stress-strain diagram 
for tension test of brittle material. 


* Theodore Baumeister, Eugene A. Avalone, and Theodore Baumeister III: Marks' Standard 
Handbook for Mechanical Engineers, 8th ed., p. 5-2, McGraw-Hill Book Company, Inc., New 
York, 1978. 
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or the apparent elastic limit method.* The offset method establishes the 
yield strength by drawing a line parallel to the straight-line portion of the 
stress-strain curve as indicated in Fig. 8-7. Note that 0.20 percent of 1 in 
of length results in a strain of 0.0020 in/in (if metric units are used, the 
offset is 0.0020 m/m). 


8-8 ALLOWABLE STRESSES 

The strength properties of a material can be determined from physical 
tests, such as the tension test described above. In most design situations 
it is not only important to prevent failure of the material but also to avoid 
permanent deformation. This means that the maximum stress that is 
considered safe for a material to carry must fall within the elastic range. 
The values used depend upon the applicaton to which the building 
materials or machine parts are to be put. These stresses, called allowable, 
safe working, or design stresses, are decided upon by designers and engineers 
through years of experience and experiment. 


8-9 FACTOR OF SAFETY 

Allowable stresses depend primarily upon the type of loading and the 
material used. Values of the physical properties of materials given in 
various tables are, at best, average values. In addition, the actual loading 
may vary somewhat from predicted conditions. Therefore, to ensure a 
safe design the allowable stress must be made low enough to cover these 
uncertainties. Allowable stresses are based either on the ultimate strength 
or the yield stress. The factor of safety (N u , when based on the ultimate) 
is defined as the ratio of the ultimate strength to the allowable stress. 

ultimate stress 

u allowable stress 
ultimate stress 

or Allowable stress =-—- 

v. N u 


(8-7) 


Similarly, the factor of safety (N y ) based on the yield strength is given by 


or 



Allowable stress = 


yield stress 

allowable stress 
yield stress 

N v 


( 8 - 8 ) 


* O. W. Eshbach, Handbook of Engineering Fundamentals, 3d ed., p. 409, John Wiley & Sons, 
Inc., New York, 1975. 
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Values of N u and N y for various conditions are given in App. B, 
Table 2. In certain fields, allowable stresses are directly specified by codes 
which have been established by supervising organizations or by legislation. 

8-10 POISSON’S RATIO 

One of the interesting properties of materials is the deformation that 
takes place in a transverse direction when the piece is subjected to a 
force in a longitudinal direction. If a tensile force is applied, the piece 
will elongate and the transverse dimensions will decrease (Fig. 8-8). 


//////////////////// 


Initial transverse 
dimension 




Final transverse 
dimension 


_L 

Longitudinal elongation 

F 



FIGURE 8-8 Dimensional changes 
due to tensile load. 


Conversely, a comprehensive force will shorten the piece and increase the 
transverse dimensions. The ratio of the transverse strain to the longitu¬ 
dinal strain is known as Poissons ratio (/u.). Table 8-1 gives average values 
of Poisson’s ratio for some materials. 


TABLE 8-1 POISSON’S RATIO (/u.) 


Material 

A 

Aluminum alloy 

0.330 

Brass 

0.340 

Bronze 

0.350 

Cast iron 

0.270 

Concrete 

0.200 

Copper 

0.355 

Glass 

0.244 

Monel 

0.315 

Steel 

0.288 

Stainless steel 

0.305 

Wrought iron 

0.278 


The modulus of rigidity G (see Sec. 8-5) is related to the modulus of 
elasticity E through Poisson’s ratio, as given by Eq. (8-9). 
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E 

2(1 + fi) 


(8-9) 


Sample Problem 1 A steel rod, 2 in in diameter, is subjected to a pull 
of' 60 000 lb. What are the longitudinal and transverse strains? 


Solution: 


Longitudinal: 


F = 


A = 


60 000 lb 
tt(2) 2 


= 3.14 in 2 


E = 30 x 10 6 psi 


F 60 000 
3.14 


19 100 psi (tension) 



e 


5 



19 100 
30 000 000 


0.000637 in/in 


Transverse: 


^transverse 

^ = - 

^longitudinal 

transverse = ^longitudinal = 0.288(0.000637) = 0.000183 in/in 

8-11 THERMAL EXPANSION 

AH materials tend to change their dimensions when subjected to changes 
in temperature. Table 8-2 lists values of coefficients of thermal linear expansion 
(a) for several common materials in units of inches per inch per degree 
Fahrenheit and meters per meter per degree Celsius. That is, a is the 
change in length for each unit of original length for each degree of 
temperature change. Fof example, a structural steel bar 8 ft 4 in long 
(100 in) subjected to a change in temperature of 200°F will change its length 
by 6.5 x 10 6 in/in/°F, or the total change in length for the bar will be 
6.5 x 10~ 6 x 100 x 200 = 0.13 in. If the change in temperature was an 
increase in temperature, the length of the bar would increase by 0.13 in. 
Similarly, if the temperature change was a decrease of 200°F, the length of 
the bar would have been decreased (shortened) by 0.13 in. Equation (8-10) 
gives the expression for the total deformation or change in length due 
to a temperature change. 


8 — al At 


( 8 - 10 ) 
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TABLE 8-2 COEFFICIENTS OF LINEAR EXPANSION (a) 


Material 

10- 6 in/in/°F 

10~ 6 m/m/°C 

Aluminum alloy 

12.8 

23.0 

Brass 

10.4 

18.7 

Bronze 

10.0 

18.0 

Cast iron 

6.3 

11.3 

Concrete 

5.5 

9.9 

Copper 

9.2 

16.6 

Glass 

5.0 

9.0 

Monel 

7.8 

14.0 

Steel 

6.5 

11.7 

Wrought iron 

6.4 

11.5 


where 8 = total deformation, in; m 

a = coefficient of thermal linear expansion, 
in/in/°F; m/m/°C (Table 8-2) 
l — original length, in; m 
A t — change in temperature, °F; °C (At — t 2 — t x ) 

Equation (8-10) gives the actual total deformation for members that 
are free to change their dimensions. When a member deforms freely due 
to a temperature change, no stresses occur in the material due to At. If, 
however, a member is prevented from deforming freely when a temperature 
change occurs, the restraining forces which prevent the deformation will 
produce stresses in the material. Stresses due to restrained deformation 
will be discussed below, after the following applications of free thermal 
expansion. 

Sample Problem 2 Steel rails, 60 ft long, are to be laid with a small gap 
between the end of one section and the beginning of the next. How large 
should the gap be at 20°F so that the rail ends will just touch when the 
temperature is 110°F? 

Solution: Assume that the rails are free to expand longitudinally. Since 
each rail length will undergo equal expansion, and will expand at both 
ends, one rail may be assumed to close half the gap at each end. However, 
an adjacent rail will close the other half of the gap so that we may calculate 
the elongation of one rail as if it closed one full gap rather than two 
halves of a gap. From Eq. (8-10), 

8 — al At 

a = 6.5 x 10~ 6 in/in/°F (Table 8-2) 
l = 60# x 12^ = 720 in 
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A* = <2 -*, = 110 - 20 = 90°F 
8 = (6.5 x 10 _6 )(720)(90) = 0.42 in 

(total elongation of one 60-ft rail section) 
.'. Gap should be 0.42 in or about 27/64 in 

^Sample Problem 3 A continuous Monel shaft is to be designed for 
connecting two power units in a ship. The shaft will be supported by 
suitable bearings and will be 25 m long. The system is to be designed for 
a minimum temperature of -32°C and a maximum temperature of 77°C. 
Determine the amount of contraction and the amount of expansion that 
must be provided for if the system is to be installed at 27°C. 

Solution: 

Contraction: 

At = t 2 — t x = ( — 32) — 27 = — 59°C (temperature drop) 
a = 14.0 x 10 - 6 m/m/°C (Table 8-2) 
l — 25 m 

8 = cd At = (14.0 x 10 _6 )(25)(-59) = -0.021 m= -21 mm 

(total contraction from installed position) 

The minus ( —) sign for 8 indicates negative expansion (i.e., contraction). 

Expansion: 

At = 77 - 27 = 50°C (temperature rise) 

8 = (14.0 x 10- 6 )(25)(50) = 0.018 m = 18 mm 

(total expansion from installed position) 

Note that the total change in shaft length that must be designed for is 21 
+ 18 = 39 mm. 


-1 

39 mm-*•] 


8-12 THERMAL STRESSES 

In Sec. 8-11, the total deformation of a member due to a temperature 
change was defined by Eq. (8-10). It was further stated that the value of 
8 given by Eq. (8-10) would represent the actual change in length of a 
member that is free to change its dimensions. There are many situations, 
however, when a member undergoing a temperature change is prevented 
from expanding or contracting. When thermal expansion or contraction 



160 STATICS AND STRENGTH OF MATERIALS 


is restrained, the restraining forces cause new stresses in the member. 
These stresses are just as real as if equivalent externally applied loads 
were acting instead of the restraining forces. Let us develop an expression 
for these new stresses (or changes in stresses) due to a temperature 
change of a restrained member. 

From Eq. (8-2), 

5 = Ee, where e = - 


From Eq. (8-10), 


- = a At 
l 


Therefore, 


e = a At 


Substituting this expression into Eq. (8-2), we obtain 


5 = Ea At 


( 8 - 11 ) 


where 5 = thermal stress due to prevented deformation, psi; Pa 
E = modulus of elasticity, psi; Pa 

a = coefficient of thermal linear expansion, in/in/°F; m/m/°C 
At = temperature change °F; °C 

In the cases considered here, the thermal stress will be assumed to 
be axial in either tension or compression; tension occurring when the 
member should contract but is prevented from doing so; compression 
occurring when the member should expand but is prevented from doing 
so. 


Sample Problem 4 A Class 20 cast-iron pipe 12 ft long is rigidly fastened 
between two walls. Find the stress induced in the pipe due to a tempera¬ 
ture rise of 25°F. 

Solution: 

E = 11 x 10 6 psi (App. B, Table 1) 
a = 6.3 X 10~ 6 in/in/°F (Table 8-2) 

At = 25°F 

By Eq. (8-11), 

5 — Ea At = 11 x 10 6 (6.3 x 10 _6 )(25) = 1730 psi (compression) 

^Sample Problem 5 A steel tie rod is subjected to an axial pull of 18 kN. 
The allowable tensile stress is specified as 160 MPa. 




PROPERTIES OF MATERIALS 161 


(a) Find the minimum diameter required. 

(b) A temperature drop of 38°C is anticipated. If the ends of the tie 
rod are fixed, what is the minimum required diameter? 

Solution a: 

A =-= 18(10 ] =0.112 x 10~ 3 m 2 = 112 x l(T 6 m 2 = 112 mm 2 
5 160(10 6 ) 

ird 2 

A = - 

4 



= 11.96 mm use 12-mm rod 


Solution b: 

E = 200 x 10 9 Pa (App. B, Table 1) 
a= 11.7 x 10- 6 m/m/°C ( Fable 8-2) 

5 = Ea At = (200 x 10 9 )(11.7 x 10~ 6 )(38) 

= 89 MPa (tension) 

Since the allowable stress = 160 MPa, then 160 — 89 = 71 MPa is the 
maximum stress which may be developed by the 18-kN load. 

F 18(10 3 ^ 

A = — = ^ K J = 0.254 X 1(T 3 m 2 = 254 x 10~ 6 m 2 = 254 mm 2 
5 71(10 e ) 


d = -y — = 18 mm use 18-mm rod 


8-13 MEMBERS COMPOSED OF TWO MATERIALS IN 
PARALLEL 

The term parallel as used in this section and the term series as used in Sec. 
8-14 refer to the similarity between the paths of force transmission and 
the corresponding current flow in simple electrical circuits. 

Consider a tension member composed of two different materials (Fig. 
8-9). Let F be the tensile load carried by this member. Since materials A 
and B act as a single member, their elongation must be the same. 
Therefore, 8„ = 8 b , and since the length is the same for both materials, 
then e„ = e b . 

_ 

But €(l ~ I? €f> — 7 T 

£q rife 



Therefore, 


( 8 - 12 ) 
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FIGURE 8-9 Member composed of 
two different materials in parallel. 


Also the total load F = F„ + F b , the sum of the force carried by A and the 
force carried by B. Therefore, 

F=A a s a +A b s b . (8-13) 

The use of Eqs. (8-12) and (8-13) is demonstrated in the example 
below. 

Sample Problem 6 A short, 8- by 8-in timber post is reinforced with two 
7- by |-in steel plates bolted to the post so that the parts act as a single 
member (Fig. 8-10). Note that the dressed size of an 8 by 8 in is actually 
7i by 7£ in (see App. B, Table 11). 

Find the compressive load that this post can carry if the stress in the 
timber is not to exceed 1000 psi. Assume that E = 1 600 000 psi for 
timber. 


Solution: Use £ = 30 x 10 6 psi for steel. By Eq. (8-12), 


E 


■^steel ^timber 


steel 




= 1000 


timber 


30 x 10 6 
1.6 x 10 6 


= 18 750 psi (stress in steel when timber is stressed to 1000 psi) 


Applying Eq. (8-13), 

F — (^)timber T (^)steel 

= (7.5)(7.5)(1000) + (2)(7)(0.5)(18 750) 

= 56 200 + 131 000 = 187 200 lb (safe compressive load) 

Say 187 000 lb (safe compressive load) 


71 " 

' 2 



FIGURE 8-10 Diagram for Sample Problem 6. 
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8-14 MEMBERS COMPOSED OF TWO MATERIALS IN 
SERIES 

Consider a member in compression composed of two different materials, 
as in Fig. 8-11. Since the load F must be transmitted from one end of the 
member to the other, F = F a = F b . When the cross-sectional areas of the 
two materials are equal, then s a = s b . 


F 



F 


FIGURE 8-11 Member composed of two 
different materials in series. 


The total strain (shortening) is shared by the materials, so that 8 = 
8„ + 8 b > But 


8 « = 


Fig 

AgEg 


and 8/ 


FI, 




Therefore, 


8 =F 


la lb 


AgE a AffE j 


(8-14) 


Also, the total load 


E AgSg AhS b . 


(8-15) 


The use of Eqs. (8-14) and (8-15) is demonstrated in the following 
example. 


Sample Problem 7 A steel bar, 1 in square and 8 in long, is set end to 
end with a cast-iron (Cl) Class 40 bar, 2 in square and 4 iri long, between 
two immovable supports. What stress will develop in each material due 
to a temperature rise of 50°F? 


Solution: From App. B, Table 1, 


E s = 30 x 10 6 psi (for steel) 

E c = 16 x 10 6 psi (for Cl Class 40) 


From Table 8-2, 


a s = 6.5 x 10 6 in/in/°F (for steel) 
a c = 6.3 x IQ" 6 in/in/°F (for Cl) 
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If the member were not restrained, each material would elongate by 
amounts of 


S s = a s l s A t = 6.5 x 10- 6 (8)(50) = 0.00260 in 
8 C = a c l c A/ - 6.3 x 10- 6 (4)(50) = 0.00126 in 

The total elongation, 8, that would occur would equal 8 = 8 S . + S r = 
0.00260 + 0.00126 = 0.00386 in. 

Since the member is not free to elongate, the materials are placed in 
compression by a force F, which can be found from Eq. (8-14). 




0.00386 


/,■ 


A»E S 


+ 


l 


8 


A C E C 


+ 


(1)(30 x 10 6 ) (4)(16 x 10 6 ) 

0.00386 0.00386 „ „ 

= 11 700 lb 


0.27 x 10~ 6 + 0.06 x 10- 6 0.33 x 10“ 6 


Applying Eq. (8-15), 

F 11 700 

s s = — =-= 11 700 psi (compression in steel) 

A s 1 

F 11 700 ... 

s c = — =-— = 2 900 psi (compression in cast iron) 

^4 p 4 


PROBLEMS 

8-1. Find the total elongation and the stress in a 1-in-diameter AISI 
1045 steel rod 12 ft long under a pull of 12 000 lb. 

*8-2. The total elongation of a square wrought-iron bar 50 mm on a 
side and 3 m long is 1.5 mm. What is the load? 

*8-3. What is the strain of Monel when stressed in tension to 196 MPa? 
If the original length was 992 mm, what is the final length? 

8-4. A wrought-iron rod 0.80 in 2 in cross section is elongated 0.06 in 
by a load of 16 000 lb. What was the original length? 

*8-5. A bar of AISI 1020 structural steel 30 mm in diameter is under 
successive tensile loads of 198, 210, and 270 kN. Calculate the 
stress that develops at each load. What are the strains for each 
load? Are they all true strains? If not, why not? 

8 - 6 . The following data were obtained from a tension test of 6061-T6 
aluminum alloy. 

a. Plot a stress-vs.-strain diagram for these data. 

b. Estimate the elastic-limit stress from the stress-vs.-strain dia¬ 
gram. 

c. From the stress-vs.-strain diagram, determine the modulus of 
elasticity. 
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Load, lb 

Elongation, in 

Data 


500 

0 

Original gage length 

2.000 in 

1 000 

0.0004 

Final gage length 

2.400 in 

1 500 

0.0009 

Original diam 

0.5038 in 

2 000 

0.0013 

Final diam 

0.3850 in 

2 500 

0.0018 

Yield point 

9140 lb 

3 000 

0.0022 

Ultimate load 

11 940 lb 

3 500 

0.0027 

Rockwell 

B53.8 before 

4 000 

0.0033 

Rockwell 

B57.2 after 

4 500 

0.0038 



5 000 

0.0043 



5 500 

0.0048 



6 000 

0.0053 



6 500 

0.0058 



7 000 

0.0065 



7 500 

0.0073 



8 000 

0.0084 



8 500 

0.0103 




d. Calculate the yield stress and the ultimate stress. 

e. Calculate the percent elongation and the percent reduction in 
area. 

The following data were obtained from a tension test of yellow 
brass. 


Load, lb 

Elongation, in 

Data 


500 

0 

Original gage length 

2.000 in 

1 000 

0.0004 

Final gage length 

2.438 in 

1 500 

0.0007 

Original diam 

0.5048 in 

2 000 

0.0011 

Final diam 

0.3660 in 

2 500 

0.0015 

Yield point 

11 600 lb 

3 000 

0.0018 

Ultimate load 

12 300 lb 

3 500 

0.0022 

Rockwell 

B59.2 before 

4 000 

0.0026 

Rockwell 

B59.6 after 

4 500 

0.0030 



5 000 

0.0034 



5 500 

0.0039 



6 000 

0.0044 



6 500 

0.0049 



7 000 

0.0055 



7 500 

0.0063 



8 000 

0.0072 



8 500 

0.0081 



9 000 

0.0092 



9 500 

0.0140 
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a. Plot a stress-vs.-strain diagram for these data. 

b. Estimate the elastic-limit stress from the stress-vs.-strain dia¬ 
gram. 

c. From the stress-vs.-strain diagram, determine the modulus of 
elasticity. 

d. Calculate the yield stress and the ultimate stress. 

e. Calculate the percent elongation and the percent reduction in 
area. 

*8-8. In an experiment in the testing laboratory, a specimen 20 mm in 
diameter and 250 mm long reached the elastic limit under a tensile 
load of 120 kN and failed under a load of 175 kN. The length 
of the bar at its elastic limit was 251.2 mm, and at failure was 
333.8 mm. Compute the stress at the elastic limit, the ultimate 
tensile stress, and the strain for the elastic limit. 

8-9. A round, Class 20 cast-iron post 2 ft long, 8 in OD, and 6 in ID 
supports a load of 25 tons. What is the total decrease in length? 
*8-10. How much will an alloy steel punch 25 mm in diameter and 75 
mm long be compressed while punching a hole through a 12-mm 
AISI 1045 steel plate? 

*8-11. A wire made of copper alloy is 4.5 m long and 1 mm in diameter. 

It is stretched 14.5 mm by a load of 340 N. What is the modulus 
of elasticity of this alloy? 

8-12. An AISI 1020 steel rod 32 ft long is used as a hanger for a theater 
balcony. This rod has to support 52 000 lb. What should be the 
diameter of the rod, if its total elongation does not exceed 0.15 in 
and the stress does not exceed 12 000 psi? 

8-13. A short, round AISI 1020 bar has a cross-sectional area of 4.20 
in 2 and carries a compressive load of 20 tons. What is the factor 
of safety N u ? 

*8-14. The shearing force on a hard-steel (AISI 1095) pin 30 mm in 
diameter is 25 kN. What is the factor for safety N u 7 The pin is in 
single shear. 

8-15. Find the diameter of a Monel rod in tension required to carry a 
shock load of 7500 lb: 

a. Based on ultimate strength 

b. Based on yield strength 

*8-16. A Monel bar is 60 by 35 mm in cross section. Using a safety factor 
N u of 5, what tensile load will the bar support? 

8-17. A square timber member carries a compressive load of 73 000 lb. 
What should be the nominal cross-sectional dimensions using a 
safety factor of 2.5 based on the elastic limit of 2500 psi? (Use 
App. B, Table 11, to select a proper member.) 

8-18. How many 2- by 3-in wrought-iron bars are required to carry a 
steady tensile load of 255 000 lb? Determine the allowable stress 
based on N y . 

*8-19. What space must be left between ends of AISI 1095 steel rails, 
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each 9.9 m long and at a temperature of 10°C, so that the ends 
may be in contact at a temperature of 38°C? If these rails had 
been in contact at 10°C, what stress would result from the rise in 
temperature? 

8-20. An AISI 1045 steel tie rod 24 ft long and 1 in in diameter is used 
to tie together two walls of a building. The rod is screwed up to 
a tension of 9000 lb. What will be the stress in the rod if the 
temperature rises 30°F? If it falls 30°F? 

8-21. How wide a gap should be allowed between the 50-ft-long paving 
slabs of concrete in a street so that the slabs will touch each other 
at a temperature of 90°F? The pavement is laid at a temperature 
of 65°F. What would be the compressive stress in the slabs if the 
temperature rose to 110°F? (E for concrete is 3 000 000 psi.) 
8-22. A surveyor’s steel measuring tape is exactly 100 ft long at 60°F 
when subjected to a pull of 10 lb. Determine the correction to be 
made in reading the tape if it is used at 100°F under a pull of 20 
lb. The tape is ^2 in thick and f in wide. Express the correction in 
inches per foot of length and indicate whether it is added to or 
subtracted from the reading. 

*8-23. A 40-mm-diameter bronze rod is 1.8 m long and is subjected to 
a temperature rise of 60°C. E = 100 GPa. 

a. Find the total elongation and the stress if the ends are not 
fixed. 

b. Find the total elongation and the stress if the ends are rigidly 
fixed. 

c. For the conditions in part b, determine the force in the rod. 
*8-24. A wrought-iron bar 100 mm wide and 25 mm thick is placed 

between two steel bars, each 100 mm wide and 12 mm thick. If 
the bars act as a unit: 

a. What stresses are produced by a pull of 450 kN applied to the 
combination? 

b. What is the elongation due to the load if the member is 1.5 m 
long? 

8-25. A short, Cl Class 40 square column (Fig. Prob. 8-25) is filled with 
plain concrete. A load F is applied so as to cause the parts to act 
as a single member. If the modulus of elasticity of concrete is 
2 000 000 psi, what is the compressive load that this short column 
can carry if the stress in the concrete is not to exceed 900 psi? 
8-26. A concrete cylinder 4 in in diameter and 2 ft long supports a 
structural steel rod 1 in in diameter and 6 in long. What is the 
maximum compressive load that can be applied to the top of the 
steel rod such that the total shortening of the two cylinders does 
not exceed 0.005 in? Use E — 3.0 X 10 6 psi for concrete. 

8-27. A 6061-T6 aluminum-alloy rod 4 in long is supported at one end 
so that its other end provides a gap of 0.002 in with the end of a 
yellow brass rod 6 in long supported in a like manner and in line 
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FIGURE PROBLEM 8-25 


with it. The cross-sectional area of each rod is 2 in 2 . It is anticipated 
that the rods will be subjected to a maximum temperature increase 
of 100°F. 

a. What maximum stress will develop in each of the rods if the 
supports are immovable? 

b. If both rods are made of aluminum alloy, what stress will 
develop in each of the rods? 

c. If both rods are made of yellow brass, what stress will develop 
in each of the rods? 

*8-28. A surveyor’s steel measuring tape is exactly 30 m long at 15°C 
when subjected to a pull of 45 N. Determine the correction to be 
made in reading the tape if it is used at 35°C under a pull of 
70 N. The tape is 0.8 mm thick and 10 mm wide. Express the 
correction in millimeters per meter of length and indicate whether 
it is added to or subtracted from the reading. 




CHAPTER 



Doited, Riveted, and 
Welded Joints* and 
Thin-Vfolled 

Pressure Vessels 


9-1 INTRODUCTION 

In the construction of a steam generator or in the erection of a building 
or bridge, the individual members or parts must be securely connected 
in order to safely carry and transmit forces and moments due to the 
loadings. Such connections are achieved by means of bolts, rivets, pins, 
and welds. 

This chapter will be concerned with the analysis and design of several 
types of bolted, riveted, and welded joints which occur in the construction 
and mechanical fields. However, the emphasis will be on bolted and 
welded joints, since rivets are seldom used in these fields today. 

9-2 BOLTED JOINTS 

Bolted joints are designated either lap or butt joints. When two plates are 
placed with the ends overlapping, they form a lap joint. Figure 9-1 
represents the top and sectional views of a lap joint with a single row of 
bolts, and Fig. 9-2 represents one with a double row of bolts. Rows of 
bolts are perpendicular to the applied load. 

When two plates are placed edge to edge and are connected by bolts, 
as in Fig. 9-3, they form a butt joint. Since there is one row of bolts on 
either side of the centerline of the joint, Fig. 9-3 is called a single-bolted 
butt joint. Similarly, Fig. 9-4 shows a double-bolted butt joint (two rows 

169 







FIGURE 9-1 Single bolted lap joint. FIGURE 9-2 Double bolted lap joint. 
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Cover plate 


FIGURE 9-3 Single bolted butt joint. FIGURE 9-4 Double bolted butt joint 


of bolts on each side of the joint). It should be noted that bolted butt 
joints require the use of cover plates. 

9-3 TYPES OF FAILURE IN BOLTED JOINTS 

The actual stresses developed in bolted joints are quite complex, but in 
practice they are treated as simple tension, compression, and shearing 
stresses. 

The analysis of bolted joints involves the continued use of 

F 

5 = 7 (9-1) 

A 

where s represents the particular stress to be determined. 

It is usually assumed that each bolt will carry its proportional share 
of the total load on the joint. In the lap joint shown in Fig. 9-2, each bolt 
transmits one-fourth of the load from one plate to the other. The 
transmission of load by the bolts may be represented as in Fig. 9-5. 
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FIGURE 9-5 Force transmission in lap joint— 
Fig. 9-2. 


A butt joint is composed of two identical halves. Each half is designed 
to carry the full load. Therefore, in analyzing butt joints, only one-half 
of the joint is considered. The joint shown in Fig. 9-4 is analyzed as in 
Fig. 9-6. In this butt joint each bolt carries one-fifth of the load and 
transmits one-half of it to each cover plate (Fig. 9-6). 



FIGURE 9-6 Force transmission in FIGURE 9-7 Bolt shear failure 

butt joint—Fig. 9.4. in lap joint—single shear. 


To demonstrate the types of failure, consider the lap joint shown in 
Fig. 9-1. The joint may fail by shearing the bolts, as shown in Fig. 9-7. 
Another possibility is that the plate may pull apart at its weakest section. 
This section occurs on the centerline of the row of bolt holes in Fig. 9-1, 
and the failure would appear as in Fig. 9-8. 

A third mode of failure may occur by crushing of the bolts or the 
plate material in contact with the bolts. This type of failure is called a 
bearing, or compression, failure. Such a failure is shown in Fig. 9-9. (Note: 
A bolted joint may be designed so that the possibility of failure in bearing 
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FIGURE 9-8 Plate tension failure in 
lap joint. 




FIGURE 9-9 Bearing failure in 
lap joint. 


need not be considered. This type of joint is referred to as a friction-type 
connection and will be discussed later in the chapter.) 

9-4 STRESSES IN A BOLTED JOINT 

The joints in this chapter involve only direct (axial) loading. Eccentric 
loading, which tends to cause rotation of the joint, will be dealt with in 
Chap. 14. Shear, tension, and bearing stresses in axially loaded bolted 
joints are each represented by 


F 



5 A 

(9-1) 

or 

F = As 

(9-la) 


Shear: When computing the shear stress in a bolted joint, Eq. (9-1) gives 
the relation between the external force F, which produces a shearing 
stress s s , and the total area resisting shear A s . Since the total shear area 
A s is composed of a number of circular bolt cross sections, each having 
a diameter d, the special forms of Eq. (9-1) and (9-la) for shear are 

(9-2) 


(9-2a) 

F — external force on joint, lb 

s s = shear stress in bolt material, psi 

d = bolt diameter at shear plane, in 

n = number of shear areas resisting force F 



where 
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In a lap joint, such as Fig. 9-2, each bolt is in single shear. Thus, there 
are four shear areas in this joint, and in Eqs. (9-2) and (9-2a), n = 4. Each 
bolt in one-half of a butt joint is in double shear. That is, each bolt tends 
to fail on two cross sections simultaneously, as shown in Fig. 9-10. 
Therefore, for the joint in Fig. 9-4, the value of n is 10 in Eqs. (9-2) and 
(9-2a). 


F 





FIGURE 9-10 Bolt shear failure in 
butt joint—double shear. 


Tension: This analysis deals with the possibility of the main plate failing 
in tension, as in Fig. 9-8. Equation (9-1) applies, where s, is the tensile 
stress in the plate on cross-sectional area A t . This area resists a total force 
F. For the lap joint in Fig. 9-8, the effective area of the plate cross section 
through the center of the bolts is reduced because of the bolt holes. 

F 

s t =— F = AfS t 

A t 

A t = bt — nDt = (b — nD)t 

F = [(b- nD)t]s t (9-3) 

where F = external force on joint, lb 

s t = tensile stress in plate material at cross section in question, psi 
b = width of plate, in 
t = thickness of plate, in 
D = diameter of bolt hole, in 
n = number of holes in cross section in question 

Note that bt is the cross-sectional area of the plate without holes, and 
Dt is the area of material removed from the plate cross section by each 
hole. Also, (b — nD) represents the effective width of plate remaining 
after n holes are punched or drilled. 

Bearing: With reference to Fig. 9-11, it is evident that when the force 
F is applied to the plates, each plate is forced against the curved surface 
of the bolt and tends to crush it and the plate. Thus, a compressive stress 
is produced which varies in intensity for various points on the curved 
surface. However, it is customary in figuring this bearing stress to take 
a section through the axis of the bolt perpendicular to the direction of 
the applied forces. This section is a rectangle of height t, the thickness of 
the plate, and width d, the diameter of the bolt. Then the bearing area 
for one bolt is td. If s c is the compressive, or bearing, stress, 
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FIGURE 9-11 Bearing forces and 
bearing area. 


Sc 
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ntd 

[ntd]s, 


F = A,.s 




(9-4) 


where 


F = external force on joint, lb 

s c = bearing (compressive) stress in plate and bolt material, psi 
t = thickness of plate, in 
d = bolt diameter, in 

n = number of bearing areas (usually one per bolt in a given 
plate) 


9-5 TERMINOLOGY AND CODES FOR BOLTED JOINTS 

The distance between centers of adjacent bolts is called pitch. 

In the case of a long or continuous bolted joint, subjected to uniform 
tension for its entire length, the strength of the joint may be computed 
from a repeating section. A repeating section is the shortest length of 
joint which contains a complete bolt pattern. In Fig. 9-12 the distance / 
is the length of the repeating section. Usually, the length of the repeating 
section is equal to the pitch of the bolts in row 1 (outer row). 


( 1 ) ( 2 ) ( 2 ) ( 1 ) 



FIGURE 9-12 Continuous bolted 
joint. 
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The distance g between rows of bolts is called the gage. 

The distance from the center of a bolt to any plate edge is called the 
edge distance. Such a distance is indicated in Fig. 9-12 by e. 

The design of boltedjoints for specific applications is usually governed 
by codes which have been established by local legislation or technical 
groups. Two of the most commonly used codes are the American Institute 
of Steel Construction (AISC) code for connections, and the American 
Society of Mechanical Engineers (ASME) code for boilers and pressure 
vessels. Some of the provisions of these codes are given in Tables 9-1 and 
9-2. For other codes or more complete information on the above codes, 
the student is referred to the technical agency concerned. 


TABLE 9-1 AISC CODE FOR CONNECTIONS 
(RIVETS, BOLTS, AND THREADED PARTS) 


Type of Stress and Material Specification 

Allowable Stress, psi 

Friction-Type Bearing-Type 
Connections Connections 

Shear on fasteners: 

A 502, Grade 1, Hot-driven rivets 


15 000 

A 502, Grade 2, Hot-driven rivets 


20 000 

A 307, Low-carbon steel bolts 


10 000 

A 325, High-strength bolts; threads occur at the 
shear plane 

17 500 

21 000 

A 325, High-strength bolts; threads do not occur 
at the shear plane 

17 500 

30 000 

A 490, High-strength bolts; threads occur at the 
shear plane 

22 000 

28 000 

A 490, High-strength bolts; threads do not occur 
at the shear plane 

22 000 

40 000 

Threaded parts of other steels 


0.30 Sy 

Bearing on projected area {hearing-type connections 

only) t: 


1.35 Sy 

A 36, Carbon structural steel; thickness 8 in and 
less (s y = 36 000 psi) 


48 500 

A 440, High-strength structural steel; thickness 
f in and less ( s y = 50 000 psi) 


67 500 

A 441, High-strength low-alloy structural steel; 

thickness f in and less (s y = 50 000 psi) 


67 500 

A 572, Grade 50, High-strength low-alloy steel; 

thickness H in and less (s v = 50 000 psi) 


67 500 

A 242, Corrosion-resistant high-strength low-alloy 
structural steel; thickness t in and less 
(s y = 50 000 psi) 


67 500 

A 588, Corrosion-resistant high-strength low-alloy 
structural steel; thickness 4 in and less 
( S „ = 50 000 psi) (contlnued) 


67 500 
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TABLE 9-1 AISC CODE FOR CONNECTIONS 
(RIVETS, BOLTS, AND THREADED PARTS)—(Continued) 


Allowable Stress, psi 

Friction-Type Bearing-Type 
Type of Stress and Material Specification Connections Connections 


Tension on net section ( bearing- and friction-type connec¬ 
tions )t: 

A 36, Carbon structural steel; thickness 8 in and 
less (sy = 36 000 psi) 

A 440, High-strength structural steel; thickness 
f in and less (s u — 50 000 psi) 

A 441, High-strength low-alloy structural steel; 

thickness f in and less (s u = 50 000 psi) 
A 572, Grade 50, High-strength low-alloy steel; 

thickness If in and less (s u = 50 000 psi) 
A 242, Corrosion-resistant high-strength low-alloy 
structural steel; thickness f in and less 
(s u = 50 000 psi) 

A 588, Corrosion-resistant high-strength low-alloy 
structural steel; thickness 4 in and less 
(s u = 50 000 psi) 


0.60 Sy 

0.60 .Vy 

22 000 

22 000 

30 000 

30 000 

30 000 

30 000 

30 000 

30 000 

30 000 

30 000 

30 000 

30 000 


t For steels having an ,v„ other than 36 000 or 50 000 psi, refer to the Manual of Steel 
Construction oj AISC. 

Additional provisions: 

a. Minimum preferable pitch (center to center between adjacent fasteners) = 3d to 
provide clearance for tools in assembling connections. 

b. Minimum edge distance varies approximately from lj d to 1| d. 

c. For purpose of design, hole diameters are taken as | in larger than fastener 
diameters; D = d + 

Note: The AISC code {Manual of Steel Construction) also establishes allowable stresses for 
rivets, bolts, and threaded parts subjected to direct tension. 


Referring to Table 9-1, the AISC code for connections, the allowable 
shear stress given for most of the listed fasteners distinguishes between 
friction-type and bearing-type connections. 

The designer of a connection (joint) may use either of the two types. 
The friction type assumes no movement between adjacent surfaces of the 
plate material and, as a result, bearing stress is not considered. However, 
shear on the fastener and tension on the plates are taken into account. The 
bearing type does assume the possibility of movement between adjacent 
surfaces. Thus, the possibility of failure in shear, bearing, and tension are 
all considered. 

Referring to Table 9-2, the ASME code for bolted connections on 
boilers and pressure vessels, the use of this code is based on the possibilty 
of failure in shear, tension, and bearing. 
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TABLE 9-2 ASME BOILER AND PRESSURE VESSEL CODE 
FOR BOLTED CONNECTIONS 


Type of Stress and Material Specification 

Allowable Stress, psi 

Shear on fastener: 


SA 325, Medium-carbon-steel high-strength bolts 

SA 499, Medium-carbon-steel high-strength bolts 

15 400 

Diameter 1 in and less 

18 400 

Diameter from 1| in to If in 

16 200 

Diameter from If in to 3 in 

11 600 

Bearing on fastener: 


SA 325, Medium-carbon-steel high-strength bolts 

SA 499, Medium-carbon-steel high-strength bolts 

30 700 

Diameter 1 in and less 

36 800 

Diameter from U in to H in 

32 300 

Diameter from If in to 3 in 

23 200 

Bearing on plate: 


SA 285, Carbon-steel plates 


Grade A 

17 900 

Grade B 

20 000 

Grade C 

21 900 

SA 36, Structural-steel plates 

SA 612, High-strength steel plates 

20 200 

Grade A 

33 100 

Grade B 

32 300 

Tension on net section: 


SA 285, Carbon-steel plates 


Grade A 

11 200 

Grade B 

12 500 

Grade C 

13 700 

SA 36, Structural-steel plates 

SA 612, High-strength steel plates 

12 600 

Grade A 

20 700 

Grade B 

20 200 


Additional provisions: 

a. Minimum thickness of main plate for pressure vessel is A in. 

b. Minimum thickness of butt straps (cover plates) for a double-strap connection shall 
not be less than § of the main plate. For specific recommended thicknesses, refer 
to the code. 

c. Hole diameter = bolt diameter + 0.02 in maximum. 

d . Use bolt diameter for all calculations; D — d. 

e. Minimum gage distance (distance between rows) varies from H to 2i times the 
bolt diameter (d). 

f. Minimum edge distance varies from l£ to 1 i times the bolt diameter (d). 

Sample Problem 1 A single-bolted lap joint with 12- by i-in A36 plates 
contains four f-in-diameter A325 bolts (Fig. 9-13). Based on the AISC 
code, friction-type connection, determine the largest load the joint can 
safely carry. 
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FIGURE 9-13 Diagram for Sample 
Problem 1. 


Solution: To find the safe load on the joint, calculate the safe loads in 
shear and tension. Bearing is not considered because the joint is a friction- 
type connection. The largest safe load on the joint will be the least of the 
two calculated loads since this load must satisfy both conditions. 

Shear: ( Eq. 9-2 a): Note that each bolt is in single shear; n = 4. 


F s = 

1 

IT 

£ 

1_ 

s s = 4 

" 7t(0.875) 2 


L V 4 / J 


4 


= 4(0.601)(17 500) = 42 1001b 


(17 500) 


Tension: (Eq. 9-3): There are four holes in the plate along the weak 
section; n = 4, D = d + i (AISC code). 


F t = [(b - nD)t]s t = [12 - 4(1)]0.5(22 000) 
= 8(0.5)(22 000) = 88 000 lb 


The largest safe load on the joint is 42 100 lb. This is called the 
strength of the joint. 


Sample Problem 2 A double-bolted butt joint, with four 1-in-diameter 
A490 holts on each side and two bolts per row, joins 10- by f-in A441 
plates (Fig. 9-14). The cover plates are i in thick. Based on the AISC 
code, bearing-type connection, find the strength of the joint (maximum 
safe load). Assume that the bolt threads do not occur at the shear plane. 

Solution: 

Shear: Note that each bolt is in double shear and that only one-half of 
the joint is considered; n = 8. 
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( 1 ) ( 2 ) 


( 2 ) ( 1 ) 



<p <p1R> <p 


I i 

<D d> ii <D <D 

_LI_ 




FIGURE 9-14 Diagram for 
Sample Problem 2. 




s s = 8 


7T(1) 2 


(40 000) 


= 8(0.785)(40 000) = 251 000 lb 


Tension: The weak section in the main plate occurs at row 1 (Fig. 9-14). 
This section must transmit the full load and has two bolt holes. The 
section at row 2 also has two holes but is required to transmit only half 
of the external force (see Sec. 9-3). For the cover plates in tension the 
critical section is at row 2. It is usually assumed that each cover plate 
transmits one-half of the external force to the other side of the joint. In 
this problem, it is not necessary to check the safe load on the cover plates 
since the total cover-plate thickness exceeds that of the main plate and 
the number of bolt holes in row 2 is the same as for row 1. For the main 
plate at row 1 , n — 2 , D = d + I (AISC code) 

F, = [(b - nD)t]s ( = [10 - 2(I£)](0.75)(30 000) 

= (7.75)(0.75)(30 000) = 174 000 lb 

Bearing: Each bolt contributes one bearing area in the main plate: n = 4. 


F c = [ntd\s c = 4(0.75)(1)(67 500) 

= 3(67 500) = 203 000 lb 

The strength of the joint is 174 000 lb. 

9-6 EFFICIENCY OF A BOLTED JOINT 

The area of the cross section of a plate is called the gross area, bt. 

The quotient obtained by dividing the tensile strength of the gross 
area into the strength of the bolted joint is called the efficiency of the joint 
and is represented by 77 (the Greek letter eta). That is, the efficiency is 

strength of the joint 

7) = --- 5 - J -x 100 (9-5) 

tensile strength of the gross area 
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In determining the efficiency, the repeating section width of plate 
(/) may be used instead of the entire width. 

Sample Problem 3 Find the efficiency of a single-bolted lap joint with 
i-in-thick plates (A36), f-in-diameter bolts (A325), and a pitch width 
(repeating section) of 3 in. Use the AISC code, bearing-type connection; 
bolt threads do not occur at the shear plate. 


Solution: 

Shear: 


Tension: 


Bearing: 


n = 1 
Fs = 1 


tt(0.875) 2 

4 


(30 000) = 18 000 lb 


n — 1 

F t = [3 - l(l)](i)(22 000) = 22 000 lb 


n — 1 

F c = l(0.875)(i)(48 500) = 21 200 lb 

From the above calculations, the strength of the joint is 18 000 lb. 
Tensile strength of gross area is 

F a = ( lt)s t = 3(i)(22 000) = 33 000 lb 

Therefore, n = = 0.545 = 54.5% 

1 33 000 


Sample Problem 4 Find the efficiency of a triple-bolted butt joint with 
|-in main plates, i-in cover plates, and 1-in-diameter SA499 steel bolts as 
arranged in Fig. 9-15. Use the ASME code. The plates are SA612, Grade 
A. 

Solution: The bolt-hole size of 1 in is used for all calculations (see Table 

9-2). 

All calculations refer to a 10-in repeating section, as indicated in Fig. 
9-15. 


Shear: 


n — 12 (6 bolts in double shear) 

^ 2 ' « 5 , = (12)(0.785)(1 2 )(18 400) = 173 0001b 


F. = 


n\ — 

L V 4 
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( 1 ) ( 2 ) ( 3 ) ( 3 ) ( 2 ) ( 1 ) 






Liau 


FIGURE 9-15 Diagram for Sample Problem 4. 


Bearing: 

n — 6 

F c = [ntd]s c = 6(0.75)(1)(33 100) = 149 000 lb 

(Note: The allowable bearing stress is based on the plate allowable because 
it is less than the fastener allowable of 36 800 psi.) 

Tension (Row 1): 

n = 1 

F t = [(€ - nD)t]s t = [10 - 1(1)](0.75)(20 700) 

= (9)(0.75)(20 700) = 140 000 lb 

Tension (Row 2): 

n — 2 

The purpose of these calculations is to evaluate the external force F 
which a 10-in repeating section can carry. This force is transmitted by the 
bolts to the cover plates, assuming that each bolt transmits its share of the 
force (see Sec. 9-3 and Fig. 9-6). The tensile force on the plate at row 2 
is smaller than the external force F, by the amount which the bolt in row 
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1 has transmitted to the cover plates. Thus, the force on row 2 in this 
problem is f of the external force. 

%F t = [(/ - nD)t]s t = [10 - 2(1)](0.75)(20 700) 

= 8(0.75)(20 700) = 124 000 
F t =f(124 000) = 149 000 lb 

Tension (Row 3): 


n = 3 

%F t = [(/ - nD)t)s t = [10 - 3(1)](0.75)(20 700) 
= 7(0.75)(20 700) = 109 000 
F t = §(109 000) =218 000 lb 


From the above calculations, the strength of the joint is 140 000 lb. 
Tensile strength of the gross area is 

F g = ( U)s t = 10(0.75)(20 700) = 155 000 lb 
140 000 

and V —155 qqq — 0.903 — 90.3% 


Check cover-plate size. Assume one-half the external force is trans¬ 
mitted to each cover plate. This load must be transmitted by the cover 
plate from the inner-row centerline (row 3) to the inner row in the other 
half of the joint. Since the safe load is 140 000 lb, each cover plate must 
transmit 70 000 lb across its weakest section (row 3). 

Allowable F cp = [(/ - nD)t]s t = [10 - 3(1)](0.5)(20 700) 

= 7(0.5)(20 700) = 72 500 lb 
Actual F cp = 70 000 lb therefore OK 

9-7 BOLTED JOINTS OF MAXIMUM EFFICIENCY 

The procedure for design of bolted joints of maximum efficiency is 
similar for either lap or butt joints. A practical maximum-efficiency joint 
is designed so that plate tension in the outer row is the limiting factor. 
The procedure may be outlined as follows. 

1. Determine the allowable load on the main plate at row 1 by 
subtracting one bolt hole from the gross plate section. 

2. Determine the allowable shear force on one bolt. Use one area 
if single shear or two areas if double shear. 

3. Determine the allowable bearing force on one bolt. 

4. The smaller numerical result from step 2 or 3 is the limiting 
force on one bolt. Determine the minimum number of bolts required 




BOLTED, RIVETED, AND WELDED JOINTS 183 


by dividing the allowable plate load (from step 1) by the limiting 
bolt force. 


w . . . r , . allowable plate load 

Minimum number ol bolts — ———- f - 

limiting bolt force 

5. Select an appropriate bolt pattern. 

6 . Check the plate stress at each row in the pattern. 

7. Revise the pattern if the stress on any row exceeds that of 
row 1. 

8 . Calculate the joint efficiency. 

Suggested trial patterns for lap and butt joints of maximum efficiency 
are given in Figs. 9-16 and 9-17, respectively.* The number shown below 


* David Singer, Basic Structural Design , Pelex Publishers Inc., New York, 1952. 
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FIGURE 9-16 Suggested trial patterns—lap joints. 
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11 or 12 | 

FIGURE 9-17 Suggested trial patterns—butt joints. 


13 or 14 


each pattern is the number of bolts required to develop the allowable 
plate stress in row 1. 

Sample Problem 5 Two plates (A36), 10 in wide by ? in thick are to be 
connected by a lap joint with f-in-diameter bolts (A325). Design a joint 
of maximum efficiency using the AISC code, bearing-type connection. 
The bolt threads do not occur at the shear plate. 

Solution: Allowable load on main plate at row 1, using f-in-diameter 
hole: 

F t = [(6 - nD)t]s t = [10 - 1(0.75)](0.25)(22 000) 

= 9.25(0.25)(22 000) = 50 900 lb 

Allowable shear force on one bolt (single shear): 

Sg = 1(0.785)(0.625 2 )(30 000) 

= 0.307(30 000) = 9200 lb 

Allowable bearing force on one bolt: 

F c = [ntd]s c = 1(0.25)(0.625)(48 500) 

= 7580 lb 
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Limiting force on one bolt = 7580 lb. 

Minimum number Of bolts required: 

50 900 „ „, , „ L , 

—-= 6.7 bolts = 7 bolts 

7580 

Referring to Fig. 9-16, select the trial pattern for seven or eight bolts, 
as in Fig. 9-18. Check the trial pattern. 


(D (2) 



O O 

o o 



FIGURE 9-18 Diagram for Sample 
Problem 5. 


Force transmitted by each bolt: 


Allowable plate load 50 900 
Number of bolts 8 


= 6360 lb 


Tension at row 2: 


lF t = [(b - nD)t]s t = [10 - 2(0.75)](0.25)(22 000) 
= 8.5(0.25)(22 000) = 46 800 
F t = f(46 800) = 53 500 lb 


The pattern is satisfactory, since the allowable load on the main plate at 
row 1 is less than on row 2. 

The joint efficiency is 


50 900 

10(i)(22 000) 


50 900 
55 000 


- 0.925 



9-8 RIVETED JOINTS 

The procedures discussed earlier in this chapter for investigating and 
designing bolted joints may be used for riveted joints as well. Check the 
appropriate code specifications for design procedures and allowable 
stresses. 

With improvements in welding technology and the availability of 
economical high-fctrength bolts, riveting for structures and pressure 
vessels has practically disappeared. While rivets are still used in light- 
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weight and light load applications, adhesives and other fastening materials 
are successfully competing with rivets. 

9-9 WELDED JOINTS 

For many purposes, welded connections are found to be more suitable 
than bolted or riveted connections. Welding is a process of joining two 
pieces of metal by fusion. In the types of welded joints discussed here, 
the pieces to be joined are heated and molten material is deposited 
between them. While there are a great variety of welding processes in use 
today, the heating is most frequently accomplished by means of an electric 
arc. This section will deal with lap and butt joints (called groove joints), 
although there are several other types of welded joints of some importance. 
Figure 9-19 shows what is known as a side-fillet lap weld with a corner 


*1 

_ 

FIGURE 9-19 



Side fillet welds (with corner returns). 


return. The fused metal is deposited in the angle between the two pieces. 
Shearing stresses are developed in this weld when either tensile or 
compressive forces are applied to the long axis of the plates. Figure 9-20 
shows a joint using end lap welds with corner returns. This type of weld 
is usually used in conjunction with side welds. 




FIGURE 9-20 End fillet welds (with 
corner returns). 


Practically all metals can be welded successfully, although for some, 
special techniques are required. Commonly encountered materials, such 
as cast iron, cast steel, structural steel, tool steel, bronze, aluminum, and 
copper, are all capable of being welded. Figure 9-21 shows various types 
of butt (groove) welds, most of which require advanced preparation of 
the plate edges at the joint. 
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t ▼ > l_ i. j 4 r * 4 ~C 1 

Singled Doubled Bevel Double bevel 



Singled Doubled Single U Doublet/ 



Square butt 


FIGURE 9-21 Types of butt (groove) welds. 


The size of fillet welds is designated by the length of the leg, as 
shown in Fig. 9-22a. Fillet welds resist load on the throat area, which is 
the minimum cross section of the weld. The throat area is the product 
of the throat thickness and the effective length of the weld. The throat 
thickness is determined from Fig. 9-226 as Leg-sin 45° or 0.707 Leg. For 







Throat 



(b) 


FIGURE 9-22 (a) Cross section of a fillet weld. ( b ) Simplified cross 
section of a fillet weld. 


1 in of effective weld length, we can determine the allowable load for 
welds of given sizes at certain allowable shearing stresses. Thus, for s s = 
21 000 psi, a i^-in weld with an effective length of 1 in can carry an 
allowable load of [0.707(^)(1)](21 000) = 2800 lb. In the same way, 
allowable loads per inch of effective length may be calculated for various 
weld sizes. 

The AISC code specifies allowable stresses for welds on several types 
of structural steel by different methods. These specifications conform to 
American Welding Society (AWS) standards. Both AISC and AWS spec¬ 
ifications should be consulted for complete information. Table 9-3 gives 
appropriate parts of the AISC specifications for the purposes of this book. 

Table 9-4 is a listing of allowable loads on welds of various sizes for 
two different levels of allowable shearing stress. 

The total allowable force which a given fillet weld can withstand may 
be expressed by 



(9-6) 
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F = F'(L) 

where F = total allowable force on entire weld, lb 

F' = allowable force per inch of effective weld length, lb, 
from Table 9-4 

L = total effective length of fillet welding, in 

TABLE 9-3 AISC CODE FOR WELDS (MANUAL ARC METHOD) 

Fillet Welds 

Allowable Shearing Stress on Throat 
Type of Steel and Electrode Area of Weld, psi 

A36 steel with Class E 60 series elec- 18 000 

trodes 

A36, A242, A441, A572, and A588 steels 21 000 

with Class E 70 series electrodes 
Additional provisions:* 

A440 steel is not recommended for welding. 

The effective area of a fillet weld shall be considered as the effective length 
of the weld times the effective throat thickness. 

Maximum size of a fillet weld applied to a square edge of plate shall be in 
less than the plate thickness, for plate thickness f in or more, and equal to the 
plate thickness for plate thickness less than f in. 

Butt (Groove) Welds—Complete Penetration 


The allowable stresses permitted for the connected plate material shall apply 
to complete-penetration butt-weld stresses in tension, compression, bending, and 
bearing. For shear, use the same allowable shear stress as is used for fillet welds. 

The effective area of a butt weld shall be considered as the effective length 
of the weld times the effective throat thickness. 

The effective length of a butt weld shall be the width of the part joined. 

The effective throat thickness of a complete-penetration butt weld shall be 
the thickness of the thinner part joined. 


* The following provisions may be of interest, but have not been uniformly applied to the 
problems in this book. The reader is referred to the Steel Construction Manual of the AISC 
for full specifications. 

Minimum effective length of a fillet weld shall not be less than 4 times the nominal size 
of the weld. 

Minimum width of laps on lap joints shall be 5 times the thickness of the thinner part 
joined and not less than 1 in. 

Side or end fillet welds should be returned continuously around the corners for a distance 
not less than twice the nominal size of the weld. 

Lap joints joining plates or bars shall be fillet-welded along the edge of both lapped 
parts ... to prevent opening of the joint under maximum loading. 


Sample Problem 6 A lap-welded joint of A36 steel is to be designed for 
a total load of 50 000 lb. The plates are I in thick and y^-in fillet welds 
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TABLE 9-4 ALLOWABLE LOADS FOR FILLET WELDS 


Allowable Load (lb) per Inch of Effective Weld Length 


Weld Size (Leg), in 

For s s = 18 000 psi 

For s s = 21 000 psi 

3/16 (minimum size, AISC) 

2 400 

2 800 

1/4 

3 200 

3 700 

5/16 

4 000 

4 600 

3/8 

4 800 

5 600 

7/16 

5 600 

6 500 

1/2 

6 400 

7 400 

9/16 

7 200 

8 400 

5/8 

8 000 

9 300 

11/16 

8 800 

10 200 

3/4 

9 600 

11 100 


will be used. Find the total length of welding required to carry this load 
if Class E 60 series electrodes are used. 

Solution: From Table 9-3, s s — 18 000 psi for A36 steel with Class E 60 
electrodes. The allowable load per inch of weld, F' — 4000 lb for i^-in 
welding at s s — 18 000 psi from Table 9-4. Using Eq. (9-6), 


F = F'(L) 

F 50 000 
~ F’~ 4000 


12.5 in of weld required (minimum) 


Note: This welding would be placed symmetrically on the joint. 

Sample Problem 7 If the plates in the previous problem are overlapped 
by 3 in and the narrower plate is 5 in wide, design two possible 
arrangements for the fillet welding. 

Solution: (a) Using full side fillets, turned corners, and partial end 
fillets, the weld pattern would include 3 in along each side (6 in total) + 
end fillets both top and bottom extending for 6.5/4 = 1.625 = If in from 
each corner toward the centerline (6.5 in total end fillet welding). This 
would leave a gap of 5 — 3f = If in on each end which would not be 
welded. See Fig. 9-23 a. 

( b) Using full end fillets, turned corners, and partial side fillets, the 
weld pattern would include 5 in along each end (10 in total) + side fillets 
extending for f in from each corner along the sides (2! in total side fillet 
welding). This would leave an unwelded gap of 3 — If = If in on each side 
(see Fig. 9-236). Note that minimum corner returns of twice the weld size 
are provided with this arrangement. 
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(a) ( b ) 

FIGURE 9-23 (a) Diagram for Sample Problem 7, solution a. 

(b) Diagram for Sample Problem 7, solution b. 

9-10 THIN-WALLED PRESSURE VESSELS 

A thin-walled pressure vessel has a diameter at least 10 times its wall 
thickness. When a thin shell, such as a boiler drum, is subjected to steam 
pressure, or water pipes are subjected to the pressure of the water, the 
forces tending to rupture the vessel act normally (perpendicular) to the 
surface of the shell. Internal stresses are developed in the metal of the 
walls which must not exceed the safe working stress of the metal. These 
internal pressures tend to rupture the vessel in two ways: first, along 
seams parallel to the elements of the shell, and second, along a seam 
corresponding to a circumference of the shell. Figure 9-24 shows a 
longitudinal section of a cylindrical shell. The internal pressure p acts 
normal to the curved surface of the cylinder. 

Longitudinal Section: Figure 9-25 a shows a free-body diagram with the 
pressure acting normal to the curved surface and held in equilibrium by 



t 


FIGURE 9-24 Longitudinal section of a 
thin-walled cylinder. 
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Longitudinal plane 








FIGURE 9-25 (a) Free-body diagram of half of cylinder. 

(b) Pressure vectors and components, (c) Resultant pressure 
force. 


the resistance of the material in the longitudinal section. The pressure 
distributes uniformly on the curved surface, but only components which 
are perpendicular to the longitudinal plane tend to cause failure. Figure 
9-256 shows two pressure vectors and their components. Note that the 
two vertical components V act in opposite directions, thus canceling each 
other, while the horizontal components both act in the same direction. 
Therefore, the total pressure force on the curved surface may be 
represented by a single force P, as shown in Fig. 9-25c, which is the sum 
of all H components. The force P is calculated by multiplying the pressure 
p and the area of the curved surface projected on the longitudinal plane. The 
projected area in Fig. 9-24 is D c x L. Therefore, 

P = pD c L 


The resistance of the material in the longitudinal section holds the 
pressure force in equilibrium. Assuming the resistance is shared equally 
by both sections in the longitudinal plane (see Fig. 9-25c), from force 
equals area times stress, the total resistance is 

2 (f) = ^ Lt ^ St or P = 

where 2 Lt = total resistive area, in 2 ; m 2 

s t — tensile stress in material, psi; Pa 

Equating the resistance to the pressure force (for equilibrium) gives 

pD c 


2 Lts t = pD c L or s t 


2 1 


(9-7) 
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where s t = average tensile stress in material on longitudinal section, psi; Pa 
p = internal pressure in cylinder, psi; Pa 
D c = inside cylinder diameter, in; mm 
t — thickness of plate material, in; mm 

Note that the pressure/? is actually the difference between the absolute 
internal pressure and the absolute external pressure. Usually, the external 
pressure is atmospheric. In such cases, the correct value for p is the 
internal gage pressure. 

It is also of interest to determine the force which a given length of 
longitudinal joint must resist. This relation has application in designing 
bolted joints and lap welds for longitudinal seams on cylindrical pressure 
vessels. The total force which the material in the longitudinal section 
must withstand is 


P = pD c l 

Since each of the two cross-hatched areas in Fig. 9-26 is assumed to carry 
one-half the total force P, the force F on each seam is 



(9-8) 


where F = force on one longitudinal seam of length /, lb; N 
p = internal pressure in cylinder, psi; Pa 
D c = inside cylinder diameter, in; mm 
/ = length of seam, in; mm (not necessarily entire length) 


•- 1 -► 



FIGURE 9-26 Dimensions of 
longitudinal section of cylinder. 



FIGURE 9-27 Transverse section 
of a thin-walled cylinder. 


Transverse Section: The stresses which exist in the material on a transverse 
section (the transverse plane is perpendicular to the axis of the cylinder) 
may be analyzed from Figs. 9-27 and 9-28. In Fig. 9-28 the internal 
pressure/? is shown acting against the closed circular end of the cylinder. 
The total pressure force P , which acts to the right, is 
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End cover 


FIGURE 9-28 Free-body diagram of transverse section. 


This force must be balanced by resistive forces in the thin ring of metal 
on the transverse section. The area of metal in this ring is approximately 
equal to its circumference rrD c times its thickness t. Therefore, the total 
resistive force will equal P, and this will also equal the tensile stress in the 
transverse section s t times the metal area, or 


P = ( nD c t)s t 


Equating the resistive force to the pressure force (for equilibrium) gives 


TfDf.tS, = p 




(9-9) 


where s t 

P 

D c 

t 


= average tensile stress in material on transverse section, psi; Pa 
= internal pressure in cylinder, psi; Pa 
= inside cylinder diameter, in; mm 
= thickness of plate, in; mm 


Again, it may be of interest to find the force acting on a given length 
/ of transverse joint (Fig. 9-27). The force on this length of joint is given 
by 



(9-10) 


where F = force on a transverse seam of length /, lb; N 

/ = length of seam, in; mm (not necessarily entire circumference) 

The derivation of Eq. (9-10) is left as an exercise for the student. It 
should be noted that Eqs. (9-9) and (9-10) apply to any cross section 
through the center of a spherical pressure vessel. 


^Sample Problem 8 What water pressure will burst a 400-mm-diameter 
ASTM Class 60 cast-iron water pipe, if the wall thickness is 16 mm? 

Solution: From the Table of Properties of Metals, (App. B, Table 1), the 
ultimate tensile strength of Class 60 cast iron is 410(10 6 ) Pa. In a pipe, 








194 STATICS AND STRENGTH OF MATERIALS 


failure due to internal pressure tends to occur on longitudinal sections 
rather than on transverse sections. This is evident from a comparison of 
Eqs. (9-7) and (9-9). Therefore, by Eq. (9-7) for a longitudinal section, 


s t = 

P = 


P£, 
21 


or p = 


2 ts, 


D 


C 


2(16)(410)(10 6 ) 

400 


= 32.8(10 6 ) Pa = 32.8 MPa 


Sample Problem 9 A 3.5-m-diameter sphere of 6061-T6 aluminum 
alloy is to contain nitrogen gas under a pressure of 6.0 MPa. The wall 
thickness is 20 mm. A minimum safety factor of 5 (based on ultimate) is 
specified. Will this spherical tank meet specifications? 

Solution: From the discussion in Sec. 9-10, Eq. (9-9) applies to the 
sphere. The stress in the sphere on any transverse section is given by 



pD c 

At 


6.0(10 6 )(3500) 

4(20) 


= 263(10 6 ) Pa 


Factor of safety is 


T ultimate stress 
N u , 

actual stress 

The ultimate stress is 310(10 6 ) Pa from the Table of Properties of 
Metals (App. B, Table 1). 


310(10 6 ) 

263(10 6 ) 


1.18 


This tank does not meet specifications. There are several alternatives 
which could produce a satisfactory solution. These include: (a) increasing 
the wall thickness; (b) reducing the tank diameter; (c) changing to a 
stronger material. 

Sample Problem 10 A cylindrical tank 3 ft in diameter and 10 ft long 
is to contain compressed air. The tank has a double-bolted longitudinal 
butt joint with 1-in-diameter SA325 steel bolts, arranged as shown in Fig. 
9-29. The tank is made of SA36 steel and its wall thickness is f in. Use the 
ASME code. Find the maximum safe pressure in the tank. 
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FIGURE 9-29 Diagram for Sample Problem 10 



Solution: The strength of the joint will be the maximum load which can 
be placed on the repeated section of the tank plate. 

Shear: 



n 


7 TCP 

4 



S 


where n = 6 

s s = 15 400 psi 
d = 1 in (Table 9-2) 

F s = 6(0.785)(1 2 )(15 400) 

= 6(0.785)(15 400) = 72 500 lb 

Bearing: 

F c = ( ndt)s c 

where n — 3 

s c = 20 200 psi 

F c = 3(1)(0.75)(20 200) 

= 45 400 lb 

Tension ( Row 1): 

F t = [(l - nD)t]s t 

where n — 1 

s t = 12 600 psi 
/ = 8 in 

F t = [8 - 1(1)](0.75)(12 600) 

= 66 200 lb 
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Tension (Row 2): 

= [(/ - nD)t]s t 

where n = 2 

s f = 12 600 psi 
/ = 8 in 

! F t - [8 - 2(1)](0.75)(12 600) 
= 56 700 lb 
F f = 85 000 lb 


The strength of the repeating joint section is 45 400 lb. The maximum 
safe internal tank pressure is calculated by Eq. (9-8). 




2 


2T 

D c l 

2(45 400) 
36(8) 


= 315 psi (maximum safe tank pressure) 


It may be of interest to calculate the stress induced (by this pressure) 
in the plate material of the tank on a longitudinal section. This may be 
done in either of two ways. Equation (9-7) may be used to give 



315(36) 

2(0.75) 


= 7560 psi 


or the stress can be determined by considering a section of thickness t 
whose length equals that of the repeating section (section aa, Fig. 9-29) 
subjected to a tensile force F. 



F 45 400 
tl ~ 0.75(8) 


= 7560 psi 


Note that, although the code permits a tensile stress of 12 600 psi, 
the plate carries only 7560 psi because of the weakness of the bolted joint 
in bearing. 

Sample Problem 11 What is the maximum safe pressure in the tank of 
the previous problem if the bolted joint is replaced by the following? 

(a) A single bead of lap (fillet) welding (Fig. 9-30)—allowable shear 
strength = 18 000 psi 

(b) A complete-penetration butt weld 
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FIGURE 9-30 Diagram for Sample 
Problem 11a. 



FIGURE 9-31 Diagram for Sample 
Problem 11c. 


(c) A double bead of fillet welding (Fig. 9-31)—allowable shear 
strength = 18 000 psi 


Solution a: The tank plates are f in thick; hence, a fillet weld with a 
ii-in leg may be placed (see Table 9-3). To allow comparison with the 
previous problem, an 8-in length of joint will be considered. (Note that 
if such a comparison were not being made, a 1-in length of joint would 
be used.) Equation (9-6) may be adapted to give 

F = F'(L) = 8800(8) = 70 400 lb (maximum safe force on 8 in of weld) 
The stress in the plate material due to this tensile force is 


F F 70 400 
A~ tl~ 0.75(8) 


11 700 psi 


The maximum safe pressure in the 


(9-7). 


tank is determined from 



s t 




2(0.75)(11 700) 
36 


= 488 psi (maximum safe pressure in tank) 


or, from Eq. (9-8), 



2(70 400) 
36(8) 


= 488 psi 


Solution b: The butt-welded joint is allowed to be stressed in tension 
equal to the allowable plate stress. Thus, s t = 12 600 psi. The pressure, 
from Eq. (9-7) is 
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. 2/5, 2(0.75)( 12 600) _ ... 

p = — =-= 525 psi (maximum sate pressure in tank) 

D c 36 

Solution c: The double-bead weld will withstand twice the force which 
the single-bead weld of part a resists. Thus, F — 140 800 lb is the 
maximum safe force on two 8-in lengths of weld. However, the stress in 
the plate material is 



140 800 
0.75(8) 


= 23 500 psi 


which exceeds the ASME code allowable tensile stress of 12 600 psi. 
Consequently, the value of 12 600 psi must be used as the plate stress. 
This gives a safe tank pressure of 525 psi, as in part b. In this case, the 
weld is not being used to its full load-carrying capacity. 

Sample Problem 12 An open cylindrical water tank is 25 ft high and 40 
ft in diameter. What plate thickness must be used if the longitudinal 
joints are to be fillet-welded with a single bead? The AISC code applies. 
Plate material is A242 steel welded with Class E 70 series electrodes. 


Solution: Assume the tank to be filled with water to the full 25-ft height. 
The pressure at a given depth in a fluid is equal to the depth times its 
density, or 



(9-11) 


where p — fluid pressure, psi 

h = depth from top surface, ft 
p = fluid density, lb/ft 3 


The density of water may be taken as 62.4 lb/ft 3 and considered to 
remain constant. From Eq. (9-11) it is evident that the greatest pressure 
occurs at the greatest depth of water. Thus, the lower end of the 
longitudinal (vertical) weld is subjected to the largest force. Consider the 
last inch of longitudinal weld at the bottom of the tank. The water 
pressure at the bottom is 


hp 25(62.4) 
144 “ 144 


10.83 psi 


The tensile force on 1 in of longitudinal section near the bottom is 


F _pD^ _ 1 0. 83(40Kj 2)(l) _ 2 6QQ|b 


2 


2 
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The required height of leg of a 1-in-long fillet weld can be found 
from Table 9-4. To resist 2600 lb, a t^-in weld leg is required; thus, TO-in- 
thick plates are needed. (The AISC code specifies that weld size be equal 
to the plate thickness for plate thickness less than { in.) Check the stress 
in the plate material against the AISC allowable tensile stress of 30 000 
psi (Table 9-1). 


s 



F 2600 
tl (to)(1) 


13 900 psi 


Use ff-in plates. 


PROBLEMS 

9-1. A double-bolted lap joint is made by connecting two 4- by ^-in A36 
steel plates with two f-in A325 high-strength bolts (threads do not 
occur at the shear plane). What safe load will the joint carry? Use 
the AISC code, bearing-type connection. 

9-2. Two SA285 Grade B steel plates 5 in wide and { in thick are 
connected as a lap joint by three f-in SA325 steel bolts arranged 
in one row. Find the strength of the joint using the ASME code. 

9-3. Two SA36 steel plates, each 10 in wide and \ in thick, are connected 
by f-in steel bolts to form a lap joint. Based on shear, how many 
bolts will be needed if the pull on the joints is 15 000 lb? Use the 
ASME code. 

9-4. Two plates forming a lap joint carrying 5000 lb in tension ..re 
connected by two A307 steel bolts. What should be the diameter 
of the bolts based on the AISC code? Consider shear only. 

9-5. Two 12-in-wide by f-in-thick A440 steel plates are joined by a 
single-bolted butt joint with |-in cover plates. The plates are 
connected by four f-in A490 steel bolts on each side. Find the 
strength of the joint using the AISC code. The bolt threads do not 
occur at the shear plane. Assume friction-type connection. 

9-6. Two A36 steel plates 2 in wide and f in thick are formed into a 
double-bolted butt joint with two^-in cover plates. There are two 
f-in A307 steel bolts on each side. If the load is 15 600 lb, find the 
shear and bearing stresses on the bolts and the maximum tensile 
stress in the plate. Use the AISC code to determine the hole size, 
and compare the calculated stresses with the code allowable 
stresses. 

9-7. Figure Problem 9-7 shows the lower joint of a roof truss. Eleven 
f-in A307 steel bolts are used to fasten the member A to the f-in 
gusset plate. The tensile force in member A is 56 000 lb. Is the 
bolting safe? What may be the compressive force on member B, 
on the assumption that the bolts are used to their full capacity? 
Use the AISC code. The angles and plate are of A36 steel. 
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FIGURE PROBLEM 9-7 


9-8. In a butt joint connecting f-in SA612 Grade A plates, how many 
f-in SA325 steel bolts are needed to carry 80 000 lb safely? What 
would be the number of bolts for a lap joint? Use the ASME code. 

9-9, The joint at a point in the lower chord of a roof truss is shown in 
Fig. Prob. 9-9. If the compression in member/! is 18 000 lb and 
the tension in member B is 14 000 lb, how many f-in bolts (bearing- 
type connection) are needed to fasten these members to the f-in 
gusset plate? Use the AISC code. The angles and gusset plate are of 
A36 steel. The bolts are of A325 steel with the stress developing 
at the threaded portion of the shank. 
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FIGURE PROBLEM 9-9 


9-10. Find the strength and efficiency for a repeating section of a single- 
bolted lap joint (friction-type connection), using the AISC code, 
if the A242 steel plates are \ in thick and the f-in A490 steel bolts 
are placed four bolt diameters apart. 

9-11. Determine the strength and efficiency of a double-bolted two- 
cover-plate butt joint. The SA36 plates are 10 in wide and f in 
thick. The SA499 steel bolts are 1 in in diameter. There is one bolt 
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in the first row and three bolts in the second row. Use ASME 
allowable values. 

9-12. Two f-in thick plates are joined by a lap joint. The SA285, Grade 
A steel plates are 12 in wide. The joint contains a total of 12 
SA325 steel bolts, arranged in four rows of three bolts each. The 
bolts are f in in diameter. Use the ASME code. Find the strength 
and efficiency of the joint. 

9-13. A triple-bolted butt joint with two cover plates has one, two, and 
four bolts in the first, second, and third rows, respectively. The 
pitch of the repeating section is 10 in. The SA36 steel plates are 
f in thick and the SA325 steel bolts are f in in diameter. Find the 
strength and efficiency of the joint using the ASME code. 

9-14. Two A36 steel plates { in thick are connected by a triple-bolted 
two-cover plate butt joint (bearing-type connection). The bolts are 
f in in diameter and the length of the repeating section is 12 in. 
There is one bolt in the first row, three bolts in the second row, 
and six bolts in the third row. Find the strength and efficiency of 
the joint. Use the AISC code. The bolts are A325 steel with the 
stress developing at the unthreaded portion of the shank. 

9-15. In Fig. 9-19, p. 186, the narrow plate is 6 by i in and resists a pull 
of 16 000 lb. The plate material is A36 steel, the electrodes are 
Class E 60 series, and the weld size is te in (see Sec. 9-9). 

a. What must be the length of each side weld? 

b. Could a single end weld resist the pull? 

9-16. In a lap weld, the narrow plate is 6 by \ in and is subjected to a 
pull of 60 000 lb. What must be the length of each yg-in side weld 
if a total of 4 in of end weld is also to be used? The plates are 
A242 steel and Class E 70 series electrodes are used. 

9-17. a. Two 5- by {-in plates are joined by top and bottom end fillet 
welding. What allowable load will the f^-in weld carry? Check the 
plate strength in tension. The plate material is A36 steel and Class 
E 60 series electrodes will be used. 

b. What safe load would the joint carry if the plates were butt- 
welded? 

9-18. a. The narrower plate in Fig. 9-20 is 6 by { in and the plates are 
to be top and bottom end fillet-welded. Find the safe tensile load 
this joint can carry if the plates are A441 steel and Class E 70 
series electrodes develop TO-in welds. 

b. What length of plate overlap is required to carry the same load 
if only side fillet welds are used? 

The plates in Fig. Prob. 9-19 are to be lap-welded. The thickness 
of each plate is in and the weld size is { in. The plates are A36 
steel and Class E 70 series electrodes will be used. 
a. What overlap is required to carry a load of P — 32 000 lb if 
fillet welding is used on sides A and C only? 


9-19. 
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b. What maximum safe load may be carried if an overlap of 12 
in is used and sides A, B, C, and D are fillet-welded for the full 
length? 

9-20. a. Two A441 steel plates in wide are to carry a load of 25 000 
lb. They are to be top and bottom end fillet-welded with Class E 
70 series electrodes. What is the required thickness of the plate? 
b. Assuming a complete-penetration butt weld, what would be 
the required thickness? 

r. Assuming 1-in A307 steel bolts are to be used, find how many 
would be required in shear. 

9-21. A cylindrical pressure vessel is subjected to an internal pressure 
of 70 psi. It is 7 ft in diameter and the plates are % in thick. 

a. Find the maximum stress. 

b. If it is made of Class 40 cast iron, is it safe? Assume steady 
stress conditions. 

*9-22. What should be the thickness of the plate for a 254-mm steam 
pipe to resist a pressure of 550 kPa? The stress in the pipe should 
not exceed 62 MPa. 

9-23. What safe internal pressure should be used for a steel water pipe 
6 in in diameter with a i-in shell if the allowable stress is 11 000 
psi? 

*9-24. Nitrogen gas is to be placed in a sphere 4.5 m in diameter under 
800-kPa pressure. If the material is aluminum alloy 6061-T6, what 
thickness of plate will be required? Assume varying load conditions. 

9-25. If an 18-in Class 20 cast-iron vertical pipe is subjected to a head 
of 140 ft of water, what thickness of plate will be required? Assume 
varying stress conditions. 

*9-26. A tank 2.4 m in diameter and 1.8 m deep is hooped with 12-mm 
round wrought-iron rods. What must be the spacing of the rods 
if the tank contains water? (Note: Mass density of water = 1000 
kg/m 3 .) 

9-27. Find the necessary spacing of wrought-iron hoops f in in diameter 
for a wood-stave water tank 20 ft in diameter and 16 ft deep. 
Assume s t = 10 000 psi for wrought iron. 
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9-28. 

9-29. 

9-30. 

9-31. 

9-32. 

*9-33. 

9-34. 

9-35. 

9-36. 


A boiler 6 ft in diameter carries steam at a pressure of 80 psi. The 
SA285, Grade B steel plates are f in thick, the SA325 steel bolts 
are f in in diameter, and the pitch is 3 in. If the longitudinal joint 
is a double-bolted lap, what are the stresses and efficiency? Use 
the ASME code. 

A bolted steel water pipe is 2 ft in diameter and is made of f-in 
SA36 steel plates. The single-bolted longitudinal lap joint has f-in 
SA325 steel bolts with a pitch of 2i in. What is the allowable water 
pressure if the ASME code is used? 

A cylindrical storage tank for compressed air has an inside 
diameter of 28 in and a SA36 steel plate thickness of | in. The 
longitudinal double-bolted lap joint has a pitch of 3 in in each row. 
The ends are held by single-bolted lap joints, each joint having 30 
steel bolts. All bolts are SA499 steel, f in in diameter. What is the 
allowable air pressure in the tank if the ASME code is specified? 
A spherical gas container made off-in SA285, Grade B steel plate 
must maintain gas at a pressure of 50 psi. The great-circle joint 
is a double-bolted butt joint using 1-in-diameter SA325 steel bolts, 
with a pitch of 3 in in each row. Using the ASME code, determine 
the maximum diameter of the sphere. 

A cylindrical oil tank is 100 ft in diameter and 28 ft high. Using 
f-in SA36 steel plates and f-in SA499 steel bolts, design a double- 
bolted butt joint within the ASME code. (Density for oil is 56 
lb/ ft 3 .) 

A cylindrical water tank (axis vertical) has a longitudinal double- 
V butt weld. The tank diameter is 6.5 m. The plates are 10 mm 
thick. The allowable tensile stress on the weld is 110 MPa. What 
maximum height of water can be safely maintained in this tank? 
(Note: Mass density of water = 1000 kg/m 3 .) 

A pipe 2 ft in diameter is constructed from f-in A242 steel plates. 
What is the allowable working pressure on the assumption that 
longitudinal complete-penetration butt-welded joints are used? 

a. A gas tank 3 ft in diameter is to be operated under a pressure 
of 250 psi. What will be the thickness of A36 steel plate if the 
longitudinal seam is lap-welded with Class E 70 series electrodes? 

b. If the seams are butt-welded, what will be the thickness? 

a. A boiler 3 ft in diameter with SA36 steel plates \ in thick has 
a longitudinal seam which is a double-bolted lap joint. If the SA499 
steel bolts are f in in diameter and pitch = 2 in, find the safe 
internal pressure. Use the ASME code. 

b. Replacing the bolts by a single-bead lap weld, find the safe 
internal pressure if the f^-in weld has an allowable shear stress of 
18 000 psi. 

c. Replacing the bolts with a butt weld, find the safe internal 
pressure. 
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9-37. a. A water tank 18 ft in diameter is made of f-in SA36 steel 
plates. The longitudinal joint is a double-bolted lap joint with £-in 
SA499 steel bolts and a 3-in pitch. What would be the safe height 
of water in the tank? Use the ASME code. 

b. What would be the safe height if a single-bead ^-in. lap-welded 
joint with an allowable shear stress of 18 000 psi is used? 

c. What would be the safe height if a butt-welded joint is used? 
*9-38. A seamless pipe 600 mm in diameter is to be used to manufacture 

a pressure vessel designed to carry steam under a pressure of 
2 MPa. The vessel is made up of a continuous length of pipe with 
end covers that are butt-welded to the pipe on transverse sections. 
The pipe material has an ultimate tensile strength of 900 MPa, 
and a safety factor (based on ultimate) of 5 is specified. The 
allowable stress for the butt weld is 110 MPa. What should the 
wall thickness of the pipe be? 





CHAPTER 



Center of Gravity 
Centroids* and 

Moment of Inertia 


10-1 CENTER OF GRAVITY OF A BODY 

Every part of a body possesses weight. Weight is the force of attraction 
between a body and the Earth and is proportional to mass of the body. 
The weights of all parts of a body can be considered as parallel forces 
directed toward the center of the Earth. Therefore, they may be combined 
into a resultant force whose magnitude is equal to their algebraic sum. 
If a supporting force, equal and opposite to the resultant, is applied to 
the body along the line of action of the resultant, the body will be in 
equilibrium. This line of action will pass through the center of gravity of 
the body. 

The center of gravity of some objects may be found by balancing the 
object on a point. Take a thin plate of the thickness t, shown in Fig. 
10-1. Draw the diagonals of the upper and lower faces to intersect at J 
and K, respectively. If the plate is placed on a pivot at K, the plate will not 
fall. That is, it is balanced. If suspended from J, the plate will hang 
horizontally. The center of gravity of the plate is at the center of the line 

J K - 

If we suspend a uniform rod by a string (Fig. 10-2) and move the 
position of the string until the rod hangs horizontally, we can determine 
that the center of gravity of the rod lies at its center. Through the use of 
similar procedures it can be established that a body which has an axis, or 
line, of symmetry has its center of gravity located on that line, or axis. Of 
course, if a body has more than one axis of symmetry, the center of 
gravity must lie at the intersection of the axes. 
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FIGURE 10-1 Locating the center FIGURE 10-2 Locating the center 

of gravity of a plate. of gravity of a rod. 


10-2 CENTER OF GRAVITY OF AREA—CENTROID 

Strictly speaking, there is no center of gravity of an area, for an area does 
not have weight. The point J, at the intersection of the diagonals of the 
face ABCD of Fig. 10-1, is the center of area of a rectangle. Because of 
its relation to the center of gravity of the plate, it is spoken of as the 
center of gravity, or centroid, of the rectangle. 

The center of gravity of the area of the cross section of irregular 
bodies may be found by a simple experiment. Cut a piece of cardboard 
to the shape of the cross section and find the balancing point. This will 
give the position of the center of gravity for all practical purposes. 

Another method for determining the center of gravity is by suspen¬ 
sion. Take an object, the section of which is shown in Fig. 10-3. Suspend 
it from some point A. The body will not come to rest until its resultant 
weight is vertically downward from A. Through A, draw a vertical line 
AC. Then suspend the body from a point B, and let it come to rest. 



FIGURE 10-3 Center of gravity by suspension. 
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TABLE 10-1 CENTROIDS OF SIMPLE AREAS 



Through B, draw a vertical line BD. The point of intersection of AC and 
BD is the position of the center of gravity, or centroid. 

The centroids, or centers of gravity, for some simple areas are given 
in Table 10-1. The horizontal and vertical distances to the centroid are 
indicated by x (read as x bar) and y (y bar). 

10-3 MOMENT OF AN AREA 

In order to determine the location of the centroid of a plane figure, the 
term moment of an area must be understood. Imagine a force (perpendicular 
to the page) of as many pounds as there are square inches in the area 
applied at the centroid of the rectangle in Fig. 10-4. Then the moment 
of the rectangular area about the y axis will be the product of the area 
and the distance from the centroid to they axis. That is, 


My = A(x) 
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FIGURE 10-4 Determining the FIGURE 10-5 Diagram for Sample 

moment of an area. Problem 1. 


In a like manner, the moment of the area about the x axis will be the 
product of the area and the distance from the centroid to thex axis. That 
is, 


M x = A{y) 


Sample Problem 1 Determine the moment of the triangular area shown 
about the x axis and they axis, Fig. 10-5. 


Solution: 


Area = 




T he distance from the centroid to the horizontal base of the triangle 
is /i/3 = f = 2 in. Therefore, the distance from the centroid to the x axis 
is 2 + 3 = 5 in. Then 

M x = A(y) = 9(5) = 45 in 3 

The distance from the centroid to the vertical edge of the triangle 
is 6/3 = § = 1 in. Therefore, the distance from the centoid to they axis 
is 2 + 2 = 4. Then 


M y = A (x) = 9(4) = 36 in 3 


10-4 CENTROIDS OF COMPOSITE AREAS 

The location of the centroid of a plane figure can be thought of as the 
average distance of the area to an axis. Usually, the axes involved will be 
the x and y axes. 

In determining the location of the centroid, the reader will find it 
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FIGURE 10-6 Centroid of a FIGURE 10-7 Composite area 

composite area. divided into simple areas. 


advantageous to place the x axis through the lowest point and the y axis 
through the left edge of the figure. This places the plane area entirely 
within the first quadrant where x andy distances are positive (Fig. 10-6). 
Then divide the area into simple areas, such as rectangles, triangles, etc. 
(Fig. 10-7). Take the moment of each simple area about the x axis. Sum 
up the moments about the x axis. Since the centroid of the composite 
figure is the point at which the entire area is assumed to be concentrated, 
the moment of the entire area about the x axis must be equal to the sum 
of the moments of its component parts about the x axis. That is, 


Therefore, 


(A x + A 2 + • • • + A n )y - A$x + A$ 2 + ' ’' + A„y n 

- _ A ] y l +A &2 + • • • +A n y n 
^ A x + A 2 +•••-(- A n 


or 



SAy 

2A 


( 10 - 1 ) 


Following the same procedure for moments about they axis, 


or 


Apq + A 2 x 2 + • • • + A n x n 
Ax + A 2 + • • • + A n 


x 


XAx 

Xa" 


( 10 - 2 ) 


If a hole exists in the plane figure, treat it as a negative area. The 
moment of a negative area will be negative, provided that the entire 
figure lies in the first quadrant. 


^Sample Problem 2 Locate the centroid of the cross section of an angle 
150 by 100 by 12 mm (Fig. 10-8). 
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12 mm 



FIGURE 10-8 Diagram for Sample Problem 2 


Solution: Divide the figure into two rectangles, 1 and 2. 

A t = 150(12) - 1800 mm 2 
A 2 = 88(12) = 1056 mm 2 

XA = 2856 mm 2 

Using Eqs. (10-1) and (10-2), 

_ (1800)(6) + (1056)(56) 10 800 + 59 140 69 940 

2856 “ 2856 “ 2856 

. (1800)(75) -F (1056)(6) 135 000 + 6340 141 340 

y ~ 2856 “ 2856 “ 2856 

Some readers may prefer to systematize the procedure as follows: 


= 24.5 mm 
= 49.5 mm 


Area 

Dimen. 

A 


Ax 

y 

Ay 

* 

1 

150 x 12 

1 800 

6 

10 800 

75 

135 000 

2 

88 x 12 

1 056 

56 

59 140 

6 

6 340 


XA 

- 2 856 


XAx = 69 940 

II 

w 

141 340 



69 940 

2856 

141340 

2856 


- 24.5 mm 
= 49.5 mm 


Sample Problem 3 Locate the centroid of the piece of sheet metal 
shown in Fig. 10-9. 

Solution: Divide the figure into three simple areas. 
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FIGURE 10-9 Diagram for Sample 
Problem 3, x calculation. 
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FIGURE 10-10 Diagram for Sample 
Problem 3, y calculation. 


Area 

Dimen. 

A 


Ax 

.V 

Ay 

i 

d = 6 

14.14 

1.73 

24.4 

3.0 

42.42 

2 

6x4 

24.0 

5.0 

120.0 

3.0 

72.0 

3 

b = 3 
h = 6 

9.0 

8.0 

72.0 

4.0 

36.0 



1A = 47.14 


XAx = 216.4 


XAy = 150.42 


XAx 

216.4 



X ~ XA 

47.14 

— 4.59 in 

Say, 4.6 in 

XAy 

150.42 



y =Z4 = 

47.14 

= 3.19 in 

Say, 3.2 in 


^Sample Problem 4 Determine the location of the centroid of the plane 
figure shown in Fig. 10-11. 



FIGURE 10-11 
Problem 4. 


Diagram for Sample 


Solution: Divide the composite figure into three simple areas, a rectangle 
175 by 125 mm, a quadrant with a 50-mm radius, and a circle with a 
75-mm diameter. The rectangle is a positive area. The quadrant and hole 
are treated as negative areas. 
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A x = bh = 
77 -d 2 

A2 ~l6~ 

— 7 rd 2 


175(125) = 21 880 mm 
-tt-(IOO) 2 


A s = 


16 

tt(75) 2 


= —1963 mm 


= -4418 mm 


XA = 15 500 mm 


2 

2 

2 

2 



X = 



XAx (21 880)(87.5) - 1963(153.75) - 4418(50) 


XA 

1915(10 3 ) - 302(10 3 ) 


15 500 
221 ( 10 3 ) 


1392( 10 3 ) 


15 500 

XAy (21 880)(62.5) 


15.5(10 3 ) 
1963(103.75) - 4418(75) 


= 89.8 mm 


XA 15 500 

1368( 10 3 ) - 204(10 3 ) - 331( 10 3 ) _ 833(10 3 ) 

15 500 ~ 15.5(H) 3 ) 


53.7 mm 


or: 


Area 

Dimen. 

A 

X 

Ax 

y 

Ay 

1 

175 x 125 

21 880 

87.5 

1 915( 10 3 ) 

62.5 

1 368(10 3 ) 

2 

r = 50 

-1 963 

153.75 

—302(10 3 ) 

103.75 

— 204(10 3 ) 

3 

1! 

-4 418 

50 

-22K10 3 ) 

75 

-33K10 3 ) 


XA 

= 15 500 

XAx = 

1 392(10 3 ) 

XAy 

= 833(10 3 ) 



1392(10 3 ) 

15.5(10 3 ) 

833(10 3 ) 

15.5 (10 3 ) 


= 89.8 mm 


= 53.7 mm 


10-5 CENTER OF GRAVITY OF SIMPLE SOLIDS 

The weight of a body is a force acting at its own center of gravity and 
directed toward the center of the Earth. The position of the center of 
bodies weighing W x , W 2 , W s , etc., is found in the same manner as the 
resultant of parallel forces. 



XWy 

xw 

XWz 

xw 


(10-3) 
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If the bodies are all the same material weighing p lb/ft 3 , then 


3 

II 

Q. 

II 

£ 

w 3 

Substituting in Eqs. (10-3), 

we have 



1 

M 

2 

XVx 


A — 

Xpv 

- XV 


XpVy 

XVy 


y = X P V 

~ XV 


XpVz 

mi — ———^ 

XVz 


XpV XV 



etc. 


(10-4) 


That is, if the bodies are made of the same material and are of the same 
density throughout, the center of gravity of the bodies is their center of 
volume. If the bodies are of the same cross section but perhaps of 
different lengths, 



V 3 = al 3 etc. 


Substituting in Eqs. (10-4) produces, 


Xalx Xlx 

X= lsd = ~xi 

Xaly Xly 
y= ~Xd = ~Xl 

Xalz Xlz 


(10-5) 


If the bodies are parts of a wire, pipe, or rod of constant cross section, 
then their center of gravity may be found from the center of their lengths. 

The center of gravity of a right circular cylinder is at the center of 
its geometric axis, Fig. 10-12. 

The center of gravity of a right circular cone is on the geometric 
axis, | h from the base or 4 h from the vertex, where h is the altitude of 
the cone, Fig. 10-13. 

The center of gravity of a hemisphere of radius r is f r from the 
center of the sphere, Fig. 10-14. 


^Sample Problem 5 A thin wire is bent into a shape shown in Fig. 
10-15. Find the coordinates of its center of gravity. 

Solution: Since lengths are involved, Eqs. (10-5) will be used. It will be 
seen that forT, the center of the 200 -mm length, 

y — 0 


x = 0 


z = 100 
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FIGURE 10-12 Center of 
gravity of cylinder. 



FIGURE 10-13 Center of 
gravity of cone. 


For B, x = 125 y = 0 z = 0 

For C, x = 250 + 150 cos 45° = 356 y = 150 sin 45° = 106 z = 0 


1 

X 

7 

Z 

lx 

ly 

Iz 

200 

0 

0 

100 

0 

0 

20 000 

250 

125 

0 

0 

31 250 

0 

0 

300 

356 

106 

0 

106 800 

31 800 

0 

750 




138 050 

31 800 

20 000 




FIGURE 10-14 Center of FIGURE 10-15 Diagram for Sample 

gravity of hemisphere. Problem 5. 
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FIGURE 10-16 Diagram for Sample Problems 6 
and 7. 


Then 




v = 


2 = 


138 050 

750 
31 800 

750 

20 000 

750 


= 184.1 mm 


= 42.4 mm 


= 26.7 mm 


Note that the center of gravity does not lie on the wire 


Sample Problem 6 A cylinder for which r — 2 in and h — 6 in has an 
inverted cone cut from it (Fig. 10-16). The cone, for which r = 2 in and 
h = 3 in, has its base in the upper base of the cylinder. Find the center 
of gravity of the part remaining. 


Solution: Choose O as the origin. Since the figure is symmetrical with 
respect to the axis OE, the center is on the axis and we need only findy. 
The volume of the cylinder is 


and for the cone, 



7 T(Ph 

4 



= 24t t in 3 



— 1 / 7T(l 2 

TlX 



—4-7T in 3 


V 2 is negative because it is volume removed. Then, from Eqs. (10-4), 

- _ _ (2477~)(3) — 47r(j)(3) 

^ XV 247 T — 47 T 

72-3 

-= 3.45 in 


20 
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Sample Problem 7 Suppose the cylinder in Fig. 10-16 is made of steel 
(p = 490 lb/ft 3 ) and, after the conical hole is bored out, it is filled with 
concrete (p = 150 lb/ft 3 ). Find the center of gravity of the solid. 

Solution: The weight of the steel cylinder after the conical hole is bored, 
but before concrete is added, is 


W s = V s p s = (2477 - 477) 


490 

1728 


= 17.82 lb 


The 

previous 

The 


center of gravity for the steel is 3.45 in from point 0 (see 
problem). 

weight of the concrete cone is 


W c = V c p c = 4t t 


150 

1728 


1.09 lb 


The center of gravity for the concrete is 0.75 in from point (). 
From Eqs. (10-3), 


_ _ XWy __ 17.82(3.45) + 1.09(0.75) 
y ~ 2W ~ 17.82 + 1.09 


3.3 in 


10-6 AREAS AND VOLUMES—CENTROID METHOD 

Since the center of gravity of an area or a body is the point at which the 
area or mass of the body may be assumed to be concentrated, it can be 
said that the distance through which an area or a body moves is the same 
as the distance described by its center of gravity. This relation is used in 
finding areas and volumes. 

Thus, a line moving parallel to its original position is said to generate 
an area that is equal to the length of the line multiplied by the distance 
through which its centroid moves. That is, area is equal to length times 
width. 

Also, an area moving parallel to its original position is said to develop 
the volume of a prism that is equal to the area multiplied by the distance 
through which the centroid moves. That is, a volume is equal to the area 
of tF ’ base times the altitude. 

Similarly, a line rotating about one end will develop the area of a 
circle. A right triangle rotating about either leg will develop the volume 
of a cone. In each case, a line or an area moves through a distance equal 
to the length of a path described by the centroid of either the line or the 
area. Many determinations of areas or volumes are simplified by the use 
of this method. 
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n • 

y| FIGURE 10-17 Diagram for Sample Problem 8. 


Sample Problem 8 Find the volume of a vertical cylinder by the method 
of revolving an area (Fig. 10-17). 

Solution: The vertical section of the cylinder is a rectangle. It may be 
seen that the volume of this cylinder can be developed by revolving a 
rectangle about a vertical edge YY. 

-^rectangle — bh 

where b = radius of cylinder 

h — height of cylinder 

The distance from edge YY to the centroid is 3c = b/ 2. In one 
revolution, the centroid moves a distance 

b 

l — 2 tt- = nb 

Then, ^cylinder rectangle (J) bh(7rb) Tfb ll 

This result is the same as that for volume determined by the ordinary 
methods, where 7 rb 2 is the area of the base and h is the altitude. 


10-7 MOMENT OF INERTIA 

In determining the strength of members which are loaded in bending, 
such as beams, a term appears in the strength equations, which is called 
the moment of inertia. It is necessary to have an understanding of the 
moment of inertia of an area before these members can be analyzed. 

Figure 10-18 indicates a rectangle ABCD, with an axis parallel to the 
base, passing through the centroid. The figure is divided into a number 
of small rectangles, as shown. The areas are represented by a with a 
subscript. The distance from the axis XX to the centroid of each rectangle 
is represented by y with a subscript corresponding to the area. Thus, for 
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A 


A 



D 


a 3 


02 

Oj 



B 


_ 1 

L ^2 


yl 


c 


T 

y 3 


i 


x 


FIGURE 10-18 Determining the 
moment of inertia. 


area a lf there is a moment arm),, etc. If each area is multiplied by the 
square of its moment arm and the sum of all such terms taken, because 
the number of small areas into which the rectangle ABCD is divided 
becomes very great, the result is called the moment of inertia I x of the 
rectangle about the centroidal axis XX. Thus, 


n 

i x = '2, a iyi 2 ( 10 - 6 ) 

i=l 

The derivation of formulas for I x is a problem of calculus and is 
beyond the scope of this text. Fortunately, the areas involved in engi¬ 
neering problems are often rectangles, triangles, circles, or a combination 
of one or more of these figures. Thus, computation of moment of inertia 
is not always a difficult problem. 

The formulas for centroidal moments of inertia for some common 
areas (Table 10-2) have been developed from the calculus. 

Sample Problem 9 For the rectangle shown in Fig. 10-19, find the 
moment of inertia about its centroidal axes. 


Solution: The dimension parallel to the axis is b, and h is the dimension 
perpendicular to the axis 


/ 


X 


I 


X 


h 


bh 3 


12 
6 ( 10) 3 

12 

bh 3 


b = 6 in 


= 500 in 


:„4 


12 
10 ( 6) 3 


b = 10 in 


= 180 in 4 


A = 10 in 


h = 6 in 


12 
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% 


TABLE 10-2 CENTROIDAL MOMENTS OF INERTIA FOR SIMPLE AREAS 


Shape 

Moment of Inertia 


Rectangle 

bh 3 

x ~ 12 

X - 


i 

-X h 

_L 

Trjangle 

bh 3 
x ~ 36 

.JA«| 

Circle 

<X> 

II 

s 

'til' 

Semicircle 

! I x = O.llr 4 

i 7rd 4 

“ - 128 



Quadrant 

I x = 0.055 r 4 

X .425r 

—/-—i 



FIGURE 10-19 


Diagram for Sample Problem 9. 


Moments of inertia are expressed in inches to the fourth power or 
meters to the fourth power, units which have no apparent physical 
significance. 

The results of this problem show that the moment of inertia of this 
rectangle is greater about the axis XX than about axis YY. The moment 
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of inertia is then seen to depend on the arrangement of the area with 
reference to the axis. 

*Sample Problem 10 Find the moment of inertia of the triangle (shown 
in Fig. 10-20) with reference to centroidal axis XX. 



FIGURE 10-20 Diagram for Sample 
Problem 10. 


Solution: 

bh z , 

I x = — b = 200 mm h = 150 mm 
36 

I x = (2()() { ( - 1 - : -— = 18.8(10 6 ) mm 4 = 18.8(10- 6 ) m 4 
36 

Sample Problem 11 Find the moment of inertia for an 8-in-diameter 
circle about any centroidal axis. 

Solution: 


/* = 


/* = 


7T(l 4 

64~ 
tt(8) 4 
64 


d = 8 in 


= 201 in 4 


Note that the circle is symmetrical about any centroidal axis. 

^Sample Problem 12 Find the moment of inertia of the semicircle, 
indicated in Fig. 10-21, about the horizontal and vertical centroidal axes. 



X 


X 


FIGURE 10-21 Diagram for Sample 
Problem 12. 
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Solution: 


I x =0.1 lr 4 = 0.11(75) 4 = 3.48(10 6 ) mm 4 = 3.48(10~ 6 ) m 4 

/„ =-= -*- L = 12.4(10 6 ) mm 4 = 12.4(10- 6 ) m 4 

y 128 128 v ' 

10-8 TRANSFER FORMULA 

It is often desirable to obtain the moment of inertia of an area about 
some axis parallel to a centroidal axis, but not passing through the 
centroid of the area. This can be accomplished by calculating the moment 
of inertia about the gravity axis of the figure and adding to this value the 
product of the area of the figure and the square of the distance between 
the gravity axis and the other axis. Referring to Fig. 10-22, 

Ia-a = Ix + Ad 2 (10-7) 

Equation (10-7) is referred to as the transfer formula. Transfer may 
be made only between parallel axes. 





X 


c 

; 

i 


d 

FIGURE 10-22 Transfer of 
moment of inertia. 


6 ” 





X 


X 


FIGURE 10-23 Diagram for 
Sample Problem 13. 


Sample Problem 13 Find the moment of inertia of a 6- by 10-in rectangle 
about its 6-in base (Fig. 10-23). 


Solution: Let XX be a gravity axis parallel to the base. 

M 3 6(10) 3 „ 

I x = — - ——— = 500 in 4 

12 12 

d = 5 in (the perpendicular distance between the axes) 


Then, by Eq. (10-7), 


l a - a =I x +AeP = 500 + 60(5) 2 = 2000 in 4 







CENTER OF GRAVITY, CENTROIDS, AND MOMENT OF INERTIA 223 


10-9 MOMENTS OF INERTIA OF COMPOSITE AREAS 

The transfer principle discussed above can now be used to determine the 
moment of inertia of a composite area; that is, an area which can be 
broken into simple areas. The T section shown in Fig. 10-24 is such an 
area. 



FIGURE 10-24 Composite area. 


To calculate the moment of inertia of this area about its horizontal 
and vertical gravity axes, the centroid must be located. The composite 
section can be divided into two rectangles which will be identified by 1 
and 2. Because of the symmetry of the figure, it can be seen that 

3c = 3 in (from left edge) 


Calculating)), 


y = 


XAy (12)(5) + (8)(2) 60 + 16 76 


2A 


12 + 8 


20 


= — = 3.80 in (from base) 


The moment of inertia of this area about a gravity axis will be found 
by computing the moment of inertia of each rectangle about its own 
centroidal axis, transferring the moment of inertia of each rectangle to 
the parallel gravity axis of the entire figure, and then summing the 
transformed moments of inertia. 

Moment of inertia about horizontal gravity axis XX: 


For Area 1: 


Cr.l — A + Aid 2 
bh 3 6(2) 3 

1 ~~ 12 ~~ 12 


4 in 


4 
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For Area 2: 


I x>i — 4 + 12(1.2) 2 = 4 + 12(1.44) 
— 4 + 17.28 = 21.28 in 4 


1 x,2 ~ 

4 = 
4,2 = 


4 + A 2 (P 

2(4) 3 „ 

= = 10.67 m 

10.67 + 8(1.8) 2 = 10.67 + 8(3.24) 

10.67 + 25.92 = 36.59 in 4 

4,i +4,2 = 21.28 + 36.59 = 57.87 in 4 


Moment of inertia about vertical gravity axis YY\ 


For Area 1: 


4,i = 


4,i = 


4 + A l( P 

btf 2(6 ) 3 

12 ~ 12 
36 + 12(0) 2 


= 36 in 4 


= 36 + 0 = 36 in 4 


For Area 2: 


/ 2 + A 2 d? 
bh 3 4(2) ; 


= 2.67 in 4 


4,2 


12 12 

2.67 + 8(0) 2 = 2.67 + 0 = 
4,i + 4,2 = 36.00 + 2.67 


2.67 in 4 
= 38.67 in 4 


The calculations performed above can be systematized through use 
of the following tabular form. 


4: 


4 : 


Area 

/ 

A 

d 

d 2 

Ad 2 

/ + Ad 2 

1 

4 

12 

1.2 

1.44 

17.28 

21.28 

2 

10.67 

8 

1.8 

3.24 

25.92 

36.59 


I r = 57.87 in 4 


Area 


36 

2.67 


Ad 2 


I + AcP 

36 

2.67 

4 = 38.67 in 4 
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In the preceding problem, it can be seen that the vertical gravity axis of 
the entire figure coincides with the vertical centroidal axis of each rec¬ 
tangle. T he transfer distance is therefore zero. 

^Sample Problem 14 Determine the moment of inertia of the area 
shown in Fig. 10-25: 

(a) About the vertical gravity axis YY 

(b) About a horizontal axis a-a 50 mm below the base 



FIGURE 10-25 Diagram for Sample 
Problem 14a. 


In calculating the moment of inertia of an area that has holes or 
cutouts in it, treat the areas and moments of inertia of these holes and 
cutouts as negative values. 


Solution a: From Sample Problem 4, x = 89.8 mm from the left edge. 
About vertical axes, 


bh 3 _ 125(175) 3 

12 ~ 12 


55.83(10 6 ) mm 4 


h = -0.055r 4 = -0.055(50) 4 = -0.34(10 6 ) mm 4 


I 


3 



—7t(75) 4 
64 


1.55(10 6 ) mm 4 


Area 

/ 

A 

d 

d 2 

Ad 2 

I + Ad 2 

1 

55.83( 10 6 ) 

21 880 

2.3 

5.29 

0.12( 10 6 ) 

55.95(10 6 ) 

2 

—0.34( 10 6 ) 

-1 963 

64 

4 096 

— 8.04(10 6 ) 

— 8.38(10 6 ) 

3 

—1.55(10 6 ) 

-4418 

39.8 

1 584 

-7.00( 10 6 ) 

— 8.55(10 6 ) 






ly 

= 39.02(10 6 ) mm 4 






say, / y 

= 39(10 6 ) mm 4 
= 39(10" 6 ) m 4 
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Solution b: About axis aa, from Fig. 10-26. 



FIGURE 10-26 Diagram for Sample 
Problem 14b. 


28.48(10 6 ) mm 4 


I 2 = -0.055r 4 = —0.055(50) 4 = -0.34(10 6 ) mm 


h = 


-ml 4 -7t(75)' 


64 


64 


- —1.55(10 6 ) mm' 


Area I A 

d 

d? 

Ad 2 

I + Ad 2 

1 28.48(10®) 21 880 

112.5 

12 660 

277(10®) 

305.48(10®) 

2 -0.34(10®) -1963 

153.8 

23 650 

-46.42(10®) 

-46.76(10®) 

3 -1.55(10®) -4 418 

125 

15 620 

-69.01(10®) 

-70.56(10®) 




la-a 

= 188.16(10®) mm 4 




say, I a -a 

= 188(10®) mm 4 





= 188(10'®) m 4 


PROBLEMS 


10-1. Locate the centroid of the T section in Fig. Prob. 10-1 from 
point 0. 



3 


n 


* 



> 



u 


FIGURE PROBLEM 10-1 and 10-21 
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FIGURE PROBLEM 10-2 FIGURE PROBLEM 10-3 


10-2. Locate the centroid of Fig. Prob. 10-2. 

*10-3. Locate the centroid of Fig. Prob. 10-3 with reference to axes 
through the lower left-hand corner of the figure. 

10-4. Three unfinished planks are nailed to an unfinished plank, as 
shown in Fig. Prob. 10-4. How far is the center of gravity above 
the base? 



FIGURE PROBLEM 10-4 FIGURE PROBLEM 10-5 

and 10-23 


10-5. In Fig. Prob. 10-5, ,45 = 16 ft, BC = 6 ft, AD = 12 ft. Find the 
coordinates of the centroid, using D as a reference point. 

*10-6. Find the centroid of the area shown in Fig. Prob. 10-6. 

10-7. Locate the centroid of the channel shown in Fig. Prob. 10-7. 
10-8. Find the centroid of each of three angle irons having the following 
dimensions, respectively: 4 by 3 by i; 6 by 6 by f; 8 by 6 by 1. 
Verify the results from App. B, Tables 7 and 8. 

*10-9. Find the center of gravity of the piece of sheet iron shown in Fig. 
Prob. 10-9. 

10-10. Find the center of gravity of a plate 150 by 250 mm from which 
two circular holes have been cut, as shown in Fig. Prob. 10-10. 
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c 



FIGURE PROBLEM 10-9 FIGURE PROBLEM 10-10 and 10-30 



FIGURE PROBLEM 10-11 and 10-28 


10-11. Find the centroid of the section of a bridge member made of two 
18- by |-in web plates, a 20- by f-in top plate, two top angles 4 
by 3 by | in, and two bottom angles 4 by 4 by | in (Fig. Prob. 
10 - 11 ). 

10-12. A 6-in cube of wood weighing 40 lb/ft 3 has a 1-in-diameter hole 
drilled through it parallel to one edge. The long axis of the hole 
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is 2 in from the upper surface and 2 in from the left side of the 
cube. 

a. Locate the centroid. 

b. If this hole is filled with lead weighing 710 lb/ft 3 , where is 
the centroid? 

*10-13. In Fig. Prob. 10-13, the dam has a mass of 450 kg and F = 

3.6 kN. If AB — 4.8 m, BC = 1.8 m, and AD — 4.8 m, find the 
maximum height above A where the force F may be applied 
without overturning the dam about point D. (Note: W acts at the 
centroid of ABCD.) 



FIGURE PROBLEM 10-13 


10-14. A dam stands 12 ft high. It is 4 ft wide at the top and 10 ft wide 
at the base. The upstream face is vertical. The coefficient of 
f riction between the dam and its foundation is 0.6. What are the 
factors of safety against sliding and overturning when the water 
has reached the top of the dam? The dam is made of concrete 
(density = 150 lb/ft 3 ). 

*10-15. Find the volume of a cone by the method of revolving a right 

triangle with a 75-mm base and 100-mm altitude about the 
vertical edge. 

10-16. Find the volume of a sphere by revolving a semicircle about a 
diameter. 

10-17. Find the volume of the rim of a flywheel 6 ft in diameter if the 
rim is 12 in wide and 8 in thick. 

*10-18. Find the moment of inertia about the horizontal and vertical 

gravity axes of the following rectangles: 

a. 100 by 250 mm 

b. 200 by 300 mm 

c. 250 by 250 mm 

10-19. Find the moment of inertia about the horizontal and vertical 
centroidal axes for the following figures: 

a. Right triangle with horizontal base of 5 in and altitude of 
7 in 
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10 - 20 . 


10 - 21 . 

* 10 - 22 . 

10-23. 

10-24. 

10-25. 


10-26. 


b. 3i-in-diameter circle 

c. lf-in-radius semicircle with horizontal base 

d. lf-in-radius quadrant (90° segment) with one side horizontal 
Find / about the gravity axis parallel to the base of the area 
shown in Fig. Prob. 10-20. 



6 " 


FIGURE PROBLEM 10-20 


Find the moments of inertia with respect to both principal axes 
(Fig. Prob. 10-21, page 226). 

In Fig. 10-8, p. 210, find the moment of inertia with respect to the 
horizontal gravity axis and also with respect to the left edge of 
the figure. 

What are the moments of inertia with respect to the principal 
axes in Fig. Prob. 10-23, page 227? 

Find I x and I y for each of two angle irons, 4 by 4 by i in and 4 
by 3 by ^ in. Compare results with the values given in App. B, 
Tables 7 and 8. 

Find I x and l y for a girder made with four 7- by 4- by f-in angles 
and one 12- by f-in web plate (Fig. Prob. 10-25). 


Y 




X 


c 


7 


X 




FIGURE PROBLEM 10-25 and 10-26 


Find I x and I y for a girder built up of four 5- by 3|- by i-in angles 
and a 10- by ?-in web plate (Fig. Prob. 10-26). 
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7" 



10-27. What is the moment of inertia with respect to the horizontal 
gravity axis of the column section shown in Fig. Prob. 10-27? 
The area of a Z bar is 8.63 in 2 , and the moment of inertia of a 
Z bar with respect to its gravity axis parallel to the shorter leg is 

42.12 in 4 . 

10-28. Find the moment of inertia of the section shown in Fig. Prob. 

10-28 (page 228) with respect to both principal axes. 

10-29. A box girder is shown in Fig. Prob. 10-29. What is the moment 
of inertia with respect to the horizontal gravity axis if the bolt 
holes are deducted? Bolts are located in the center of the angle 
legs. 



10-30. Find the moment of inertia about the horizontal and vertical 
gravity axes for the plate shown in Fig. Prob. 10-30 (page 228). 








CHAPTER 



Beams—Shear Forces 
and Bending Momenrs 


11-1 TYPES OF BEAMS 

A beam is a member which resists transverse loads and forces by bending 
elastically. The beams discussed in this study will be confined to those 
which meet the following limitations. 

1. All forces acting on the beam lie in the same plane; this 
(longitudinal) plane passes through the centroids of all the cross 
sections of the beam. 

2. The elastic limit of the beam material is not exceeded. 

3. The cross section of the beam is uniform in size and shape for 
the entire length. 

4. The beam is thick enough to prevent localized buckling or 
wrinkling. 

5. Vibration, shock, and impact loading do not occur. 

Beams may be generally categorized as either statically determinate 
or statically indeterminate. A statically determinate beam is one whose 
unknown forces or moments can be evaluated by applying the conditions 
for static equilibrium, Eqs. (11-1). 

2F X = 0 2F U = 0 2M= 0 (11-1) 

Common beams of this type are shown in Fig. 11-1. Among these are a 
simply supported beam (Fig. 11-la), an overhanging beam (Fig. 11-1 b), and a 
cantilever beam (Fig. 11-lc). The loads, whether concentrated ( F ) or uni¬ 
formly distributed (W), are assumed to be known, while the reactions ( R ) 
of the supports and the wall moment (M) are unknown. This chapter 
deals only with statically determinate beams. 
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Fi 



FIGURE 11-1 Common statically 
determinate beams: (a) simply 
supported beam, and R 2 unknown; 
(b) overhanging beam, R t and R 2 
unknown; (c) cantilever beam,/? and M 
unknown. 


The unknown forces acting on statically indeterminate beams cannot 
be found by Eqs. (11-1) only. Special procedures are used to solve 
problems of this type. Chapter 16 deals with statically indeterminate 
beams. 

11-2 BEAM THEORY 

Let Fig. 11-2 represent a simply supported beam carrying a load F at its 
center. The load produces a bending in the beam at all points. Any sec¬ 
tions such as AB and CD are rotated into new positions by the bending of 
the beam. The length BD is shortened or compressed, and length AC is 
lengthened or stretched. The resistance offered to this shortening and 
lengthening of the fibers is called internal fiber stress or simply stress. The 
upper fibers are in compression and the lower ones in tension. 

It was shown in Chap. 8 that the deformation of a body, if within the 
elastic limit, is proportional to the applied force. The diagram shows that 
the maximum internal stresses occur at the outer fibers AC and BD, for 
the deformation is greatest at these points and decreases to zero at the 
center G or//. 

Axes GG and HH (Fig. 11-3) are called the neutral axes of the sections, 
or axes of zero stress. The neutral axis of a section of a beam passes through 
the centroid of the section. 
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B 


D 




G 


H 








A a c A 






FIGURE 11-2 Simply supported beam: (a) before load is applied. 
(b) after load is applied. 


B B 


D D 



G 



FIGURE 11-3 Cross sections of 
beam in Fig. 11-2. 


In addition to the bending of a beam, there is a tendency of one 
section of a beam to slip past the adjacent section. This tendency is called 
shear, and the shear forces must be resisted by the fibers of the beam. 
Shearing forces are parallel to the plane of the section (Fig. 11-4). 

Figure 11-5 shows the beam at section AB. The fibers resisting 
bending above the neutral axis G are subjected to compression forces, 
and those below G are subjected to tension forces. The compressive and 
tensile forces due to bending are indicated. Note that these forces increase 
as the distance from the neutral axis G increases. Consequently, we usually 
expect the most severe stresses to occur at the extreme fibers. The vertical 
shear force V at section AB is also shown. In Fig. 11-6 the same situation 
is represented, except that the compressive forces above the neutral axis 
(between B and G in Fig. 11-5) are replaced by their resultant C and, 



FIGURE 11-4 Shear forces in simply supported beam. 
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J. 


Compression 


< G 




Tension 


FIGURE 11-5 Shear and bending 
forces at a beam section. 



\ 


V 


c 

T 


FIGURE 11-6 Shear and resultant 
bending forces at a beam section. 


similarly, the tensile forces are replaced by resultant T. For the portion 
of the beam shown in Fig. 11-6, the only horizontal forces acting are C 
and T. Applying the condition for equilibrium that %F X = 0, it is evident 
that T — C in magnitude although their directions are opposite. These 
equal, opposite, parallel forces form a couple, the effect of which is to 
produce a resisting moment. This moment must be equal and opposite 
(direction of rotation) to the moment produced by external forces acting 
on the left portion of the beam so that the condition XM = 0 is satisfied. 
The reaction R t at the left support is the only external force which 
produces a moment in Fig. 11-6 (the weight of the beam has been 
neglected). Its moment arm is the horizontal distance from the support 
to section AB. 

It is customary to use the portion of the beam to the left of a section 
in solving problems. This practice will be followed in almost all cases. 

For problems with statically determinate beams, it is usual to first 
calculate the unknown reactions. Types of loading which are symmetrically 
placed on simply supported beams enable the reactions to be determined 
by inspection. In Fig. 11-7, a simply supported beam with a concentrated 
load F at the center of the span is shown. Neglecting the weight of the 
beam, apply the condition %F y — 0. It is seen that R t + R r — F = 0, and 
since the load F is centrally located on the beam, then each reaction equals 
half the load, or R t = F/2 and R r = F/2. A similar analysis applies to the 
beam in Fig. 11-8 which carries a uniformly distributed load whose total 
weight is W . Again it is found that each reaction equals half the load, or 
Ri = W/2 and R r = W /2. Uniform loads are often specified by the load 
they apply either per linear foot or per linear meter of beam. The symbol 


J-- Span = L-“J 

R t R r 

FIGURE 11-7 Simply supported 
beam with load at mid-span. 


w lb/ft or w N/m 




/?, 


FIGURE 11-8 Simply supported 
beam with uniformly distributed load. 
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FIGURE 11-9 Cantilever beam with 
load at free end. 


w lb/ft or w N/m 


1 




n«pipn| 



FIGURE 11-10 Cantilever beam 
with uniformly distributed load. 


w will be used for this purpose. In the U.S. customary system, w will be in 
terms of pounds per foot; in the SI metric system, w will be in terms of 
newtons per meter. Note that the total uniform load (IT) equals the weight 
per foot (tc) times the length of the load. For the load in Fig. 11-8, the 
length of the load equals the span length (L) of the beam; thus, W = wL. 

For cantilever beams with vertical loading only, the unknown reaction 
R may be evaluated by applying the condition XT*, = 0. The beam shown 
in Fig. 11-9 is a cantilever with a concentrated load F at the unsupported 
end. The wall must provide a force (reaction) R to counteract the load 
F so that l,Fy = 0 is satisfied. Therefore, R — F = 0, or R = F. Similarly, 
the cantilever beam in Fig. 11-10, carrying a uniform load W = wL, has 
a wall reaction R which balances the total load W. Thus, R — W = 0$ or 
R = W. The weight of the beam has been neglected in both of the 
previous cases. 

The unknown moment M at the wall for a cantilever beam may be 
calculated from XM = 0. Since there can be no unbalanced moment in 
static equilibrium, the moment due to the load on the beam must be 
counteracted by M at the wall. The moment arm of the load is always 
measured to the wall for this calculation. For the beam in Fig. 11-9, 
M = FL = 0, or M = FL. For the purpose of taking moments, the total 
weight of a uniform load is considered to act at the center of the load. 
Then, for the beam in Fig. 11-10, M — W(L/2) = 0, or M = W{L/ 2). 

Sample Problem 1 Calculate the reactions for a simply supported beam 
with a 12-ft span which carries a concentrated load of 8000 lb placed 3 
ft from the left support, if: 

(a) The weight of the beam is neglected 

(b) The beam weighs 50 lb/ft 

Solution a: A sketch of the beam showing the loading and the reactions 
should be drawn as in Fig. 11-11. 

To ensure static equilibrum, Eqs. (11-1) must be satisfied. Since there 
are no horizontal forces nor forces with horizontal components, the 
condition XF x = 0 is satisfied, but it gives no usef ul equation to help solve 
for the unknowns. The other conditions for equilibrium are X/q, = 0 and 










BEAMS—SHEAR FORCES AND BENDING MOMENTS 237 


F = 8000 lb 
3' —H-9' 




iwwwnwiw 


N 


R 


i 



R. 


FIGURE 11-11 Diagram for Sample 
Problem la. 


%M — 0. Each gives a usef ul equation which enables the solution of the 
unknowns R t and R r . 

= 0 

Up forces will be considered positive and down forces negative. 



R t + R r - F = 0 
Ri+R r = 8000 


This relation states that there can be no unbalanced moment about 
any axis of rotation. Hence, any point on or off the beam may be selected 
as an axis about which to take moments. The usual procedure, however, 
is to select an axis so that one (or more) of the unknowns is eliminated. 
Such an axis would be located on the line of action of one of the unknown 
reactions, since, if its line of action passes through the axis of rotation, 
the reaction will have a zero moment arm and thus a zero moment. Point 
N in Fig. 11-11 represents an axis passing through the centroid of the 
right end section of the beam in a direction perpendicular to the plane 
of the paper. Reaction R r will have no moment about axis N. The common 
notation for this is 2M r = 0; i.e., the sum of moments about R r (actually 
axis N ) is zero. Clockwise moments will be called positive, while counter¬ 
clockwise moments will be taken as negative. 


lM r = 0 


fl,(12) - 8000(9) = 0 

„ 8000(9) „ 

Ri = 12 v ; = 6000 lb 

Substituting this value in the equation from X F y = 0 gives 


6000 + R r = 8000 

R r = 2000 lb 


Note that the load F is supported by each reaction in proportion to the 
distance of F from the other reaction. The load is 3 ft from the left end 
of the 12-ft span; thus, R r = & F = 3(8000)/12 - 2000 lb. F is 9 ft from 








238 STATICS AND STRENGTH OF MATERIALS 



R 


i 



FIGURE 11-12 Diagram for Sample 
Problem 1b. 


the right end; thus, R t = fk F = 9(8000)/12 = 6000 lb. This method of 
division of loading between the reactions is called the lever rule. 


Solution b: Figure 11-12 shows the beam with the loading and reactions. 
The weight of the beam is treated as a uniformly distributed load of w 
= 50 lb/ft. The total weight of the beam is W = wL — 50(12) = 600 lb. 
The procedure is similar to part a of this problem. 


'ZFy = 0 


lM r = 0 


/? i +/? r -T-lF = 0 
Rt+R r = 8000 + 600 
R t +R r = 8600 


R t ( 12) - 8000(9) - 600(6) - 0 

8000(9) + 600(6) 72 000 + 3600 


R, = 


75 600 
12 


12 

= 6300 lb 


12 


Substituting, 6300 + R r = 8600 

R r = 2300 lb 

Comparison of these results with those of part a indicates that the 
effect of the uniform load is divided equally between R t and R r . 


^Sample Problem 2 A 6-m-long beam is supported 0.5 m from the right 
end and 1.5 m from the left end. The beam carries a concentrated load 
of 4.5 kN at the left end of the beam and a uniform load of 3000 N/m 
extending from the left support to the right end of the beam. Calculate 
the reactions at the supports. Neglect the weight of the beam. 

Solution: Sketch the beam as in Fig. 11-13. 


W = 3000(4.5) = 13 500 N = 13.5 kN 










BEAMS—SHEAR FORCES AND BENDING MOMENTS 239 


F = 4.5 kN 



/?, R r 

FIGURE 11-13 Diagram for Sample Problem 2. 


SF* - 0 

Rt+Rr-F -W = 0 
R t +R r - 4.5 - 13.5 =0 

Ri + i? r = 18 

£M r = 0 

tf,(4) - 4.5(5.5) - 13.5(1.75) -0 

4 R, = 24.75 + 23.62 = 48.37 
R t = 12.1 kN 

Substituting, 12.1 + i? r = 18 

R r = 5.9 kN 


11-3 SHEAR-FORCE DIAGRAM 

It was indicated in Sec. 11-2 that a vertical force exists at a given section 
in a beam. It is useful to know what shear force a beam must resist at every 
section. The shear force at any section of a beam is the algebraic sum of 
all vertical forces acting on the beam to the left of that section. This infor¬ 
mation is conveniently represented in a shear-force diagram which is 
drawn in projection with the sketch of the beam it represents. The shear- 
force diagram is a plot of the net external shearing forces which act at each 
beam cross section. These forces are caused by the loading on the beam. 
The fibers of the beam material must resist these forces to maintain static 
equilibrium. 

Several examples will demonstrate the procedure for obtaining a 
shear-force diagram. In these examples, the shear force is calculated at 
sections 1 ft apart (0.5 m apart when using metric units), starting from 
the left end. External up forces are considered positive, and external 
down forces are considered negative. All reaction forces must be known 
before sketching the shear diagram. 

Sample Problem 3 Find the shear forces on a simply supported beam, 
10 ft long, due to a concentrated load of 1000 lb at the center of the span. 
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+ 500 lb 
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-500 lb 







0 


FIGURE 11-14 (a) Beam diagram for 
Sample Problem 3. (b) Shear-force 
diagram. 


Neglect the weight of the beam. Sketch the shear-force diagram for this 
beam. 

Solution: From the beam shown in Fig. 11-14a it is apparent that the 
reactions are 500 lb each due to the symmetrical loading. 

At the left end of the beam the only force acting is the reaction (500 
lb up); therefore, the net shear force at the left end (actually, just slightly 
in from the end) is Vi — +500 lb. At a point 1 ft in from the reaction no 
new forces are encountered; thus V , = +500 lb. As we move from left 
to right along the beam and examine the net shear force at every foot, 
we find that 


F 2 = +500 lb 
f/ 3 = +500 lb 
f/ 4 = +500 lb 

At a section just to the left of the center (say at 4.99 ft from the left end), 
no new load has been encountered; thus V 5 = +500 lb. However, at the 
center of the beam a down load of 1000 lb appears. The net shear force 
is now V$ = +500 — 1000 = —500 lb. No new loads are encountered for 
the remainder of the beam until the right reaction is reached; therefore, 

T 6 - -500 1b 
V 7 = -500 1b 
T 8 = -5001b 
T 9 = -500 lb 

Just before reaching the right reaction, the shear force is V r = -500 lb. 
When the reaction is reached, the net shear force becomes V' r = —500 + 
500 = 0 lb. 

These shear forces may be plotted (to a suitable scale) in projection 
with the beam. Such a plot is called the shear-force diagram , as shown in 
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Fig. 11-146. Establish a horizontal line 00 whose length is the same as the 
beam. Plot values of shear force V at the location along line 00 
corresponding to the beam section where V acts. Plot positive V values 
above line 00 and negative values below line 00. Connect the plotted 
points with straight lines. The resulting diagram gives the net shear force 
at all sections across the beam. 

The shear diagram shows a constant value of shear force between 
the left end of the beam and the concentrated load. Therefore, it is un¬ 
necessary to calculate shear forces for intermediate sections if no new 
forces are present in this range. 

^Sample Problem 4 Determine the shear diagram for a simply sup¬ 
ported beam, 5 m long, carrying a uniformly distributed load of 1400 
N/m, including its own weight. 

Solution: The total load is 1400 N/m x 5 m = 7000 N. Each reaction 
is one-half the total load, or 3500 N. Therefore, V 0 = 3500 N. Between 
the 0.5-m section and the left end of the beam there are 700 N of load. 
Hence, P 0 .5 = 3500 — 700 = 2800 N. The forces to the left of the 1-m 
section are 3500 N up and 1400 N of load down. 

Vi = 3500 - 1400 =2100 N 

Similarly, V lmS = 1400 N 

T 2 = 700 N 

^2.5 - 0 
V 3 = -700 N 
E 3 .5 = -1400 N 
V 4 = -2100 N 
V 4 . 5 = -2800 N 
V 5 = -3500 N 

These values are plotted in projection with the beam, as shown in Fig. 
11-15. 


iv = 1400 N/m 




5 m 


(a) ■ R t = 3500 N R r = 3500 N 



FIGURE 11-15 (a) Beam diagram for 
Sample Problem 4. ( b) Shear-force 
diagram. 
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A uniform load on a beam results in a sloped straight line on the 
shear diagram. To construct the shear-force diagram in this problem, it 
is necessary only to calculate and plot the shear forces at each end of the 
uniform load V 0 and V h and to join these with a straight line. 

^Sample Problem 5 Determine the shear diagram for a cantilever beam, 
3 m long, with a concentrated load of 70 kN at the free end. Neglect the 
weight of the beam. 

Solution: Cantilever beams should always be sketched with the free end 
at the left so that the signs ( + or -) given to forces and moments remain 
consistent. 

At the left end of the beam, the shear force is 70 kN down due to 
the concentrated load. No other forces are encountered until the fixed 
end of the beam, where a reaction of R = 70 kN (up) must occur to 
ensure that XF y = 0. Thus, the shear diagram can be sketched (Fig. 
11-16) without intermediate calculations at other sections. 



0 


0 


-70 kN 


(b) 

FIGURE 11-16 (a) Beam diagram 
for Sample Problem 5. (b) Shear- 
force diagram. 



FIGURE 11-17 (a) Beam diagram 
for Sample Problem 6. (b) Shear- 
force diagram. 


^Sample Problem 6 Using the same cantilever beam as in Sample Prob¬ 
lem 5 and replacing the concentrated load with a uniform load of 3000 
N/m, determine the shear diagram. 

Solution: W — 3000 N/m x 3 m = 9000 N = 9 kN. The shear diagram 
for this beam is shown in Fig. 11-17. 

Sample Problem 7 Determine the shear-force diagram for the over¬ 
hanging beam shown in Fig. 11-18. The beam weighs 35 lb/ft. 
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w = 35 Ib/ft 

R t R r 

FIGURE 11-18 Beam diagram for Sample Problem 7. 

Solution: Reactions Ri and R r must be determined before the shear 
diagram can be sketched. 

= 0 

R ( + R r - 3000 - 2000 - 4000 - 100(22) - 35(25) = 0 
R t + R r = 12 075 lb 

£M r = 0 

Ri( 22) - 3000(25) - 2000(15) - 4000(11) 

- 100(22)( 11) - 35(25)( 12.5) = 0 

75 000 + 30 000 +44 000 +24 200 + 10 940 184 140 

Ri — — 

22 22 

= 8370 lb 

R r = 12 075 - 8370 = 3705 lb 

Start the shear diagram from the left end of the beam. 

At the left end of the beam there is a down force of 3000 lb. The 
3-ft section between the left end and R t has a uniform load of 35 lb/ft 
due to thp weight of the beam. 

V 3 = -[3000 + 35(3)] = -[3000 + 105] = -3105 lb (down) 

The reaction force, Ri = 8370 lb, acts up. 

V' 3 = 8370 - 3105 = 5265 1b (up) 

The 7-ft section between Ri and the 2000-lb concentrated load has 
a uniform load of 135 lb/ft. 

V w = 5265 - 135(7) = 5265 - 945 = 4320 lb (up) 

The effect of the 2000-lb load is considered next. 



VYo = 4320 - 2000 = 2320 lb (up) 
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(a) 



35 Ib/ft 


R r = 3705 lb 


(. b) 



0 


-3705 lb 


FIGURE 11-19 (a) Beam diagram for Sample Problem 7. ( b) Shear- 
force diagram. 


The next 4-ft section has a uniform load of 135 lb/ft. 

V l4 = 2320 - 135(4) = 2320 - 540 = 1780 lb (up) 

The 4000-lb concentrated load will cause the net shear force to 
become negative. 


V !4 - 1780 - 4000 = -2220 lb (down) 

The remaining 11-ft section increases the net down force by 135 
lb/ft. 


F 25 = -2220 - (135)11 = -2220 - 1485 = -37051b (down) 

But the right reaction R r = 3705 lb (up); thus the shear diagram 
returns to zero. 

The shear diagram for this beam is shown in Fig. 11-19. 

11-4 MOMENT DIAGRAM 

In order that the designer may select a beam to carry a given load, he 
must know how the bending moment changes at sections from one end 
to the beam of the other. For this purpose, the bending moment is 
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calculated about axes through sections 1 ft apart (0.5 m apart when using 
metric units) and is plotted just as in the case of shear. The figure thus 
obtained is called the bending-moment diagram. Bending-moment diagrams 
are also used in determining the patterns of deflection in beams. The 
bending moment at any section of the beam is the algebraic sum of the 
moments due to forces acting to the left of that section. The bending- 
moment diagram is a plot of the net external moments which act at each 
beam cross section. These external moments, which are caused by external 
forces, must be resisted by the beam material to maintain equilibrium. As 
a result of resisting these moments, the beam material is stressed and 
bending occurs. For purposes of calculation, external clockwise moments 
are taken as positive, while external counterclockwise moments are considered 
negative. 

Sample Problem 8 Determine the bending-moment diagram for a 
simply supported beam, 10 ft long, with a concentrated load of 1000 lb 
at the center of the span. Neglect the weight of the beam. Note: Refer to 
Sample Problem 3 and Fig 11-14. Also, refer to Fig. 11-20. 

Solution: Calculate the bending moment at sections 1 ft apart along the 
length of the beam, starting from the left end. 

At the left end of this beam the only external effect is the 500-lb 
reaction. The line of action of this force passes through the end section. 
Therefore, this force produces no moment at the end section. M 0 = 0. 


1000 lb 



(a) ■ R / = 500 lb R r = 500 lb 



□ 





+ 500 

6 ; 

lb 

7 8 9 10 

01 

2 3 4 

-500 

5 

lb 





] 


0 



FIGURE 11-20 (a) Beam diagram for 
Sample Problem 8. ( b ) Shear-force 
diagram. ( c ) Moment diagram. 
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To calculate the moment about an axis through the section 1 ft from the 
left end, all external effects to the left of that section are considered. The 
reaction force of 500 lb has a moment arm of 1 ft. Therefore, M x = 
500(1) = 500 ft ■ lb (clockwise). Note that M x is the net external moment 
at the 1 -ft section. Equilibrium is maintained when the beam material 
successfully counterbalances M x . By following a similar procedure, the 
moments at other sections are 

M 2 = 500(2) = 1000 ft-lb 
M 3 = 500(3) = 1500 ft-lb 
M 4 - 500(4) = 2000 ft-lb 
M 5 = 500(5) = 2500 ft-lb 

At the 6-ft section, the counterclockwise moment effect of the 1000-lb 
force must be considered. Hence, 

M 6 = 500(6) - 1000(1) = 3000 - 1000 = 2000 ft-lb 


Similarly, 


M 7 

m 8 

m 9 

M 10 


500(7) 

500(8) 

500(9) 

500(10) 


1000 ( 2 ) 

1000(3) 

1000(4) 

1000(5) 


1500 ft lb 
1000 ft-lb 
500 ft-lb 
0 ft-lb 


The moment diagram shown in Fig. 11-20 is obtained by plotting the 
values of M calculated above. 


^Sample Problem 9 Determine the bending-moment diagram for a 
simply supported beam, 5 m long, carrying a uniformly distributed load 
of 1400 N/m, including its own weight. Note: Refer to Sample Problem 
4, p. 241. 


Solution: Calculate the bending moment at sections 0.5 m apart along 
the length of the beam, starting from the left end. 

At the left end of this beam the only external effect is the 3500-N 
reaction. Since the line of action of this force passes through the end 
section, the moment M 0 = 0. For the section 0.5 m from the left end, 
consider only those external effects to the left of that section. There are two 
such effects: the 3500-N reaction force with a 0.5-m moment arm, and 
the portion of the uniform load which lies to the left of the section with 
its moment arm. The portion of the uniform load in question is 0.5 m 
long; therefore, its weight is 1400 N/m x 0.5m = 700 N. Since the weight 
of a uniform load can be considered concentrated at the center of gravity 
of that load for purposes of taking moments, the moment arm for this 
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w = 1400 N/m 





0 



FIGURE 11-21 (a) Beam diagram for 

Sample Problem 9. (b) Shear-force 
diagram, (c) Moment diagram. 


portion of the uniform load is 0.25 m. Thus, the moment at the 0.5-m 
section is 


M 0 .5 = 3500(0.5) - 700(0.25) - 1750 - 175 = 1575 N-m 


Similarly, 


Mi = 3500(1) - 1400(0.5) = 3500 - 700 = 2800 N-m 
M x . 5 = 3500(1.5) - 2100(0.75) = 5250 - 1575 = 3675 N-m 
M 2 = 3500(2) - 2800(1) = 7000 - 2800 = 4200 N-m 
M 2 . 5 = 3500(2.5) - 3500(1.25) = 8750 - 4375 = 4375 N-m 
M 3 = 3500(3) - 4200(1.5) = 10 500 - 6300 = 4200 N-m 
M 3 . 5 = 3500(3.5) - 4900(1.75) = 12 250 - 8575 = 3675 N-m 
M 4 = 3500(4) - 5600(2) = 14 000 - 11 200 = 2800 N • m 
M 4 . 5 = 3500(4.5) - 6300(2.25) = 15 750 - 14 175 = 1575 N-m 
M 5 = 3500(5) - 7000(2.5) = 17 500 - 17 500 = 0 N • m 


Plotting these values to a suitable scale gives the moment diagram in Fig. 
11 - 21 . 


W = 1400 N/m x 5 m = 7000 N 

Sample Problem 10 Determine the moment diagram for a cantilever 
beam, 3 m long, with a concentrated load of 70 kN at the free end. 
Neglect the weight of the beam. Note: Refer to Sample Problem 5, p. 242. 
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Solution: With the free end at the left, calculate the bending moment 
at sections 0.5 m apart along the length of the beam, starting from the 
free left end. 

The load at the free end has no moment arm about the end section; 
thus, M 0 = 0 kN-m. At the section 0.5 m from the left end, the 70-kN 
load has a 0.5-m arm; thus, the counterclockwise moment 

Mo. 5 = -70 kN(0.5 m) = -35 kN-m 

Similarly, M, = -70 kN(lm) = —70 kN-m 

M 15 = -105 kN-m 
M 2 = -140 kN-m 
M 2 . 5 = -175 kN-m 
M 3 = -210 kN • m 

When these values are plotted to scale, a moment diagram as shown in 
Fig. 11-22 is obtained. 





o 


0 


-70 kN 




FIGURE 11-22 (a) Beam diagram for 
Sample Problem 10. ( b ) Shear-force 
diagram, (c) Moment diagram. 


^Sample Problem 11 Determine the moment diagram for a cantilever 
beam, 3 m long, with a uniform load of 3000 N/m (including the weight 
of the beam) for the entire length. Note: Refer to Sample Problem 6, p. 242. 


Solution W = 3000 N/m x 3 m = 9000 N = 9 kN 
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FIGURE 11-23 (a) Beam diagram for 
Sample Problem 11. ( b) Shear force 
diagram, (c) Moment diagram. 


With the free end at the left, calculate the bending moment at sections 
0.5 m apart along the length of the beam, starting from the free left end. 

Since the load at the free end is zero, M 0 = 0. The portion of the 
uniform load to the left of the 0.5-m section weighs 1500 N. The weight 
of a uniform load can be considered as acting at its center of gravity; 
therefore, the moment arm about the 0.5-m section is 0.25 m. Thus, 

M 05 - —1.5(0.25) = -0.375 kN-m (counterclockwise) 

Similarly, Mj = —3(0.5) = —1.5 kN-m 

M, 5 = -4.5(0.75) = -3.4 kN-m 
M 2 = -6(1) = -6 kN-m 
M 2 .5 = -7.5(1.25) = -9.4 kN-m 
M 3 = -9(1.5) = -13.5 kN-m 

This beam, with its shear and moment diagrams, is shown in Fig. 11-23. 


11-5 RELATION BETWEEN BEAM LOADING, SHEAR 
DIAGRAM, AND MOMENT DIAGRAM 

Examination of the previous examples (Sample Problems 8 to 11), and 
especially the sketches in these examples (Figs. 11-20 to 11-23), reveals 
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that certain relationships exist among beam loading, the shape of the 
shear-force diagram, and the shape of the bending-moment diagram. 
These relationships can be summarized as follows: 


Beam load Shear diagram Moment diagram 

1. Concentrated load Horizontal line Sloped straight line 

2. Uniform load Sloped straight line Curved line 


Item 1 above is demonstrated in Figs. 11-20 and 11-22. Item 2 above 
is shown in Figs. 11-21 and 11-23. The mathematical expressions which 
explain these relations will be discussed in Sec. 11-6. 

In general, the vertical height (ordinate) at any point on a diagram will 
equal the slope of the next higher degree diagram at the same point. 
Thus, the vertical height at any point on the shear diagram equals the 
slope of the bending-moment diagram at that same point. One important 
application of this relationship is revealed by close inspection of how the 
shear-force diagrams relate to the corresponding bending-moment dia¬ 
grams in Figs. 11-20 to 11-23. The relationship may be stated as follows. 

When the shear diagram passes through zero or equals zero for a particular 
beam section, then the value on the moment diagram for that section will be either: 

(a) A maximum (see Figs. 11-20 to 11-23) 

(b) Zero (see Figs. 11-20 to 11-23) 

(c) A relative maximum (see Fig. 11-25) 

Sample Problem 12 Determine the moment diagram for the overhang¬ 
ing beam shown in Fig. 11-24. Neglect the weight of the beam. 

Solution: Application of the principles stated above can facilitate the 
determination of the moment diagram. Thus, the moment diagram will 
be curved for the portion of the beam between the reactions due to the 
presence of a uniform load. The overhanging portion, which has no 
uniform load, will have a straight sloped line for its moment diagram. 

Furthermore, the shear diagram indicates two possible locations (10 
and 20 ft from the left end) for maximum bending moment where the 
shear diagram goes through zero. Although the shear diagram is zero at 
both ends of the beam, the moments at these end sections are zero for 
a free or simply supported end. 

If an accurate moment diagram is required, then moments should 
be calculated for (1) each section where the shear diagram changes 
direction or jogs, (2) sections where the shear diagram crosses through 
or equals zero, and (3) several intermediate sections in regions where the 
moment diagram will curve. 

Rather than calculate moments for each 1-ft section, this solution will 
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1000 lb 


0 


( 6 ) 

FIGURE 11-24 (a) Beam diagram for Sample Problem 12. ( b ) Shear-force 
diagram. 


show only two or three intermediate calculations between important 
sections so that the shape of the diagram may be determined. 

M 0 = 0 (by inspection) 

M 2 = 3250(2) - 200(2)(1) = 6500 - 400 = 6100 ft-lb 

M 4 = 3250(4) - 200(4)(2) = 13 000 - 1600 = 11 400 ft-lb 
M 5 = 3250(5) - 200(5)(2.5) = 16 250 - 2500 = 13 750 ft-lb 

M 7 = 3250(7) - 600(2) - 200(7)(3.5) = 22 750 - 1200 - 4900 

= 16 650 ft lb 

M 9 = 3250(9) - 600(4) - 200(9)(4.5) = 29 250 - 2400 - 8100 

- 18 750 ft-lb 

M 10 = 3250(10) - 600(5) - 200(10)(5) = 32 500 - 3000 - 10 000 

= 19 500 ft-lb 

M 12 = 3250(12) - 600(7) - 2000(2) - 200(12)(6) = 39 000 - 4200 

- 4000 - 14 400 = 16 400 ft-lb 

M n = 3250(15) - 600(10) - 2000(5) - 200(15)(7.5) = 48 750 

- 6000 - 10 000 - 22 500 = 10 250 ft-lb 

M l8 = 3250(18) - 600(13) - 2000(8) - 200(18)(9) = 58 500 

- 7800 - 16 000 - 32 400 = 2300 ft-lb 
M 20 = 3250(20) - 600(15) - 2000(10) - 200(20)(10) = 65 000 

- 9000 - 20 000 - 40 000 = -4000 ft-lb 


M 2 4 = 0 (by inspection) 
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FIGURE 11-25 (a) Beam diagram for Sample Problem 12. (b) Shear-force 
diagram, (c) Moment diagram. 

A plot of these moment values results in the moment diagram shown 
in Fig. 11-25. The calculations and the diagram reveal that the maximum 
bending moment occurs at the section 10 ft from the left end (note that 
the shear diagram passes through zero) and a relative maximum moment 
occurs at the 20-ft section (shear diagram passes through zero). 

11-6 BENDING MOMENT FROM SHEAR-DIAGRAM 
AREA 

A mathematical relation exists between a bending moment at a given 
section in a statically determinate beam and the area of the shear diagram 
from the end of the beam to that section. The expression is 
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M X =A^ X ( 11 - 2 ) 

where T 0 _ x = shear-diagram area between left end of beam and section 

x. Since the shear diagram is a plot of shear force V in 
pounds (or newtons), and beam length in feet (or meters), 
areas on this diagram have units of foot pounds (or newton- 
meters) 

M x = bending moment (ft-lb or N-m) at section x 

Equation (11-2) is a specific application of a more general relationship 
between successive diagrams. In general, the area between any two vertical 
heights (ordinates) on a diagram will equal the difference in length of the 
two corresponding vertical heights (ordinates) on the next higher degree 
diagram. 

To demonstrate the use of Eq. (11-2), consider a simply supported 
weightless beam with a central concentrated load of 900 lb on a 12-ft 
span. Suppose the moment is required at the section 4 ft from the left 
end. Then the shaded area on the shear diagram of Fig. 11-26 will equal 
the value of the moment M 4 . 

M 4 = +450(4) = +1800 ft-lb 

Note that shear-diagram areas above the zero line are positive, while areas 
below the zero line are negative. 

By the same method, the maximum bending moment at the center 
section (shear diagram crosses zero) is 

M 6 = M max = +450(6) = +2700 ft-lb 


900 lb 




FIGURE 11-26 (a) Beam diagram. 
(b) Shear-force diagram. Cross- 
hatched area equals bending moment 
at 4-ft section. 
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FIGURE 11-27 (a) Beam diagram. 
(b) Shear-force diagram. Algebraic 
sum of cross-hatched areas equals 
bending moment at 9-ft section. 


Suppose it is required to find the moment for the section 9 ft from 
the left end of this beam. From Eq. (11-2), 


Thus, the shear-diagram area from the left end to the 9-ft section equals 
M 9 . Figure 11-27 shows that some of the shaded area A 0 - 9 is plus while 
some of it is minus. In totaling the areas, plus and minus signs must be 
considered; therefore, 

M 9 = [+450(6)] + [-450(3)] = +2700 - 1350 = +1350 ft-lb 

Although these examples are fairly simple, the method is similar 
regardless of the shape and complexity of the shear diagram. Bending 
moments determined by the shear-diagram-area method correctly rep¬ 
resent the effect of the beam loading from which the shear diagram was 
sketched. However, if the beam is subjected to an external moment (for 
example, by a couple acting at the end of the beam), then the true 
bending moment is determined by algebraically adding the external 
moment to the shear-diagram area. 

Sample Problem 13 Determine the shear-force and bending-moment 
diagrams for the beam shown in (a) Fig. 11-28 and in ( b) Fig. 11-29. 

Solution a: This simply supported beam is solved in the same way as in 
Sample Problems 8, 9, and 12. 
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F = 2200 lb 



FIGURE 11-28 Beam 
diagram for Sample Problem 
13a. 



3' 


F = 2200 lb 




FIGURE 11-29 Beam 
diagram for Sample Problem 
13b. 


XM r = 0 


/? ; (10)-F(7) 


zc(4)(2) = 0 

2200(7) + 500(4)2 


Ri = 


10 


1940 lb (up) 


XF u =0 

#, +R r ~F -w{ 4) =0 

R r = 2200 + 500(4) - 1940 = 2260 lb (up) 


Solution b: The beam shown in Fig. 11-29 is identical to the one in Fig. 
11-28 except that a couple is applied which adds an external moment at 
a section 4 ft from the left support. Note that both the shear and moment 
diagrams are affected by the addition of the couple. 



#,(10) - F(7) + M - tc(4)(2) = 0 
#,(10) - 2200(7) + 8000 - 2000(2) = 0 


Ri = 


2200(7) - 8000 + 2000(2) 

10 


= 1140 lb (up) 


#, + R r - 2200 - 2000 = 0 

# r - 4200 - 1140 = 3060 lb (up) 


2f» = 0 
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F = 2200 lb 




5820 ft • lb 



FIGURE 11-30 (a) Beam diagram for Sample Problem 13a. 
(b) Shear-force diagram, (c) Moment diagram. 


^Sample Problem 14 Determine the shear-force and bending-moment 
diagrams for the beam shown in (a) Fig. 11-32 and in (b) Fig. 11-33. 

Solution a: This cantilever beam is solved in the same way as in Sample 
Problems 10 and 11. 

XM r = 0 

-F( 8) - w( 4)(2) + M = 0 

M = 5(8) + 1 (4)(2) =48 kN • m (clockwise) 

ST, = 0 

—F - w{ 4) +R r = 0 

R r = 5 + 1(4) =9kN (up) 

Solution b: The beam shown in Fig. 11-33 is identical to the one in Fig. 
11-32, except that a couple is applied which adds an external moment at 
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F = 2200 lb 


M = 8000 ft-lb 




3'- 


(a) 


R t = 1140 lb 



w = 500 Ib/ft 




►r- 


-— 2 ’ 


4' 


10 '- 



R r = 3060 lb 


U>) 



0 


3060 lb 


10,360 ft-lb 



FIGURE 11-31 (a) Beam diagram for Sample Problem 13b. 

(b) Shear-force diagram, (c) Moment diagram. 


a section 2 m from the left end. Note that since there is only one reaction 
R r , its value remains the same in both cases and therefore the shear-force 
diagram is unchanged. The moment diagram, however, is directly affected 
by the addition of the couple. 


XM r = 0 

-F( 8) +M t - w( 4)(2) + M 2 = 0 

M 2 =5(8) - 15 + 1(4)(2) 

M 2 =40 — 15+8 = 33 kN ■ m (clockwise) 

XF U = 0 

—F - w( 4) + R r = 0 

R r = 5 + 1(4) =9kN (up) 
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F = 5kN 




M 


FIGURE 11-32 Beam diagram for Sample 
Problem 14a. 


F= 5kN 



FIGURE 11-33 Beam diagram for Sample 
Problem 14b. 


F= 5kN 



Om 4m 6m 8m 


FIGURE 11-34 (a) Beam diagram for Sample Problem 14a 
(b) Shear-force diagram, (c) Moment diagram. 
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5 kN*m 



FIGURE 11-35 (a) Beam diagram for Sample Problem 14b. 
(b) Shear-force diagram, (c) Moment diagram. 


11-7 MOVING LOADS 

In calculating shear forces and bending moments, the assumption has 
been made that the loads on the beam were in a fixed position. There are 
many cases where this is not true. A loaded truck or train passing over 
a bridge and a heavy machine being moved over a floor are examples of 
moving loads transmitted through wheels which are a fixed distance from 
each other. It is evident that the magnitude of the shear forces and 
bending moments will change as the load system moves across a beam. 
The problem then is to find the magnitude and location of the maximum 
shear force and bending moment. The following discussion will deal with 
simple beams only. 

(a) Maximum Shear: For simple beams, the maximum shear load 
(Vmax) occurs at and is equal to the maximum reaction support force. 
Since the magnitude of the reactions will change as the loads move across 
the beam, it will be necessary to consider the loads at different locations 
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in order to establish V^x. This is accomplished by alternately placing 
each load over a reaction and calculating the magnitude of that reaction. 
It should be kept in mind that the distance between the loads must not 
change and that the loads can move in either direction. 

( b ) Maximum Bending Moment: To establish the maximum bending 
moment (M max ) which develops due to the moving loads, the maximum 
moment under each load is calculated and the greatest of all these values 
is M max . The following discussion will develop the theory of this problem, 
and, although only three loads will be considered, the conclusions drawn 
will be general and can be applied to any number of loads. 

Fig. 11-36 shows a simple beam subjected to three moving loads (F t , 
F 2 , F 2 ). F is the resultant of the loads. 



FIGURE 11-36 Moving loads on a simply 
supported beam. 


First, determine the reaction R t . 



Ri(L ) — F(L — x — l) — 0 



F(L — x — l) 
L 


For bending moment under F u consider the section of the beam to the 
left of F x . 


M x — R[X 

_ F(Lx — x 2 — lx) 

L 

F 

— ~ ~[x 2 ~ (L — /)x] 

/ -• 

But bending moment is a maximum when the expression in the brackets 
is greatest, since F is constant. Now, in algebra, it is shown that the 
quadratic expression Ax 2 + Bx + C is greatest or least when 
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B 


In x 2 — (L - l) x, A = 1 , B = —(L — /), and C — 0 

Then x = (L — l)/ 2 gives a maximum or a minimum. Since the 
minimum moment at the supports is zero, then the preceding value of 
x is for the maximum moment. The distance from R t to F is 

L — l L + / 

x + l = -+ / =- 

2 2 

It is now evident that the distance from R t to the resultant F is (L + /)/2. 
That is, the center of the beam is midway between the load F i and the 
resultant F of all the loads. 

The rule may be stated as follows: The maximum bending moment under 
any load of a set of moving concentrated loads occurs when that load is as far on 
one side from the center of the beam as the resultant of all the loads on the beam 
is on the other side. This rule applies to simple beams only. 

To determine the maximum bending moment for any possible 
placement of loads, the above calculation should be made for each of the 
moving loads placed in its maximum bending-moment position. The 
bending moment used for beam design will be the largest of the maximum 
bending moments. 


^Sample Problem 15 Two loads of 40 kN and 20 kN, 3 m apart, roll over 
a beam 10 m long. Find (a) the maximum shear load (T max ) and (b) the 
maximum bending moment (M max ). 


Solution: (a) Figs. 11-37 and 11-38 show the position of the loads in 
order to develop maximum shear at each of the reactions. T max will occur 
at one of the two reactions. 



FIGURE 11-37 Beam diagram for Sample Problem 15. Load positions 
arranged for maximum shear at R t . 
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Fy = 40 kN 



FIGURE 11-38 Beam diagram for Sample Problem 15. Load positions 
arranged for maximum shear at R r . 

From Fig. 11-37: 

Rr- 

= 40 + ^ (20) = 40 + 14 = 54 kN 

From Fig. 11-38: 

Rr 

= 20 + ^ (40) = 20 + 28 = 48 kN 

Therefore, 


T max = 54 kN 


(b) Referring to Fig. 11-39, find the position of the resultant with 
reference to F x by taking moments about F v 

f 2 ( 3) - m = o 

20(3) - 60(/) = 0 

60 = 60/ 
l = 1 m 

Then, for maximum moment, 


L - l 10-1 





FIGURE 11-39 Beam diagram for Sample Problem 15. Loads 
and resultant arranged in a general position. 
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I F 



R, = 27 kN R r 


FIGURE 11-40 Beam diagram for Sample Problem 15. Load 
positions arranged for maximum moment under F x . 


or F x is 0.5 m to the left of the center of the beam, and the resultant F 
is 0.5 m to the right. 

Figure 11-40 shows the location of the loads with F x in its maximum 
bending-moment position. 

XM r = 0 

fl,(10) - 40(5.5) - 20(2.5) - 0 

10 R t = 270 
Ri = 27 kN 

Find the moment at the section under F x (40-kN load). 

Mi = 27(4.5) = 121.5 kNm 

Mj is the maximum moment that is developed under the 40-kN load. 
Since F is 2 m fromF^, the maximum moment under F 2 load occurs when 
F and F 2 are each 1 m from the center of the beam, as shown in Fig. 
11-41. 



FIGURE 11-41 Beam diagram for Sample Problem 15. Load 
positions arranged for maximum moment under F 2 . 
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£M r = 0 

J?,(10) -40(7) -20(4) = 0 

107?; = 360 
R t = 36 kN 

Next, take a section of the beam at F 2 (20-kN load), and find moments 
of the load to the left of this section. 

M 2 = 36(6) - 40(3) = 216 - 120 = 96 kN-m 

This is the maximum moment developed under the 20-kN load. Since 
the maximum moment under F x is greater than that under F 2 , 
121.5 kN-m is the maximum for the beam. 

Sample Problem 16 Three loads of 6000, 9000, and 5000 lb are placed 
6 and 10 ft apart, respectively (Fig. 11-42). They are moved across a 
bridge of span 40 ft. Find the maximum bending moment. 


\f 


F 2 = 9000 lb 


F 3 = 5000 lb 



FIGURE 11-42 Load diagram 
for Sample Problem 16. 


Solution: First, locate the resultant F with reference to F\. 

20 000/ = 6(9000) 4 16(5000) 

/ = 6.7 ft 

The free-body diagrams are shown for each load in the position for 
maximum moments (Figs. 11-43, 11-44, and 11-45), and results given. 
The work of verifying results is left to the reader. 

M, = 16.65(8320) = 138 500 ft-lb 

M 2 = 19.65(9820) - 6(6000) = 157 000 ft-lb 

M 3 = 24.65(12 320) - 16(6000) - 10(9000) = 117 700 ft-lb 

Therefore, M = 157 000 ft-lb is the maximum bending moment. 
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FIGURE 11-43 Beam diagram for Sample Problem 16. Maximum 
moment at F u 



FIGURE 11-44 Beam diagram for Sample Problem 16. Maximum 
moment at F 2 . 



FIGURE 11-45 Beam diagram for Sample Problem 16. Maximum 
moment at F 3 . 


PROBLEMS 

Calculate the unknown reactions. Sketch and label the shear-force 
diagram for Probs. 11-1 to 11-10. 

11-1. A simply supported beam with a 10-ft span carries a concentrated 
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load of 2000 lb acting 4 ft from the left support. Neglect the 
weight of the beam. 

*11-2. The beam in Fig. Prob. 11-2. 



FIGURE PROBLEM 11-2 and 
11-12 


*11-3. A simply supported beam, 5 m long, carries a uniformly distributed 
load of 1.5 kN/m, including the weight of the beam and a 
concentrated load of 15 kN, 1.5 m from the right end. 

11-4. The beam in Fig. Prob. 11-4. 


4000 lb 



FIGURE PROBLEM 11-4 and 11-14 


*11-5. A 3.5 -m-long cantilever beam of negligible weight carries concen¬ 
trated loads of 10 and 8 kN, acting at 1.5 and 3.5 m, respectively, 
from the wall. 

11-6. The beam in Fig. Prob. 11-6. 



11-7. The beam in Fig. Prob. 11-7. 
*11-8. The beam in Fig. Prob. 11-8. 
*11-9. The beam in Fig. Prob. 11-9. 
11-10. The beam in Fig. Prob. 11-10. 
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5 ' 


4' 




100 Ib/ft 


150 Ib/ft 
125 Ib/ft 


R 





FIGURE PROBLEM 11-7 and 
R 2 11-17 



FIGURE PROBLEM 11-8 and 
11-18 


16 kN 



FIGURE PROBLEM 11-9 and 11-19 


6000 lb 


3000 lb 



50 Ib/ft 




m 








5’- 


15 ’' 


R. 


FIGURE PROBLEM 11-10 and 11-20 
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Determine the location and magnitude of the maximum bending 
moment and sketch the bending-moment diagram for the beams in Probs. 
11-11 to 11-20. 

11-11. The beam in Prob. 11-1. 

11-12. The beam in Fig. Prob. 11-12. 

11-13. The beam in Prob. 11-3. 

11-14. The beam in Fig. Prob. 11-14. 

11-15. The beam in Prob. 11-5. 

11-16. The beam in Fig. Prob. 11-16. 

11-17. The beam in Fig. Prob. 11-17. 

11-18. The beam in Fig. Prob. 11-18. 

11-19. The beam in Fig. Prob. 11-19. 

11-20. The beam in Fig. Prob. 11-20. 

11-21. For the beam in Fig. Prob. 11-21, determine the following. 

a. The reactions in terms of P and L 

b. The location and magnitude of the maximum shear force 

c. The magnitude of the maximum bending moment 

d. The magnitude of the bending moment at section x ft from R t 


R 2 FIGURE PROBLEM 11-21 

*11-22. Determine the unknown reactions, sketch, and label the shear- 

force diagram and the bending-moment diagram for the beam 
in Prob. 11-12, except that there is an external clockwise couple 
of 20 kN-m applied at midspan. 

11-23. Determine the unknown reactions, sketch, and label the shear- 
force diagram and the bending-moment diagram for the beam 
in Prob. 11-16, except that there is an external counterclockwise 
couple of 25 000 ft * lb applied at a point 4 ft from the wall. 

11-24. A two-axle steam roller with axles 10 ft apart crosses a 25-ft 
simply supported beam bridge. If the load on each axle is 16 000 
lb, determine the position of the wheels to produce (a) the 
maximum shear load, and ( b ) the maximum bending moment. 
Calculate the value and location of V max andM max . 

*11-25. A three-axle truck crosses a 15-m simply supported span. The 

front and center axles are spaced 3 m apart and the center and 
rear axles are 4.2 m apart. The front axle carries 36 kN, the 
center 81 kN, and the rear 153 kN. Calculate the maximum 
bending moment as this truck rolls across the span from left to 
right and specify the axle positions for the maximum moment. 
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12-1 STRESS DUE TO BENDING 

In Sec. 11-2, it was shown that the fiber stresses over any cross section of 
a beam were a maximum at the extreme outer fibers, decreasing to zero 
at the netural axis. 

The formula for the stress in a beam due to bending will be derived 
so that it will be applicable to the cross section of beams of any shape. For 
simplicity, a rectangular section will be used. The result will be true, in 
general, within the elastic range, as proved in more advanced works on 
strength of materials. 

Let Fig. 12-1 be the section of a rectangular beam. XX is the centroidal 
axis. Take a thin rectangle of area a whose centroid is at the distance y„ 
from XX. Let s„ be the stress on area a. Then the force F a on area a is 
F a = s a a. The moment of F a about XX is 

F(ija ~~ S a (iy n 

But the fiber stress is 0 at the centroidal axis and increases in proportion 
to the distance y to a maximum value 5 at 1-2, the extreme fiber where 
y = c. Then, 


s_a = i 
y a c 



c 


Substituting in the equation for the moment, above, we obtain 

Fed a - — ay a 
c 

S 2 
= ~y a a 

c 
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1 2 



FIGURE 12-1 


Section of a rectangular beam. 


If we divide the remaining cross-sectional area into a large number 
of very thin areas similar to a, the bending moment for each may be 
represented by a formula as above. Since these moments are referred to 
a common axis XX, they may be added. Thus the total moment M is 

M = 

Buts/c is the same for every term in the summation; therefore, s/c may 
be factored, giving 


M = ~%y 2 a 
c 

From Sec. 10-7, Xy 2 a = /, the moment of inertia about axis XX. In 
Sec. 11-2, the moment of the resisting couple was shown to be equal to 
the bending moment of the external loads to the left of the section. 
Therefore, 


M = -/ 
c 

Me 

or s = —j~ (12-1) 

The expression I/c is called the section modulus S. Equation (12-1) 
may then be written 


Mc_ _ M_ 

I ~ I/c 
M 


( 12 - 2 ) 
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where 5 = maximum fiber stress due to bending, psi; Pa 

(usually expressed as 10 6 Pa or MPa) 

M = bending moment, in-lb; N-m 
c = distance from neutral axis to the extreme fiber, in; m 
/ = moment of inertia about neutral axis, in 4 ; m 4 
S = section modulus, in 3 ; m 3 


For a given cross section, the moment of inertia / and the distance 
c depend only on the size, shape, and axis location. Therefore, the section 
modulus S = I/c also depends on these factors. 

Expressions for / and S for a variety of common cross sections and 
structural shapes are given in App. B. 

The equation for stress due to bending [Eq. (12-1)] applies only 
within the elastic range of the material, since proportionality of stress 
and strain was used in its derivation. An index of the rupture strength 
of the material in bending can be found by using the moment at the 
breaking point M r in the flexure equation Eq. (12-1). Thus, 



(12-3) 


where s r is a numerical index of rupture strength called modulus of rupture. 
While s r is useful for comparative purposes, it is not the true ultimate 
bending stress. 


Sample Problem 1 An 8- by 10-in dressed-size timber beam carries a 
uniformly distributed load on a simply supported 14-ft span. Assume an 
allowable bending stress of 1100 psi. Find the maximum safe distributed 
load (pounds per foot). 


Solution: The American Standard dressed size for a nominal 8 by 10 in 
is 7 2 by 9| in (see App. B, Table 11, for American Standard Timber 
Sizes). 

Assume the cross section to be placed for maximum strength; that 
is, maximum moment of inertia about the neutral axis. Figure 12-2a 
shows the cross section placed for maximum strength, while Fig. 12-2 b 
shows the same cross section in a weaker position. Refer to Fig. 11-21, 
which shows that the maximum bending moment occurs at the center of 
the beam. The maximum stress occurs where the bending moment is 
maximum. Therefore, the maximum bending moment for a simply 
supported beam with a uniformly distributed load across the entire span, 
as shown in Fig. 12-3, is 

/l\ W (L\ WL WL WL wL 2 

max - 2 J 2\4/ _ 4 _ 8~8 _ 8 
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/?! 


i 



/500 lb\ 

FIGURE 12-4 Diagram for Sample Problem 2. 


/ 





w = 10 Ib/ft 

l 

L 

L 


2 

2 


strength of the steel pipe is 48 000 psi. A safety factor of 4 is specified. 
The pipe weighs 10 lb/ft. Assume no additional stress or load due to 
internal pressure. Treat the length of pipe between hangers as a simply 
supported beam. Find the maximum safe spacing of pipe support hangers. 

Solution: Sketch the system as in Fig. 12-4. 

ZFy = 0 

Rt+R r - 10 L - 500 = 0 

Ri = R r = 5L + 250 (due to symmetry) 

Find M max at center of span. 


= 


max 


101/ L 
2 \4 


*(§. 

L 5 L 2 
(5L 4- 250)- - — 

5 L 2 5 L 2 

-+ 125L - — = 

2 4 

15L 2 + 1500L in *lb 


5L 2 


+ 125L ft-lb 


For a hollow circular section (Table 12, App. B), 


1 = - d ') =^< 4 - 504 - 4 - 034 > 
o4 o4 

= 77(410 - 262) = 77(148) = 7.26 in 4 
64 64 v ' 


4.50 


= 2.25 in 


2 
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Allowable stress = 48 000/4 = 12 000 psi. From Eq. (12-1), 


Me 


si 

M = - 
c 


M = 


15L 2 + 1500L 
L 2 + 100 L - 2580 


12 000 (7.26) 

2.25 
38 700 
0 


= 38 700 in • lb 


This quadratic equation may be solved by quadratic formula. 

-100± VlOO 2 - 4(1)(—2580) -100± V10 000 + 10 320 

L= 2 = 2 
-100 ± V20 320 -100 ± 143 

2 ~ 2 


Selecting the positive result, we obtain 



-100 + 143 

2 


43 

2 


21.5 ft (maximum safe spacing of supports) 


Sample Problem 3 For the beam shown in Fig. 12-5, find the following. 

(a) The maximum compressive stress in the beam 

(b) The maximum pensile stress in the beam 

(c) The factors of safety in tension and compression based on the 
ultimate stresses if the material is AISI 1020 steel 



L_ G" 





1 




1" 




i 

3" 

1 

-2.5"H 


- 2.5"* 



FIGURE 12-5 Beam diagram for Sample Problem 3. 


Note: In this problem, the weight of the beam will be neglected. As 
a rule of thumb, if the total beam weight is less than 10 percent of the 
total load, the weight of the beam may be neglected without serious error. 
The density of steel is about 0.30 lb/in 3 . The volume of this beam is 
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V = [(1)(6) + (1)(3)](2.4)(12) = 9(2.4)(12) 

V = 259.2 in 3 say V = 260 in 3 

W — 260(0.30) = 78 lb (weight of beam) 

But 9000 + 4000 = 13 000 lb (total load) 

Therefore, neglect weight of beam. 

Solution a: To determine stress, the centroid and the moment of inertia 
of the T section must be found. 

By symmetry, the centroid is located somewhere on the vertical 
centerline (see Fig. 12-6). The distance y from the base of the T is found. 



FIGURE 12-6 Diagram for Sample Problem 
3. Location of centroid of cross section. 


Code 

Dimen. 

A 

7 

Ay 

1 

1 x 6 

6 

3.5 

21 

2 

1 x 3 

3 

1.5 

4.5 



£ 

II 

<C 


25.5 = XAy 



25.5 

9 


= 2.83 in 


The moment of inertia about the horizontal centroidal axis is found as 
follows: 
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FIGURE 12-7 (a) Beam diagram for 
Sample Problem 3. (b) Shear-force 
diagram. 


The distances to the extreme fibers are 

c x = 4 - 2.83 = 1.17 in (to top) 
c 2 = 2.83 in (to base) 

To determine the maximum bending motion, calculate the reactions R t 
and R r , and sketch the shear diagram as in Fig. 12-7. 




R t + R r - 9000 - 4000 = 0 
R t + R r = 13 0001b 


R r ( 2) + 9000(1.5) + 4000(2.4) = 0 

23 100 


R r = 


R , = 


2 

1450 lb 


= 11 5501b 


From the shear diagram, it is apparent that sections D and E must 
be investigated for maximum bending moment. Moments at D and E 
may be calculated either by taking moments of all forces to the left of the 
sections (see Sec. 11-4 and Sample Problem 12, Chap. 11) or by the shear- 
diagram-area method (see Sec. 11-6). By the shear-diagram-area method, 

M d = 1450(1.5) = 2180 ft-lb 
M e = 1450(1.5) - (7550)(0.5) = 2180 - 3780 
= -1600 ft-lb 


Therefore, maximum bending moment = M d = 2180 ft * lb. 









BEAMS—DESIGN 277 


From Eq. (12-1), the maximum compressive stress in the beam occurs 
at the top fiber of section D and is 


5 


C 



2180(12)(1.17) 

10.76 


= 5050 psi 


Solution b: The maximum tensile stress in the beam occurs at the bottom 
fiber of section D and is 


s 


t 



2180(12)(2.83) 

10.76 


= 6880 psi 


Solution c: From App. B, Table 1, the ultimate tensile and compressive 
strengths for AISI 1020 steel are both equal to 65 000 psi. 


N c = 
N t = 


65 000 

5050 
65 000 

6880 


= 12.9 
= 9.4 


Sample Problem 4 A cantilever beam carries a uniform load of 400 
lb/ft across the entire 9-ft length of span and a concentrated load of 3000 
lb at the free end. For a maximum allowable stress of 22 000 psi, 
determine the most economical beam (lightest beam that satisfies the 
strength requirement), assuming that the section is: 

(a) A W beam (a wide-flanged I-shaped beam) 

(b) An S beam (a standard I-shaped beam) 

( c) A standard channel 

Solution: A cantilever beam has its maximum bending moment at the 
wall. Figure 12-8 shows this beam with its shear-force diagram. The 
solution will omit the weight of beam until a selection is made, at which 
time the weight of beam will be compared to the total loading of 6600 lb 
for significance. 

The maximum bending moment is 

M = -3000(9) - 3600(4.5) = -27 000 - 16 200 
= -43 200 ft-lb 


From Eq. (12-2), 


M 

S 

M 

s 


S - — = 


43 200(12) 

22 000 


23.56 in 3 (minimum required) 
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FIGURE 12-8 (a) Beam diagram for 
Sample Problem 4. ( b ) Shear-force 
diagram. 


For strength, the beam selected must have a section modulus greater 
than 23.56 in 3 . The most economical beam of a given type is selected for 
its light weight (therefore, low cost). 

From the Section Modulus Table (App. B, Table 9): 

(a) W 10 x 25 (actual S = 26.5 in 3 ) 

(b) S 10 x 25.4 (actual S = 24.7 in 3 ) 

(c) C 12 x 25 (actuals = 24.1 in 3 ) 

Note that in each case the total beam weight is less than 5 percent of 
the load. If the beam weight were included in the calculations it would 
increase both M and S only 2 percent. 

12-2 HORIZONTAL AND VERTICAL SHEAR STRESSES 

Shear has been defined as the tendency of two adjacent portions of a 
body to slide by each other, like the two blades of a pair of scissors. The 
subject of vertical shear in beams has already been considered in Sec. 
11-2. There is also a shearing tendency in a plane at right angles to the 
vertical shearing plane. This is called horizontal shear. 

The student will get the best idea of horizontal shear from a simple 
illustration. Place several 12- by 1-in boards on two supports, as shown 
in Fig. 12-9a. When the boards are of the same length, the ends will be 
practically straight and even. If now a load F is applied at the center of 
the pile, the boards bend or sag in the middle, and the result is as shown 
in Fig. 12-96. Each board tends to slide on the one above or below it and 
in this way moves the ends from their original positions. The horizontal 
motion of one board over the other is what causes horizontal shear. 

Now, if each board is glued securely to the ones next to it and a small 
load applied, the ends of the pile of boards remain square and even. 
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F 




(a) (b) 

FIGURE 12-9 (a) Boards before load is applied. ( b ) Boards after 
load is applied. 


There is still a tendency to slide, but the motion is prevented by the glue. 
This resistance measures the horizontal shear. Again, if the boards are 
securely bolted together and a load is applied, the boards cannot slip. 
The shearing resistance is offered by the bolts. 

When the pile of boards is replaced by a single beam 12 by 6 in and 
a load F is applied, the beam will bend slightly. There is still the tendency 
of one horizontal portion to slide past the adjacent face. However, if the 
beam is not overloaded, the sliding motion is prevented by the internal 
fibers of the beam, just as it was resisted by the glue or bolts. The 
resistance that the fibers are capable of offering is called their horizontal 
shearing strength. 

Some fibrous materials, such as wood and wrought iron, are more 
likely to fail from horizontal shear than those materials that have no 
natural internal cleavage surfaces. Timber has a low shearing strength 
parallel to the grain; hence, a short beam tends to fail from horizontal 
shear rather than from bending. 

Figure 12-10 represents a small cube cut from any part of a loaded 
beam. 



FIGURE 12-10 Small cube of material from 
a beam with load. 


Let V 1 and V 2 be the vertical shearing forces and H x and H 2 the 
horizontal shearing forces. The dimension Ax is very small, so that the 
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effect of the load so far as vertical shear on the two faces is concerned 
may be neglected and \\ may be considered equal to V 2 . Similarly, 

H,=H 2 

Let s v be the vertical shear stress and s h the horizontal shear stress. 
Then 


Vj = Ay A zs v = V 2 


and 

Hi — &xAzs h — H 2 

Since the block is in equilibrium under the shearing forces, moments 
about the line MN must equal zero, or 


Therefore, 


A yHi = AxV 2 

AxAyA zs h — AxAyAz.s\. 


In Chap. 7, it was assumed that the shearing stress was of the same 
intensity on each square inch of the cross section. In the derivations and 
the solutions that follow, it will be shown that the shearing stress in a 
beam of symmetrical section is a maximum at the netural axis and 
decreases to zero at the outer fibers. 

The relationship between the stresses just developed may be stated 
as follows: At any point in a member subjected to shearing forces, there exists 
equal shearing stresses in planes mutually at right angles to each other. The 
subscripts may be dropped and the equal unit shearing stresses may be 
designated as s s . 

Imagine the segment of the beam in Fig. 12-1 la between planes AB 
and CD to be removed as a free body. The enlarged view of this free body 
is shown in Fig. 12-116 with the distribution of stresses due to bending. 
The stresses on section CD are greater than the corresponding stresses 
on section AB because the bending moment at CD is greater than at AB. 

In order to develop an equation for the shear stress on any horizontal 
plane, let us consider a plane such as KL in Fig. 12-116. In Sec. 11-4, it 
was seen that, in general, bending moments vary from one end of the 
beam to the other. LetTi be the force due to the compressive stresses on 
surface AK (whose thickness is 6), and F 2 that on surface CL, as in Fig. 
12-1 lc. 

Since Fi and F 2 are different, they must be balanced by a force H on 
the surface KL. This is the horizontal shear force on that surface. Since 
F 2 is greater than FT for equilibrium, 
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A C 


B 


D 



R, 


(a) 




B D 

FIGURE 12-11 Horizontal shear forces in a beam: (a) beam 
diagram; (b) bending stresses on a beam segment; (c) bending 
and horizontal shear forces on a portion of a beam segment. 


H=F 2 -F l 

Let^x and s 2 be the fiber stresses at the centroids of the faces AK and 
CL, respectively, and a the area of each of the faces. 

a = b(CL) = b(AK) 

Then Fi = s^a and F 2 = s 2 a 

From Sec. 12-1, 

•h ^max.l , ^2 ^max,2 

— =- and — =- 

y c y c 

where y is the distance from the neutral axis to the centroid of area a, c 
is the distance from the neutral axis to outside fibers, and s max ,i and 
5 max ,2 are the stresses in the outside fibers. Then 
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r-. ^max,l - 

F i = s x a =- ya 


r- ^max,2 - 

F 2 = s 2 a = -- ya 


H = 


^max,2 - ^max,l - ^ 


ay 


(^max,2 ^max,l) 


The horizontal shear force //, on plane KL , whose area is bAx y is also 
given by 


H = (bAx)s h 

Equating the two expressions for H gives 


ay 

bAxSfr (*^max,2 ^max.l) 

C 


= 


ay 


be Ax 


(^max,2 ^max,l) 


If M x and M 2 are the bending moments on the respective faces, by Eq, 

( 12 - 1 ), 


M lC , 

^max,l = “1“ and 


^max,2 


M 2 c 


Then 


Sh = 


ay (M 2 c M ,c 
be Ax \ / / 

ay M 2 — M x 
lb Ax 


When Ax is small, as in this discussion, then 



where V is the vertical shear force at sections AB and CD (since Ax is 
small). The value of V is taken from the shear-force diagram at the section 
to be analyzed. Substituting, we obtain the final form for horizontal shear 
stress. 



(12-4) 
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where s h 
V 
a 

y 

i 

b 


= horizontal shear stress, psi; Pa 

= vertical shear force at section being considered, lb; N 
= area of cross section of beam between fiber being 
considered and nearest extreme fiber, in 2 ; m 2 
= distance from neutral axis of entire cross section to 
centroid of area a, in; m 

= moment of inertia of entire cross section of beam, in 4 ; m 4 
= width of cross section at fiber being considered, in; m 


Sample Problem 5 A 10-ft long, simply supported, 4- by 8-in rough-cut 
beam carries a uniform load of 100 lb/ft (Fig. 12- 12a). Find the maximum 
horizontal shear stresses on each of the following horizontal planes. 

(a) At the neutral axis 

(b) 1 in above the neutral axis 

(c) 2 in above the neutral axis 

(d) 3 in above the neutral axis 

(e) 4 in above the neutral axis 


w= lOOIb/ft 

rnimmmrmmrmrrrmwm 



10 ' 



FIGURE 12-12 (a) Beam diagram for 
Sample Problem 5. (b) Shear-force 
diagram. 


Solution: Equation (12-4) shows that s h varies directly as V. Therefore, 
maximum s h will occur at the section where V has its largest value. In Fig. 
12-12 b the shear-force diagram shows that V is a maximum (500 lb) at 
both reactions 


V = 500 lb b 

_ bh* 4(8) 3 

~ 12 ~ 12 


= 4 in h = 8 in 
170.7 in 4 


(a) At the neutral axis XX (area a is shown shaded in Fig. 12-13&): 
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( b) (c) (d) 

FIGURE 12-13 (a) Beam cross section for Sample Problem 5a. ( b) Beam 
cross section for Sample Problem 5b. (c) Beam cross section for Sample 
Problem 5c. (d) Beam cross section for Sample Problem 5 d. 
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a = 4 in 2 y = 3.5 in 
500(4)(3.5) 


Sh 


170.7(4) 


= 10.3 psi 


(e) At horizontal plane 4-4 (The area a represents the area above 
the horizontal plane in question. Thus, the area above plane 4-4 is 
zero.): 


a = 0 therefore s h = 0 

The values of s h for horizontal planes below the neutral axis are 
determined in the same way, except that area a is the area below the 
horizontal plane. This problem illustrates the principle that s h is a 
maximum at the neutral axis and zero at the outer fibers. 

To study the manner in which the shearing stresses vary, the stresses 
occurring at different distances from the neutral axis may be laid off to 
scale, as shown in Fig. 12-14. The vectors representing the stresses are 
of varying length, as can be seen from the values computed in the 
foregoing example. If the ends of the vectors are joined by means of a 
smooth curve, then any horizontal length between the vertical axis and 
the curve will represent the shearing stress at the corresponding point in 
the beam. The curve so determined is found to be a parabola. 



FIGURE 12-14 Distribution of horizontal 
shearing stresses for Sample Problem 5. 


12-3 MAXIMUM HORIZONTAL SHEAR STRESS 
FOR COMMON CROSS SECTIONS 

For the special case of horizontal shear stress at the neutral axis when the 
cross section is a rectangle, a simplified formula is available. 

For a rectangular cross section b in [or m] wide by h in [or m] high, 
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a = 


bh 

2 




bh^ 

12 


Substituting this information into Eq. (12-4), 



V ay 

lb 


V 


bh\ h 


bh? 

12 


(b) 



(12-5) 


where s h = horizontal shear stress at the neutral axis for a rectangular 

cross section, psi; Pa 

V = vertical shear force at section being considered, lb; N 
A = bh, the area of the entire cross section, in 2 ; m 2 


Similarly, for a beam of circular cross section whose diameter is d in 
[or m] (see Fig. 12-15), 


7 id 2 _ _ 4r _ 2d 
8 ^ 3n 3n 


b = d 


nd 4 

64 



FIGURE 12-15 Circular cross 
section for determination of 
maximum horizontal shear stress. 


Substituting into Eq. (12-4), 




HfXl 

(7rd 4 /64)d 
4V 
3 A 


( 12 - 6 ) 


where s h = horizontal shear stress at the neutral axis for a circular cross 

section, psi; Pa 

V = vertical shear force at section being considered, lb; N 
A = 7rd 2 /4, the area of the entire cross section, in 2 ; m 2 
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The reader is cautioned that Eqs. (12-5) and (12-6) are limited to 
calculations at the neutral axis for rectangular and circular cross sections, 
respectively. 


12-4 MAXIMUM VERTICAL SHEAR STRESS 
IN S-SHAPE AND W-SHAPE BEAMS 

The assumption is usually made in the case of S- and W-shape beams that 
the flange carries all the bending stress, and the web, extending through 
the entire depth, takes the vertical shear. Although the assumption is not 
quite true, it is on the side of safety. The vertical shear stress in the webs 
of S- and W-shape beams is given by the equation 

"-l <12 - 7) 

where s v = maximum vertical shear stress, psi; Pa 
V = maximum vertical shear force, lb; N 
t = thickness of the web, in; m 
d = depth of the beam, in; m 

From Sec. 12-2, s v = s h . 

In the design of a beam, tests should always be made for shearing 
strength, as well as bending strength. 

The code frequently used for the design of structural beams is the 
American Institute of Steel Construction (AISC) code. Table 12-1 gives 
the allowable stresses for the structural steels in bending and shear. 


TABLE 12-1 AISC ALLOWABLE STRESSES FOR BEAMS 


Material Specification (ASTM Designation) 

Allowable Stress, psi 

Bending Shear 

6&) (s„ = s h ) 

A 36, Structural steel (s y — 36 000 psi) 

24 000 

14 500 

A 529, Structural steel (s y = 42 000 psi) 

A 572, Structural steel 

28 000 

17 000 

Grade 42 ( s y = 42 000 psi) 

28 000 

17 000 

Grade 45 ( s y = 45 000 psi) 

29 700 

18 000 

Grade 50 ( s y — 50 000 psi) 

33 000 

20 000 

Grade 55 (s y = 55 000 psi) 

36 300 

22 000 

Grade 60 ( s y = 60 000 psi) 

39 600 

24 000 

Grade 65 ( s y — 65 000 psi) 

42 900 

26 000 

A 242, Structural steel ( s y = 50 000 psi) 

33 000 

20 000 

A 441, Structural steel ( s y = 50 000 psi) 

33 000 

20 000 

A 588, Structural steel (s y = 50 000 psi) 

33 000 

20 000 
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Sample Problem 6 An S 15x50 carries a total uniformly distributed 
load of 40 000 lb on a 20-ft simple span. Find the maximum bending 
stress and the shear stress in the web. 

Solution: From App. B, Table 5, for an S 15x50, 5 = 64.8 in 3 , depth 
d = 15 in, and web thickness t = 0.550 in. For a simply supported beam 
with a uniform load, 

Tlmax 

In bending, 5 


WL 40 000(20) 

8 8 
M 100 000(12) 

5 ~ 64.8 


= 100 000 ft • lb 


18 500 psi 


Note that the weight of beam has been neglected. 

From Fig. 12-16, V max = 20 000 lb. From Eq. (12-7) for web shear, 


V 20 000 
td ~ (0.550)15 


= 2420 psi 



(a) 


20,000 lb 


20,0001b 



FIGURE 12-16 (a) Beam diagram for 
Sample Problem 6. (b) Shear-force 
diagram. 


12-5 DISCUSSION OF BEAM DEFLECTION 

When a load is placed on a beam, the beam tends to sag or deflect, as in 
Fig. 12-17. 

Deflection plays a very important part in the design of structures and 
machines. If floor beams, or joists, deflect too far, the plaster on the 
ceiling under them may crack. Although no damage to the structure may 
result, the appearance of the ceiling may be ruined. Also, a floor supported 
by such beams may be so out of level that its usefulness for machinery 
may be impaired. 

Under load, the neutral axis becomes a curved line and is called the 
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—i 

(a) 



FIGURE 12-17 Beam deflection due to 
load: (a) beam without load; ( b ) beam with 
load; (c) comparison of loaded and 
unloaded neutral axes. 



elastic curve. The deflection y is vertical distance between a point on the 
elastic curve and the unloaded neutral axis. 

12-6 RADIUS OF CURVATURE 

The radius of curvature at any point on a curve is the radius of the circle 
which would match the shape of the curve at that point and in the 
immediate neighborhood of the point. In general, the elastic curve is not 
a circle, but, for a very short length, such as A/, it may be considered as 
the arc of a circle (Fig. 12-18). Before the beam is loaded, sections AB and 
GH are parallel to each other (Fig. 12-18a). After loading, sections AB 
and GH occupy new positions A'B' and G'H' owing to deflection. These 
new positions are no longer parallel to each other but are both perpen¬ 
dicular to the elastic curve (neutral axis), as in Fig. 12-186. From Fig. 
12-18e it is apparent that fiber AG has been shortened (compression) to 
length A'G', and fiber BH has been stretched (tension) to B'H', while the 
portion of the neutral axis XX has not changed its length. The elongation 
8 of fiber BH is the change in its length; therefore, 

8 = B'B + HH' = WB (since B'B =////') 


Also, M = XX = BH 

The strain e at the extreme fiber is 


e - 


_8 

A/ 
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O 



FIGURE 12-18 Radius of curvature of a deflected beam: (a) beam 
before load is applied; ( b ) beam after load is applied; (c) effect of 
deflection on a beam segment. 


But the stress at this fiber is 


Me 




and since modulus of elasticity £ = s/e, then 


E = 


Mc&l 


By observing that triangle OKX is similar to triangle XBB', we find that 


But 


OX 

XB' ~ 
OX = 

XB' = 
XK = 


XK 

B'B 

r (the radius of curvature) 


A/ 


B'B =~ 


r M/2 A/ 
c~ 8 /2 ~ 8 


Substituting, 
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cM 

From which r = —- 

8 

Combining the equation for r with the equation for E, we obtain 


Mr 



or r = — (12-8) 

M 

It is evident that the greater the deflection at a point in a beam, the 
smaller will be the radius of curvature. That is, the deflection varies 
inversely as r. Froiri Eq. (12-8), the deflection is found to depend directly 
on M and inversely on El. 

12-7 METHODS OF DETERMINING DEFLECTION FORMULAS 

Several different methods are available for deriving beam-deflection 
formulas. They are as follows. 

1. Moment-area method, which will be used in this book to 
determine maximum deflections. 

2. Slope-deviation method, a more comprehensive variation of the 
moment-area method* 

3. Double-integration method, a direct procedure involving higher 
mathematics* 

The moment-area method and the slope-deviation method make use 
of relationships between various diagrams. In Secs. 11-5 and 11-6, two 
important principles were stated as follows. 

The area between any two vertical heights {ordinates) on a diagram will equal 
the difference in length of the two corresponding ordinates on the next higher 
degree diagram. 

The vertical height ( ordinate) at any point on a diagram will equal the slope 
of the next higher degree diagram at the same point. 

The first of these statements was used in determining bending 
moments from the shear-force diagram areas. The second statement was 
used to help predict the shape of successive diagrams and, most impor¬ 
tantly, to pinpoint the possible locations of maximum bending moments 
from shear-diagram zero locations. 

There are two more successive diagrams which can be added to those 
we have used thus far. They will be introduced briefly merely to emphasize 
the relationships. The next higher degree diagram (Eld diagram) after 

* For a thorough treatment of these methods, the reader may wish to refer to Robert W. 
Fitzgerald, Strength of Materials , Addison-Wesley Publishing Co., Reading, MA, 1967. 
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o 



FIGURE 12-19 (a) Elastic curve of a deflected beam. ( b ) Moment diagram 
of a deflected beam. 


the bending-moment diagram is one which gives the slope, 6, of the 
deflected neutral axis multiplied by El. The next higher degree diagram 
(Ely diagram) gives the deflection y of the neutral axis from the normal 
horizontal unloaded position, multiplied by El. Thus, areas on the 
moment diagram relate to differences in ordinate heights on the Eld 
diagram, which in turn influence the slopes of the elastic curve (neutral 
axis) in the Ely diagram. These interrelationships provide the basis for 
the moment-area and slope-deviation methods of determining deflection. 

The moment-area method for a simply supported beam is developed 
as follows: Consider a simply supported beam which, under load, deflects 
so that its neutral axis takes the shape of the curve ABCD in Fig. 12-19a. 
A very small length along the curve between points B and C has a radius 
of curvature r and subtends angle BOC = 6. Now 



But 


BC ~ Ax 
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since the length is short. Thus, 


Ax 

tan 6 = — 


r 


By Eq. (12-8), 


_EA_ 
r ~ M 


where M is the bending moment at both B'B' and C'C' of Fig. 12-196 
since length Ax is short. Combining these equations, 


tan 0 = 


MAx 

El 


From the moment diagram (Fig. 12-19 b) the shaded area AA is approx¬ 
imately rectangular, such that 


Then 


AA = M Ax 


tan 6 = 


AA 

El 


If tangents to the elastic curve (Fig. 12-19a) are drawn at points B and 
C such as BG and CH, then angles OBG and OCH are right angles and 
the angle between BG and CH is 6. The vertical distance Ay = GH along 
a perpendicular through point A represents a portion of the maximum 
deflection in this case. Since BG and CH are almost horizontal, the average 
of their lengths may be taken as x, the distance from the left reaction to 
the centroid of area A A. 

From this discussion, 


tan $ = 


Ay 


(BG + CH)/2 


Setting the two expressions for tan $ equal, 


Ay AA 

~ ~ El 
xAA 


x 


or 


Ay = 


El 


Ay 

x 


This equation indicates that Ay depends upon the moment oj an area 
on the bending-moment diagram. 
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For several systems, Ay is a portion of the maximum deflection 
F max . If all the Ay values are added for all segments along the elastic curve 
between the left end^4 (Fig. 12-19a) and the point of maximum deflection, 
they will total to y max . This is true for simple beams with symmetrical 
loading and for cantilever beams. In cases where this is not true, a more 
general method is necessary. Derivation and detailed discussion of such 
methods are beyond the scope of this book. 

Proceeding with the case at hand, we can find an expression for the 
maximum deflection by adding all the Ay components as follows. 

3W = 2 Ay 

= Ayj + Ay 2 + Ay 3 + • ■ • + Ay„ 

x x AA x x 2 A A 2 x 3 AA 3 x„A A„ 

— --f-+--F • • • +- 

El El El El 

n 

(XjAAj) 

_ £=1 _ 

El 

Equation (10-2) may be written in the following form: 

n 

(xjAAj) 

<=1 

X = —- 

Saa* 

i=l 

n n 

^ (xjAAj) = A A t = xA 

i =1 i = 1 

where x is the distance from the centroid of shaded area A (Fig. 12-20) 
to the left reaction. Therefore, 


ymax gj (12-9) 

Note that deflection is a function of a moment divided by £7, as discussed 
toward the end of Sec. 12-6. 

Equation (12-9) may also be used to determine the deflection at any 
point in a cantilever beam, which will be demonstrated later in this 
chapter. 

To determine the deflection at any point on a simply supported beam 
with symmetrical loading, it is necessary to find the maximum deflection 
and subtract from it an amount which represents the difference between 
y max an d the desired deflection. 
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R 


i 



R 


2 



(b) 




FIGURE 12-20 (a) Beam diagram of a 
simply supported beam with uniform load. 
(b) Moment diagram, (c) Elastic curve. 


The equation for deflection at any point on a simply supported beam 
with symmetrical loading (Fig. 12-21) is 


Xi A x x 2 A 2 
El ~ El 


( 12 - 10 ) 


where 


x x A x 

El 


Jraaxi 


x 2 A 2 

El 


= y max - y 


and y = deflection at any point on a simply supported beam 

A x = area of the bending-moment diagram between the left 
reaction and the point of maximum deflection 

x x = horizontal distance from the centroid of area A x to the left 
reaction 

A 2 = area of the bending-moment diagram between the point 
where y is to be found and the point of maximum deflection 

x 2 = horizontal distance from the centroid of area A 2 to an axis 
through the point where deflection is to be determined 

E = modulus of elasticity of the beam material 
I = moment of inertia of the beam cross section 


Note that for the beam in Fig. 12-21, 


A i = area BCD of the bending-moment diagram 
x x = moment arm of centroid of A x about the left end of the beam 
A 2 = area GHCD of the bending-moment diagram 
x 2 = moment arm of centroid of A 2 about point x 
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FIGURE 12-21 (a) Beam diagram of a 

simply supported beam with concentrated 
load at midspan. ( b ) Moment diagram. 

(c) Elastic curve. 


12-8 DEFLECTION OF A SIMPLY SUPPORTED BEAM 
(CONCENTRATED LOAD AT CENTER) 

Maximum deflection: by Eq. (12-9), 



^max 



From Fig. 12-22 b, 


A = 

x = 


1 FL L 
2 \ 4 % 
2(L \ 

3 l 2 


FL 2 

16 

L 

3 


Therefore, 


^max 


L( FL? 
3 \ 16 

El 


or 


Jmax 


FL 3 

48£7 


( 12 - 11 ) 
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(c) id) 

FIGURE 12-22 (a) Beam diagram of a simply supported beam 
with load at midspan. ( b) Moment diagram for derivation of 
maximum deflection equation, (c) Moment diagram for derivation 
of equation for deflection at any point. ( d ) Elastic curve. 


Deflection at any point: by Eq. (12-10), 


XiAj x 2 A 2 
El ~ El 


where x 1 A 1 /EI = y max (Sec. 12-7) 

x 2 A 2 is the moment of the entire shaded area in Fig. 12-22c. For 
convenience, the entire shaded area is divided into a rectangle and a 
triangle. The sum of the moment of the rectangular and triangular areas 
equals x 2 A 2 . Then 



from which 


— = (L 3 - 3 L 2 x + 4r*) 

El 48EI K ' 
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Substituting into Eq. (12-10), 


FL S 
48 El 


F 

48 El 


(L 3 - 3 L 2 x + 4X 3 ) 


which reduces to 


y 


Fx 

4SEI 


(3L 2 - Ax 2 ) 


( 12 - 12 ) 


12-9 DEFLECTION OF A SIMPLY SUPPORTED BEAM 
(UNIFORM LOAD) 

Maximum deflection: by Eq. (12-9), 



^max 



From Fig. 12-23 b, A = f of the enclosing rectangle. 



(c) (d) 

FIGURE 12-23 (a) Beam diagram of a simply supported beam with 
uniform load. ( b ) Moment diagram for derivation of maximum 
deflection equation, (c) Moment diagram for derivation of equation 
for deflection at any point, (d) Elastic curve. 
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Substituting, 

or 



WL 2 

24 


16 


5 L ( WL 2 

16 V 24 


J’max 


Jmax 


El 

5 WL 3 
384 El 


(12-13) 


Deflection at any point: by applying a similar procedure as in Sec. 12-8 
to Fig. 12-23c, we find that 


Wx / L 3 - 2 Lx 2 + x 3 

24£7\ L 


(12-14) 


12-10 DEFLECTION OF A CANTILEVER BEAM (GENERAL) 

The maximum deflection for a cantilever beam is given by 

?max=— (12-15) 

El 

where A is the entire area of the moment diagram and x is the distance 
from its centroid to the free end, as shown in Fig. 12-246. 






FIGURE 12-24 (a) Beam diagram of a 
cantilever beam with uniform load. 

(b) Moment diagram, (c) Elastic curve. 
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Equation (12-15) for a cantilever beam can be developed using a 
procedure similar to that in Sec. 12-7. 


12-11 DEFLECTION OF A CANTILEVER BEAM 
(CONCENTRATED LOAD AT FREE END)* 


Maximum deflection: by Eq. (12-15), y max = 


From Fig. 12-25 b, 


Substituting, 


xA 

El 


1 FL 2 

A = ~{L)FL = — 


2 L 


X = 


2l(FJI 
3 \ 2 


Jmax 


EI 


y max 


FL 3 

3EI 


(12-16) 





FL 




FIGURE 12-25 (a) Beam diagram of a 
cantilever beam with load at free end. 

(i b) Moment diagram, (c) Elastic curve. 


* For cases not shown here, refer to Manual of Steel Construction, American Institute of Steel 
' Construction. 








BEAMS—DESIGN 301 


12-12 DEFLECTION OF A CANTILEVER BEAM 
(CONCENTRATED LOAD AT ANY POINT) 

Maximum deflection: by Eq. (12-15), 


max 


xA 

El 


From Fig. 12-266, 


Substituting, 


I* 


- a)F(L - 


a) + a = 


F 

a) = 

2 a 
~L + — 

3 3 


!Vmax 


2 L a\(F\ 

T + s) (?) (I - a) ° 

El 


which reduces to 


? m „x = 7^(2 L? - 3aL* + a?) 
6 El 


(12-17) 



(L-a) 


(b) 


F(L-a) 


max 



FIGURE 12-26 (a) Beam diagram of a 
cantilever beam with load at any point. 
(b) Moment diagram, (c) Elastic curve. 
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Deflection under the load: the equation for the deflection y a , under 
load F in Fig. 12-26c, can be determined by considering a cantilever beam 
of length L — a with a concentrated load at its free end. This deflection 
is given by an equation of the form of Eq. (12-16) with a span of L — a. 



F(L - af 
3 El 


(12-18) 


12-13 DEFLECTION OF A CANTILEVER BEAM 
(UNIFORM LOAD) 

Maximum deflection: by Eq. (12-15), 

xA 

!Vmax ~ 


From Fig. 12-27 b, A = £ of the enclosing rectangle. 



WL 

2 



WL 2 

6 




(c) 


FIGURE 12-27 (a) Beam diagram of a 
cantilever beam with uniform load. 

(b) Moment diagram, (c) Elastic curve. 
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Substituting, 


^max 


J’max 


Kf) 

EI 
WL 3 
8 EI 


(12-19) 


12-14 DEFLECTION OF BEAMS WITH COMBINED LOADS 

When a beam carries more than one load (or type of load) the deflection 
at a given point is determined by calculating the deflection at that point 
due to each load and adding these results. Table 12-2 gives maximum 
deflections for various beam loadings. 

To demonstrate this principle, consider the beam in Fig. 12-28. The 
load F causes the beam to deflect, as shown in Fig. 12-29a. The effect 
of the uniform load W is shown in Fig. 12-296. The actual beam deflection 
due to both loads is obtained by adding the individual effects, as in Fig. 
12-29c. 





FIGURE 12-28 Cantilever beam with FIGURE 12-29 (a) Elastic curve— 
load at free end and uniform load. deflection due to F. ( b ) Elastic 

curve—deflection due to W. (c) Elastic 
curve—combined effect. 


Sample Problem 7 An S12 x 31.8 simply supported beam, 12 ft long, 
carries a total uniform load of 8000 lb and a concentrated load of 14 000 
lb at midspan (see Fig. 12-30). 
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TABLE 12-2 SELECTED MAXIMUM DEFLECTION FORMULAS 


Beam and loading Maximum deflection Location 
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FIGURE 12-30 (a) Beam diagram for 
Sample Problem 7. ( b) Elastic curve. 


(a) Find the maximum deflection of the beam. 

(b) If permissible deflection is limited to gio of the span (AISC 
code), is this beam acceptable based on deflection? 

Solution a: The deflection at the center of the beam due to load F is 
given by Eq. (12-11) or Table 12-2. 



FL 3 

4SEI 


In this case, 


F = 14 0001b 
L = 12 ft = 144 in 


and for an S12 x 31.8, 


I x = 218 in 4 (App. B, Table 6) 
E = (30)(10 6 ) psi 


Substituting into Eq. (12-11), 


14 000(144) 3 

y — ---= 0.133 in 

J 48(30 x 10 6 )(218) 


The deflection at midspan due to W is given by Eq. (12-13) or Table 
12 - 2 . 


5 WL 3 
384 El 
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Where W = 8000 lb, 


5(8000) 144 3 

y w =---— = 0.048 in 

J 384(30 x 10 6 )(218) 


The maximum deflection due to both loads is 


?max =Vf +yw = 0.133 + 0.048 = 0.181 in 


Solution b: The maximum permissible deflection is 


L 12(12) 144 

y = —=-=-= 0.40 in 

7 360 360 360 


Since actualy max = 0.181 in, the beam is acceptable, based on deflection 


12-15 DESIGN OF A BEAM 

* 

The fundamental factors upon which beam analysis depend are: 

1. Loading—arrangement and magnitude 

2. Span 

3. Type of beam support (simple, cantilever, etc.) 

4. Allowable stresses (bending, shear) 

5. Permissible deflection 

6. Shape of beam cross section 

7. Size of beam 

The most common design procedure involves determining the size 
of beam. A suitable beam must have the required strength in bending 
and in shear. A further limitation may be imposed with respect to 
maximum deflection. For example, the AISC code limits maximum 
deflection for beams carrying plastered ceilings to g^o of the span length. 
The following sample problem, which includes a limitation on deflection, 
will help to clarify this procedure. 


Sample Problem 8 Design a W-shape, A36 structural steel cantilever 
beam with a span of 12 ft carrying a uniform load of 670 lb/ft qnd a 
concentrated load of 16 500 lb at its midpoint. The allowable stresses, as 
given by the AISC code, are 24 000 psi in bending and 14 500 psi in web 
shear. The permissible deflection is g^o of span . 
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(c) —147,200 ft-lb 


FIGURE 12-31 (a) Beam diagram for 

Sample Problem 8. (£>) Shear force 
diagram, (c) Moment diagram. 


Solution: 

Bending (See Fig. 12-3la): 


Allowables = 24 000 psi 

Afmax = 670(12)(6) + 16 500(6) = 48 200 + 99 000 
= 147 200 f t • lb (at wall) (see Fig. 12-3 Ic) 
M 



147 200(12) 
24 000 


= 73.6 in 3 (minimum) 


Selecting on the basis of economy from the Section Modulus Table 
in App. B (Table 9), we find that a W16 x 50 (S = 80.8 in 3 ) beam meets 
the bending requirement. 
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Deflection: 


W = 


0.40 = 


12 ( 12 ) 

Allowable deflection = —-= 0.40 in 

360 

WL 3 F 

= (2i “ 3aL + a3) 
670(12) = 80401b a =6(12) =72 in L = 12(12) = 144 in 


+ 


16 500 


8040(144) 3 
8(30 x 10 6 )/ 6(30 x 10 6 )/ 


;[2(144) 3 - 3(72)(144) 2 + (72) 3 ] 


100 170.8 270.8 

+ - 


I = 


I 

270.8 

0.40 


I 


I 


= 677 in 4 (minimum) 


The moment of inertia I for the W16 x 50 is 657 in 4 , which is not 
sufficient for the deflection requirement. However, a W18 x 50 beam 
will satisfy both bending and deflection requirements (5 = 89.1 in 3 and 
I = 802 in 4 ). It should be noted that other beams would satisfy the 
bending and deflection requirements, such as W16 x 58, W14 x 68, W18 
x 55, and W12 x 85, but these are more expensive beams since their 
weights exceed the 50 lb/ft of the W18 x 50. 

Web Shear: Check the W18 x 50 in web shear. 


Depth = d = 18 in 
Web thickness = 


V = 

v max 


t = 0.358 in 

24 5401b (see Fig. 12-316) 
V 24 540 
td 0.358(18) 

Allowable s v = 14 500 psi therefore OK 




= 3810 psi 


Use W18 x 50. 

12-16 LATERAL BUCKLING 

Beams with long spans tend to buckle laterally, wrinkle locally, or twist 
under heavy loading. Intermediate lateral (side) supports are used to 
reduce such failures. If lateral supports are not used, the AISC recom¬ 
mends* reducing the allowable bending stress ( 5 ) to a value given by (use 
only for W, S, HP, and Channel shapes) 


* For additional information, see Manual of Steel Construction , 7th ed., AISC, Specifica¬ 
tions, Section 1.5.1.4.6a. 
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12 000 000 C b 

ld/Af 


( 12 - 20 ) 


where / = unsupported length of simple beam or twice the span 

of cantilever beam, in; m 

d = depth of beam, in; m 
A f — area of flange in compression, in 2 ; m 2 

C b — 1, for simple and cantilever beams 


The AISC code further specifies that the reduced allowable bending 
stress shall not exceed 0.60yy. Equation (12-20) is used only when ld/A f 
exceeds 

555 for A36 structural steel 
475 for A529 structural steel 
475 for A572, Grade 42 structural steel 
445 for A572, Grade 45 structural steel 
400 for A572, Grade 50 structural steel 
365 for A572, Grade 55 structural steel 
335 for A572, Grade 60 structural steel 
310 for A572, Grade 65 structural steel 
400 for A242, A441, A588 structural steel 


PROBLEMS 

*12-1. A simple beam 150 by 200 mm rough sawn in cross section and 
3 m long carries a concentrated load of 36 kN at the center. Find 
the largest bending stresses developed at sections 0.9, 1.5, and 
2.4 m from the left end. 

12-2. A wooden beam 12 ft long is supported at the ends. If the rough- 
sawn cross section is 6 by 8 in and the allowable bending stress 
1100 psi, what total uniform load can the beam support? 

12-3. In Prob. 12-2, if the allowable bending stress is 1200 psi and the 
rough-sawn cross section of the beam is 6 by 9 in, what is the 
maximum length of the span if the total uniform load is 6000 lb? 

*12-4. What should be the diameter of the hollow axle for the railway 
car shown in Fig. Prob. 12-4? The safe bending stress is 70 MPa. 
The outside diameter of the axle is twice the inside diameter. 

12-5. What is the factor of safety based on the ultimate strength of the 
Class 60 cast-iron beam shown in Fig. Prob. 12-5? Consider the 
weight of the beam as a uniform load. 

12-6. A total uniform load of 16 000 lb is carried by a beam of Douglas 
fir. If the span is 14 ft, select a dressed size whose nominal width 
is 8 in. 

12-7. How far apart may the supports for an A36 structural steel W8 
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12 - 8 . 


12-9. 


12 - 10 . 


12 - 11 . 


* 12 - 12 . 




FIGURE PROBLEM 12-5 
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x 35 beam be placed if it supports a load of 8000 lb at the 
middle of the span? Use the AISC code. 

What is the maximum bending stress in an A36 structural steel 
S 15 x 50 beam of 24-ft span if it supports a uniform load of 800 
lb in addition to its own weight, and loads of 6000 and 9000 lb, 
respectively, at 6 and 16 ft from the right support? 

What should be the size of A36 structural steel S-shape beams 
spaced 4 ft on centers to carry a balcony load of 225 psf? The 
balcony is constructed as a cantilever and extends 8 ft beyond 
the wall. Use the AISC code. (Hint: Find the load on one beam.) 
Select an A36 structural 1 steel W-shape beam 24 ft long, over¬ 
hanging each support 4 ft, to carry a load of 16 000 lb at the left 
end, 12 000 lb at the center, and 8000 lb at the right end. Use 
the AISC code. 

A floor is supported by A529 structural steel S12 x 35 beams 
spaced 8 ft center to center. What uniformly distributed floor 
load (psf) will they support with a span of 18 ft? Use the AISC 
code. 

What should be the depth (rough sawn) of a mountain hemlock 
beam, simply supported, full width of 100 mm and 3.6 m long, 
to carry equal concentrated loads of 4.5 kN at the third points? 
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12-13. What must be the diameter of' a steel shaft 10 ft long between the 
bearings if the allowable bending stress is 10 000 psi? A pulley 
located 3 ft from one end if subjected to a total downward pull of 
1600 lb (steel weighs 490 lb/ft 3 ). 

12-14. What will be the maximum stress in the box girder of Fig. Prob. 

12-14? The girder is made up by connecting four 2- by 12-in 
(rough-sawn) planks as shown. The span is 12 ft, and the 
uniformly distributed load is 1250 lb per linear foot. 



□ 




) ) ) J.) ) 




16 " 




12 " 


12-15. 


*12-16. 


*12-17. 


*12-18. 


12-19. 


12 - 20 . 


12 - 21 . 


An AISI 1020 steel pin in a pin-connected truss is to be considered 
as a simple beam of 8-in span. It resists a variable force of 8000 
lb at its center. What should be the diameter of this pin? 

The maximum force between a connecting rod and the crank- 
pin is 540 kN. This force may be assumed to be uniformly 
distributed against the pin which is 200 mm long. What must be 
the diameter of the AISI 1045 steel pin if shock loading is 
assumed? 

In a scaffolding used in construction, there is a plank 50 by 300 
mm rough sawn used to support the workmen. The plank is 
held up by means of brackets 2.4 m apart. If a person having a 
mass of 91 kg stands at the middle and a person having a mass 
of 68 kg stands 0.3 m from the left end, could Eastern white pine 
be used for the plank? p = 705 kg/m 3 for Eastern white pine. 
What will be the value of equal loads placed at the quarter points 
of a rough-sawn Douglas hr beam 150 mm wide, 250 mm deep, 
and 3.6 m long to develop the maximum allowable bending stress? 
Select a dressed-size Ponderosa pine beam 16 ft long to carry a 
uniform load of 200 lb/ft, a concentrated load of 1200 lb 6 ft 
from the right end, and 800 lb 4 ft from the right end. 

A wooden beam, dressed size 6 by 8 in and 12 ft long, supported 
at the ends, carries a load of 2000 lb at the middle of the span. 

a. What is the unit shearing stress at the neutral axis? 

b. What is the unit shearing stress at a point 3 ft from the end 
and 2 in from the neutral axis? 

c. What is the maximum bending stress in the beam? 

A simple beam, dressed size 6 by 6 in and 6 ft long, carries a 
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concentrated load at the middle of the span. What is the load if 
it is determined by the allowable shearing stress of 120 psi? 
12-22. A rectangular Sitka spruce beam, dressed size 8 by 12 in with a 
12-ft simple span, carries a uniform load of 1600 lb/ft. What is 
the unit horizontal shearing stress at the following points? 

a. At the neutral axis and at the end of the beam 

b. Four inches from the neutral axis and 1 ft from the support 

c. Two inches from the neutral axis and at a quarter point 
12-23. a. What will be the total uniform load that can be placed on a 

Mountain hemlock beam, dressed size 10 by 14 in and 8 ft long, 
supported at the ends, if the allowable shear stress alone is 
considered? 

b. What will be the stress due to bending as a result of this load? 
12-24. What should be the proper length of a dressed-size 10- by 12-in 
oak beam carrying a uniform load of 1800 lb per linear foot? 
Solve for both a simple span and a cantilever. Consider both 
horizontal shear and bending. Use an allowable shear stress of 
120 psi and an allowable bending stress of 1450 psi. 

12-25. What should be the spacing of i-in bolts in a beam consisting of 
a 4- by 6-in (rough-sawn) Fir timber bolted to a 6- by 6-in (rough- 
sawn) timber? The pieces will be placed so that the cross section 
of the beam will be 6 by 10 in. The span and loading are shown 
in Fig. Prob. 12-25. The allowable shear stress in the bolts is 
10 000 psi. 



FIGURE PROBLEM 12-25 

12-26. A shape is built up by bolting together three rough-sawn 50 mm 
by 200-mm planks 3.6 m long, as shown in Fig. Prob. 12-26. 
What should be the spacing of 10-mm bolts to resist the shearing 
stresses? The bolts are made of AISI 1020 steel, and a safety 
factor of 5 is specified. 

12-27. What is the maximum shearing stress developed in an A36 
structural steel S10 x 35 beam that carries a uniform load over 
a simple span of 12 ft? Use the AISC code. Determine load from 
allowable bending stress. 
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FIGURE PROBLEM 12-26 



FIGURE PROBLEM 12-28 


12-28. A plate girder used as a simple beam 36 ft long must support a 
concentrated load of 180 000 lb at the middle of the span and 
45 000 lb at each quarter point (Fig. Prob. 12-28). The girder is 
composed of a 48- by f-in web plate and four 6- by 6- by f-in 
flange angles, all made of A36 structural steel. What should be 
the bolt spacing if f-in A307 bolts are used? Use the AISC code. 
Assume bearing-type connections. 

12-29. A W12 x 72 A36 structural steel beam is used for a simple span 
of 12 ft and carries a uniformly distributed load. What is the 
maximum shearing stress at the base of the upper flange? 
Consider the flange as a rectangle. Use the AISC code. Deter¬ 
mine load based on allowable bending stress. 

12-30. A Douglas fir beam 10 by 12 in dressed size and 14 ft long is 
supported at the ends. The beam carries a total uniform load of 
9000 lb and a concentrated load at the middle of the span of 
3600 lb. 

a. What will be the maximum bending stress, shearing stress, 
and deflection? 

b. Are the values within safe limits? 

12-31. What safe uniformly distributed load will a 6- by 10-in yellow 
pine beam carry if the span is 10 ft? Design for both dressed and 
full sizes. Use an allowable bending stress of 1750 psi and an 
allowable shear stress of 120 psi. 
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12-32. 

12-33. 

12-34. 

i 

12-35. 

*12-36. 

12-37. 

12-38. 


12-39. 


For what length of beam will the total uniform load be determined 
by shear only and for what length by bending? Assume a 
Ponderosa pine beam and 8- by 10-in dressed-size cross section. 
A W12 x 79 A36 structural steel beam carries a uniformly 
distributed load of 48 000 lb on a simple span of 24 ft. Compute 
the maximum bending stress, shearing stress, and deflection. Use 
the AISC code. 

A Mountain hemlock beam, 4 by 8 in dressed size and 7 ft long, 
is used as a cantilever to support an end load of 900 lb. What are 
the maximum bending stress, shearing stress, and deflection? 

A floor carrying a load of 140 psf is supported by A441 structural 
steel S12 x 35 beams spaced 6 ft from center to center. The span 
of the beams is 21 ft. Use the AISC code. 

a. Does the deflection exceed the allowable? 

b. What are the maximum bending and shearing stresses? 

A steel shaft 250 mm in diameter resting in bearings 1.05 m 
apart carries a flywheel having a mass of lS.HflO 3 ) kg midway 
between the bearings. Treating the shaft as a simple beam, find 
the maximum values of bending stress, shearing stress, and 
deflection. 

A 4-in steel shaft 10 ft long and supported at the ends carries a 
pulley, weighing 200 lb, midway between the supports. There is 
a belt pull in a downward direction of 500 lb acting on the pulley. 

a. What will be the resultant deflection? 

b. Determine the horizontal shear stress and the bending stress 
developed. 

a. Select the most economical A36 structural steel S-shape beam 
for the loading shown in Fig. Prob. 12-38. Use the AISC code. 

b. Is this beam safe in vertical web shear? 

c. What is the maximum deflection? 


F= 1,500 lb 


w= 250 lb/ft 


■v.v/.\v.v.v.-X-X-.y>z. .Vi.-.-::;. 


UUUUUl 


9' 



FIGURE PROBLEM 12-38 


Select the most economical A^f) structural steel S-shape beam for 
the loading in Fig. Prob- 12-39. Use the AISC code. 
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FIGURE PROBLEM 12-39 


12-40. A Class 20, hollow, circular, cast-iron post with an outside 
diameter of 75 mm and a wall thickness of 12.5 mm is proposed 
for the loading shown in Fig. Prob. 12-40. Does this post satisfy 
a required safety factor of 7? Neglect the weight of the post. 



2.45 kN 
2.45 kN 

2.45 kN 


FIGURE PROBLEM 12-40 






CHAPTER 



Torsion, Shafts, Shaft 
Couplings, and Keys 

13-1 TORSION 

In Fig. 13-1, F j and F 2 are the tensions on a belt, with F 2 > F x . The 
difference in tensions tends to rotate the shaft clockwise. A cable is wound 
around the shaft, as shown, with an attached weight W. This weight tends 
to rotate the shaft in a counterclockwise direction. When a shaft is acted 
upon by two equal and opposite twisting moments in parallel planes, it 
is said to be in torsion. When such a condition exists, the shaft may be 
either stationary or rotating uniformly. The twisting moment, or torque, 
is generally expressed in inch-pounds or newton-meters. 

If, in Fig. 13-1, F 2 = 250 lb, F x = 100 lb, and the pulley radius r = 
6 in, the torque T — (F 2 — F x )r = (250 — 100)(6) = 900 in-lb. 

If the radius of the shaft is 1 in and the moments are equal, W must 
equal 900 lb. This assumes negligible bearing friction. 

In the previous illustration, the twisting moment, or torque, is 
constant for the length of shaft between the pulley and the cable. However, 
if a shaft has several pulleys attached to it, the torque will be different in 
different sections of the shaft. 

In Fig. 13-2, pulley B drives the shaft in clockwise rotation and 
provides power for pulleys A and C. Pulley B transmits a torque T b = 
(F 3 — F 4 )r& = (1500 — 500)(4) = 4000 in lb, which is available to pulleys 
A andC. Thus, the torque at pulley^, transmitted along the shaft between 
A and B, is 


T a = (F 5 - F«)r a = (300 - 100)(6) = 1200 in-lb 


316 


Similarly, the shaft from B to C transmits the torque 
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F 6 = 100 lb 


F 5 = 300 lb 




= 500 lb 


JF 3 = 1,5001b 

FIGURE 13-2 Torque transmission. 

T c = (F 2 - F t yr c = (1000 - 600)(7) = 2800 in ■ lb 

Since bearing friction has been assumed to be negligible, no torque exists 
in the shaft between the right bearing and pulley C and also between the 
left bearing and pulley^. 
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13-2 TORSIONAL SHEARING STRESS 

When a shaft is in torsion, any cross section of the shaft tends to slip by 
or shear across the adjacent face. The resistance of the fibers per unit 
area of the shaft is called the torsional shearing stress. In Fig. 13-3a, when 
a couple is applied to the lever, an element AB, originally straight, is 
twisted into the position AC. Radius OB of the end section is rotated into 
the position OC. Any portion of material originally at B' is rotated to C'. 
Now, the shear stress resisting that change is proportional to the strain 
since G = s s /e s . But the elongation B'C is proportional to the distance 
OB' from the center of the shaft. Then, within the elastic limit of the 
material, the torsional shearing stress at any point of the cross section of 
a shaft is proportional to the distance of that point from the center of the 
section. 

Since the center of the section has no shear stress, the axis of the 
shaft is a neutral axis. If the radius OB is 3 in, and the shear stress at B 
is 6000 psi, and if B’ is 1.5 in from the center, the stress at B' is 3000 psi 
(see Fig. 13-36). 

An enlarged cross section of the shaft is shown in Fig. 13-4. Consider 
a thin ring of material (cross-hatched) whose area is a at an average radius 
r. The shearing force acting on area a is F r = as sr , where s sr represents 
the shear stress at radius r. The torque associated with this shearing force 
is 


T r = F r r — s sr ar 



FIGURE 13-3 Torsional strain in a shaft. 
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Now, lets* be the maximum shearing stress that occurs on the extreme 
outer fiber at radius c. Since shear stress is proportional to radial distance, 


s 


sr 



r c 


s s r 

or s sr - — 


Then, by substitution, 



Sgjar 1 ) 

c 


The total shearing torque on the entire cross section is the sum of 
the torques on all rings such as a. Thus, 


T = ^[Xar 2 ] 


The term in brackets is the moment of inertia of the area of the circle 
about a centroidal axis perpendicular to the plane of the circle. This is called 
the polar moment of inertia and will be represented by J. Then 


or 



(13-1) 


where s s = maximum shearing stress due to torsion at the outer fiber of 

a uniform, solid, or hollow circular member,* psi; Pa (usually 
expressed as 10 6 Pa or MPa) 

* Equations for other shapes may be found in R. J. Roark and W. C. Young, Formulas for 
Stress and Strain, 5th ed., McGraw-Hill Book Company, New York, 1975. 
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T = torque, in lb; N m 

c — distance from neutral axis to the extreme fiber, in; m 
J = I x + I y = polar moment of inertia about a centroidal axis 
perpendicular to cross section, in 4 ; m 4 

The student should note the similarity between the torsion formula Eq. 
(13-1) and the flexure formula Eq. (12-1). In the same manner as for 
bending, it is convenient to group the moment of inertia and the c- 
distance terms to form S' = J/c, where S' is the polar section modulus. 
Thus, Eq. (13-1) may be written as 




T_ 

S' 


(13-2) 


For a solid shaft of circular cross section, 


J = 


, , 7 rd 4 nd 4 nd 4 

I X + Iy = + = 

y 64 64 32 


d 




S' ='- = 


J 7Td 4 /32 nd 3 


d /2 


16 


Then 


T 


T 


16 T 




S' 7rd 3 /16 nd 3 


(13-3) 


d 0 , 


For a hollow circular shaft of inside diameter d* and outside diameter 


Then 


J = 


c = 


S' = - = 


nd 0 4 nd 4 _ 7r(df — d 4 ) 

32 ~ 32 32 

dp 

2 

J n(d 0 4 - d, 4 )/32 = n ( d 0 4 - df 
d 0 /2 16\ d 0 




T 


16 Td 


0 


S' TT d 0 4 -dA n(d 0 4 - d 4 ) 


16V d 


(13-4) 


0 


The previous equations apply to pure torsional systems within the 
elastic limit of the material. The torsional strength of a shaft depends on 
the maximum safe torque it can transmit. The strength of two shafts of 
the same material may be compared by finding the ratio of their maximum 
safe torques. 
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*Sample Problem 1 Find the diameter of a solid AISI 1045 steel shaft 
which is to transmit a torque of 18 kN-m if the factor of safety based on 
the ultimate shearing strength is 10. 


Solution: From App. B, Table 1, the ultimate s g = 480(10 6 ) Pa for AISI 
1045. Therefore, the allowables = 480(10 6 )/10 = 48(10 6 ) Pa. From Eq. 
(13-3) for a circular cross section, 


167 


5 . = 


or 


(P = 


(P = 


d = 


167 

TTS s 

= 1.91 (10 -3 ) 


7 T(P 

16(18)(10 3 ) 

7t(48)(10 6 ) 

1.24(10 _1 ) m = 124 mm 


Sample Problem 2 A solid shaft with a diameter of 3 in has the same 
cross-sectional area as a hollow shaft of d 0 = 5 in and d { = 4 in. If the 
shafts are made of the same material, which shaft is stronger (torsionally) 
and by what factor? 


Solution: It is unnecessary to know the allowable shear stress since only 
the ratio of the torques is required, not the actual values of the torques. 
For the solid shaft [Eq. (13-3)], 



T, 




7 T(Ps s 
16 


For the hollow shaft [Eq. (13-4)], 


5. = 


\6T 2 d 0 


7, = 


t T(d 0 4 - di 4 ) 
tt( 5 4 - 4 4 )s s 


16(5) 


h 

Ty 




7t(625 — 256)5 s 
16(5) 


14.5s s 


The hollow shaft is 2.73 times as strong in torsion as the solid shaft. 

Sample Problem 3 What maximum safe torque, considering torsional 
shear only, may be applied in tightening a l"-8 UNC bolt whose allowable 
shear stress is 8800 psi? 


Solution: Root diameter of threads = 0.8466 in (App. B, Table 3). From 
Eq. (13-3), 
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or 



7 T(Ps s 



7t(0.8466 3 )(8800) 

16 


1050 in • lb (max safe torque) 


13-3 ANGLE OF TWIST 

In some types of machinery, it is desirable to know the amount of angle 
of twist in a shaft due to the torque. Let Fig. 13-5 represent a part of a 



FIGURE 13-5 Angle of twist of a shaft 
subjected to uniform torque. 


shaft subjected to a uniform torque throughout. AB represents an element 
of the untwisted shaft, and AB' is the same element after torque has been 
applied. Owing to the torque, the radius OB assumes a position OB '. The 
angle BOB' is the angle of twist 6. The displacement from B to B' is a 

a 

shearing displacement. For the fiber represented by AB, the deformation 
in the length l is BB '. The unit deformation (strain) is 


BB' 

e s ~ —y~ and BB'=rd 

v 


Then, e s 


rd 

l 


(refer to Fig. 8-3c) 


where 6 is the angle BOB' expressed in radians. Also, from the relations 
from Hooke’s law, 


€ 


s 


£s 

G 


where G is the modulus of rigidity (modulus of elasticity in shear). Then 
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rd 

l 



Note that r = c. Therefore, 



(13-5) 


The above expression gives the angle of twist in terms of the fiber 
stress. However, the design of shafts usually involves the angle of twist 
expressed in terms of torque; thus, from Eq. (13-1), 


s 


S 




Substituting fors s in Eq. (13-5), 

„ Tel Tl 

e = — = — 

JGc JG 


(13-6)* 


where 0 = angle of twist, radian 
T = torque, in • lb; N • m 
l = length of shaft subjected to torque, in; m 
J = polar moment of inertia, in 4 ; m 4 
G = modulus of rigidity, psi; Pa (usually expressed as 
10 9 PaorGPa) 

Attention is called to the fact that the angle of twist increases with the 
length of the shaft and decreases as the radius increases. 

13-4 POWER TRANSMISSION 

When a force F that is constant in magnitude and direction acts on a body 
through a distance L in the direction in which the force acts, the work 
done is the product of the force times the distance, or 

Work = F(L) 

When F is in pounds and L in feet, work is in foot-pounds. For 
example, if F = 20 lb and L = 10 ft, 

Work =20(10) =200 ft-lb =2400 in -lb 


* Equation (13-6) has the same limitation as Eq. (13-1). 
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FIGURE 13-6 Forces on rotating 
pulley. 


In Fig. 13-6, the driving force is P 2 — Pi — F on the pulley of radius 
r. Suppose the shaft is making n revolutions per minute (rpm). In one 
revolution, the force F acts through the distance 2nr (the circumference 
of the pulley). The work per revolution is 2nFr. But Fr is the moment, 
or torque, T. Then, in n revolutions, the total work done is 27 rTn. 

The total work done can also be found from the relationship that the 
work done is the product of torque and the angle, in radians, through 
which the torque acts, or 


Work = TO 


For n revolutions, 


Work = T x 


n rev. 


since Power = 
Power - 


work 

time 

2irTn 

time 


27 t rad 
x- 

1 rev., 


= 2nTn 


For U.S. customary units, the usual power unit is horsepower (hp). One 
horsepower is defined as 33 000 ft-lb/min, or 33 000 x 12 in-lb/min. 
Thus, 



2nTn 
33 000(12) 


Tn 

63 000 


(13-7a) 


where T = torque, in lb 
n = rpm 

For SI metric units, the power unit is the watt (W). One watt is equal to 
1 N • m/s. Thus, 


2vTn Tn 
W =--- 


60 9.55 


(13-76) 





TORSION, SHAFTS, SHAFT COUPLINGS, AND KEYS 325 


where W = watt (usually expressed in terms of kilowatts) 

T — torque, N • m 
n = rpm 

Sample Problem 4 A 50-mm-diameter shaft of AISI 2340 steel is to be 
driven at 1800 rpm. A safety factor of 10 is specified based on the ultimate 
torsional shearing strength. 

(a) What maximum power may be safely transmitted? 

(i b ) What will be the angle of twist in a 1-m (20-diameters) length 
of this shaft when the maximum safe power is transmitted? 


Solution: From App. B, Table 1, for AISI 2340 steel, 

Ultimate s s = 690(10 6 ) Pa 

Allowables*, — ^ ^ —- — 69(10 6 ) Pa 

d = 50 mm = 50(10 -3 ) m 
n — 1800 rpm 


(a) From Eq. (13-3), 


167 

77 -d 3 


or 


T = tt 


d 3 s, 


16 


T = 


77(50 x 10~ 3 ) 3 (69 x 10 6 ) 

16 


= 1694 N m - 1.694(10 3 ) N-m 


From Eq. (13-76), 


Tn (1.694 x 10 3 )(1800) 
9.55 ~ 9.55 


= 319(10 3 )W 
= 319 kW 


(maximum safe power) 


(6) / = 1 m, G = 80(10 9 ) Pa (App. B, Table 1), c = 25 mm = 25( 10 3 ) m. 

Using Eq. (13-5), 



(69 x 10 6 )(1) 

(80 x 10 9 )(25 x 10- 3 ) 


= 0.0345 rad 


or, since n rad = 180°, 



180 

—(0.0345) = 57.3(0.0345) = 1.98° 

77 


say, 6=2° 


Note that a limitation of 1° (0.0175 rad) twist in 20 diameters of 




326 STATICS AND STRENGTH OF MATERIALS 


length is often specified. If this specification were enforced in this 
problem, the shaft would be stressed to only 35(10 6 ) Pa and would 
transmit 162 kW at a torque of 860 Nm. 

Sample Problem 5 A solid shaft 8 in in diameter has the same cross- 
sectional area as a hollow shaft of the same material, with inside diameter 
of 6 in. 

(a) Compare the horsepower transmission of these shafts at the 
same revolutions per minute. 

(i b ) Compare the angle of twist in equal lengths of these shafts 
when stressed to the same intensity. 
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From Eq. (13-7 a) for the hollow shaft, 


hp 


Tn 7r(10 4 — 6 4 )s s rc 


hollow 


63 000 63 000(16)(10) 


t Ts s n / 10 000 — 1300 
63 000(16) \ 10 


7 Ts s n 


hp 


hollow 


63 000(16) 
870 


(870) 


hp 


solid 


512 


= 1.7 


The hollow shaft can transmit 1.7 times the horsepower that the 
solid shaft can transmit. 

(i b ) For the solid shaft, c = d/2 = f = 4 in. From Eq. (13-5), 


e 


Sol Sol 


solid 


Gc G( 4) 


For the hollow shaft, c — d 0 /2 — = 5 in. Using Eq. (13-5), 


6 


6 


hollow 


hollow 


e 


solid 


S s l 

Gc 

1/5 

1/4 


s s l 


G(5) 


= - =0.80 
5 


The twist in the hollow shaft is only 80 percent of the twist in the solid 
shaft. 


13-5 SHAFT COUPLINGS 

A number of devices are used to connect sections of coaxial shafting. The 
simplest and most widely used of these devices is the bolted flanged 
coupling. This type of coupling provides a clear application of torsional 
shearing stress induced by power transmission. Figure 13-7 represents 
such a flange coupling. The torque is transmitted from one shaft to the 
other as follows. 

1. From shaft A to key B 

2. From key B to the left side of the coupling C 

3. From the left side of the coupling C to the six bolts D 

4. From the bolts D to the right side of the coupling E 

5. From the right side of the coupling E to the key F 

6. From key F to the other shaft G 

The transmitted torque will develop a resisting torque in the bolts 
equal and opposite to it. The resisting torque in each bolt will be 
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FIGURE 13-7 Torque transmission in flange coupling. 


T 

T r = — (assuming that each bolt will take an equal share) 
n b 


where T r — resisting torque in each bolt 
T = total transmitted torque 
n b = number of bolts 

But torque equals force times radius. Therefore, 

T r — Fr 

where F = resisting force in each bolt 
r = bolt-circle radius 

Shear , Bolts: The shear stress developed will be 


F 



where s s = shear stress, psi; Pa (usually expressed as 10 6 Pa or MPa) 
F — load causing shear, lb; N 
A s = cross-sectional area of bolt, in 2 ; m 2 


Bearing , Bolts: In addition to causing shear in the bolts, it should be 
noted that the force F will also cause bearing between the bolts and the 
web of the flange coupling. The compressive stress in the bolt will be 


5 


c 
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where s c = compressive stress, psi; Pa (usually expressed as 10 6 Pa or MPa) 
F = load causing bearing, lb; N 
A c = projected area of bolt in the web, in 2 ; m 2 

Shear , Hub: Further analysis of the coupling should include the consid¬ 
eration of possible failure due to shearing the hub from the web. Such 
failure might occur at the section where the web joins the hub, shown in 
Fig. 13-8«. The area resisting shear is the cylindrical area (striped area) 
in Fig. 13-86 which is t in [m] wide and d hub in [m] in diameter. The shear 
force on this area is F = T/r hub . 

Therefore, the shear stress is 



where5 s = shear stress, psi; Pa (usually expressed as 10 6 Pa or MPa) 
F = T/r hub = shearing force on this area, lb; N 
A s = TTd hub t, in 2 ; m 2 (see Fig. 13-86) 



FIGURE 13-8 Hub shear in flange coupling. 


13-6 KEYS 

When torque is transmitted by means of couplings, gears, or pulleys, 
some method must be used to fasten these devices to their shafts. One 
commonly used device is the key. Figure 13-9 shows a rectangular key 
fastening a spur gear to a shaft. A clockwise torque is transmitted from 
the shaft through the key to the gear. 

Shear , Key: There is a tendency for the key to shear on the cross- 
hatched rectangular area (Fig. 13- 10a) at the surface of the shaft. The 
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FIGURE 13-10 Shear analysis of a key. 


force F which produces shear at section AA (Fig. 13-106) is equal to 
T/r shaft* The shear stress developed in the key will then be equal to 



where5 s = shear stress, psi; Pa (usually expressed as 10 6 Pa or MPa) 

T 

F = -= force causing shear in key, lb; N 

^shaft 

A s — bL = shear area, in 2 ; m 2 


Bearing , Key: The analysis of the key may be carried further to determine 
the bearing stress. The force F will tend to crush the key at the cross- 
hatched area (Fig. 13-1 la). This force may be taken as the same force in 
the shear analysis of the key. Therefore, the bearing stress developed in 
the key is 
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FIGURE 13-11 Bearing analysis of a key. 


where s c = bearing stress, psi; Pa (usually expressed as 10 6 Pa or MPa) 



^"shaft 


force causing bearing, lb; N 



bearing 


area, in 2 ; m 2 


Sample Problem 6 A flange coupling with four bolts transmits 19 kW 
at 200 rpm. The bolt-circle diameter is 150 mm. The thickness of the 
flange web is 20 mm, and the flange-hub diameter is 110 mm. The shafts 
joined by the coupling are 60 mm in diameter. The bolts and coupling 
are made of AISI 1020 steel. A safety factor of 4, based on ultimate, is 
specified. 

(a) Determine the required diameter of the bolts. 

(b) Is the hub safe in shear where it joins the web? 


Solution: 


T = 


9.55 W 9.55(19 x 10 3 ) 


n 


T^bolt 


T 


200 
907 


907 N m 


n b r bc 4(75 x 10" 3 ) 


— = 3.02(10 3 )N 


From App. B, Table 1, 

Ultimate s s = 345(10 6 ) Pa 
Ultimate 5 C = 450(10 6 ) Pa 
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then, 


Allowable s s =--—- = 86.2(10 6 ) Pa 


Allowables = 


4 

450(10 6 ) 


= 112(10 6 ) Pa 


(a) Shear. 


Ac = 


A s = 


d* = 
d = 


= 0.035(10" 3 ) = 35(10- 6 ) m : 


F bolt _ 3.02(10 3 ) 

5 S 86.2(10 6 ) 

0.785 d 2 

® = 44.6(10 -6 ) 

0.785 v ' 

6.7(10 -3 ) m = 6.7 mm (minimum) 


(b) Bearing. 


A c — 


A, = 


d = 


F bolt _ 3.02(10 3 ) 

112 ( 10 6 ) 


Sc 

dt 


= 27(10~ 6 ) m : 


27(10 -6 ) 

-— = 1.35(10 3 ) m = 1.35 mm (minimum) 

20(io-3) v ; v ; 


From these results, the minimum safe bolt diameter is 6.7 mm. Use 
the next largest available standard size, d = 8 mm.* 


T^hub 


T 


907 


r hub 55(10" 3 ) 


16.5(10 3 )N 


Find the shear stress in the hub where it joins the web, and compare 
that with the allowable stress. 


As = 7 Td hub t = 77(110 x 10 _3 )(20 x 10“ 3 ) = 6.91(10- 3 ) m 2 

^ 


Since the actual s s is below the allowable s s of 86.2 MPa, the hub is safe 
in shear. 


*Sample Problem 7 In the above problem, a 16- by 10-mm flat key of 
AISI 1020 steel is used to fasten each side of the coupling to its shaft. Use 
a safety factor of 4 based on ultimate. What length of key is required? 


Solution: 



key 


T 907 
r sbaft ~30(10- 3 ) 


30.2(10 3 )N 


♦Standard size taken from Table 4, “Preferred ISO Metric Bolt Lengths and Diameters,*’ 
E. Oberg and F. Jones, Machinery's Handbook , I9th Ed., New York, Industrial Press, Inc., 
1971, p. 1168. 
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Shear: 


A s = 

bL = 
b - 

L= 


F key 30.2(10 3 ) 


350(10 -6 ) m 


5 S 86.2(10 6 ) 

350(10 -6 ) 

16 mm = 16(10 -3 ) m 
350(10 -6 ) 


16(10~ 3 ) 


= 21.9(10 3 )m = 21.9 mm (minimum) 


Bearing: 

A ^key = = o. 27(10- 3 ) = 270(10~ 6 )m 2 

c 5 C 112( 10 6 ) v ' v ' 

A c = -L 

2 

l=10mm = 10(10 -3 ) m 
2(270)(10 -6 ) 

L = — ~ — = 54(10 3 )m = 54 mm (minimum) 

10(10 3 ) 


The minimum safe length of key is 54 mm. 

Sample Problem 8 Two hollow shafts are joined by a flange coupling 
according to the following specifications. 

Shaft: 302 stainless steel 
5 in OD 
2i in ID 

Key: AISI 1045 steel 
1 by 1 by 8 in 

Coupling: Class 60 cast iron 

hub diameter = 8 in 

web thickness = l£ in 

bolt-circle diameter = 11 in 

bolt diameter = f in 

number of bolts = 6 

material of bolts—AISI 1045 Steel 

factor of safety on all parts = 6 (based on ultimate) 

What maximum horsepower can this arrangement transmit at 350 
rpm? 


Solution: In order to determine the maximum horsepower for this 
power-transmission arrangement, it is necessary to calculate the maximum 
safe torque which the combination can transmit. The maximum safe 
torque will be the torque which the weakest component can transmit. To 
determine this torque, the following calculations will be made. 


1. Shaft in torsional shear 
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2. Key in shear 

3. Key in bearing 

4. Hub in shear at the web 

5. Bolts in shear 

6. Bolts in bearing with web 

1. 302 Stainless Shaft — Torsion: 


Ultimate s , 


Allowables = 


110 000 psi 
M . 18 33 0 psi 


s,S' 


c 16 
7 T l 5 4 
16\ 


" d 0 4 - df 
d 0 

- 2.5 4 \ = _77 
5 / 16 


(see Sec. 13-2) 
625 - 39. l\ 


77 / 585.9 


shaft 


16\ 5 / 

23 in 

18 330(23) 


- 421 000 in lb 


2. AISI1045 Key in Shear: 


Ultimate s s — 70 000 psi 

aii i i 70 000 . 

Allowable s c = —-— - 11 670 psi 


key 


key 


T^key(^shaft) 

•4s^s 

bL = 1(8) =8 in 2 
8(11 670) =93 300 lb 
93 300 (2.5) =234 000 in-lb 


3. AISI 1045 Key in Bearing: 

Ultimate s r = 


Allowables = 


key 


key 


95 000 psi 
5^= 15 830 psi 

^key(^shaft) 

Ac$c 

= -(8) = 4 in 2 
2 2 

4(15 830) = 63 300 lb 
63 300(2.5) = 158 000 in-lb 
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From calculations 2 and 3, T key = 158 000 in lb 

4. Class 60 Cast-Iron Hub in Shear: 

Ultimate s s = 65 000 psi 
Allowables* = —— = 10 830 psi 

T = ^hub( r hub) 

•^hub A g Sg 

A* = 7 Td bub t = 7 t ( 8 ) 1.5 = 37.7 in 2 
F hub = 37.7(10 830) = 408 000 lb 
T hub = 408 000(4) = 1 632 000 in • lb 


5. AISI 1045 Bolts in Shear: 


Allowables* = 11 670 psi (from calculation 2) 

T = n b F bob r bc 



— AgS s 


A s = 77 -~ ^ 2 = |(0.75) 2 = 0.442 in 2 

F boU = 0.442(11 670) = 5160 lb 
n b = 6 r bc = 5£ in 

T = 6(5160)(5.5) = 170 000 in lb 


6. AISI 1045 Bolts in Bearing against Class 60 Cast-iron Web: When 
bearing occurs between materials with different compressive strengths, 
the permissible stress is that of the weaker material. 


AISI 1045 bolts Ultimate s c = 95 000 psi 

Class 60 Cl web Ultimate s c = 170 000 psi 

Therefore, use allowable stress of bolts. 

Allowable s c = 15 830 psi (see calculation 3) 

T VlbF b<y\\Tbc 
F bolt A c s c 

A c = d bolt t = 0.75(1.5) = 1.125 in 2 
F bolt = 1.125(15 830)= 17 8001b 
n b = 6 The = 5i in 

T= 6(17 800)5.5 = 587 000 in-lb 


From calculations 5 and 6, T bolt = 170 000 in-lb. 
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SUMMARY OF TORQUE CALCULATIONS 


Allowable torque, in lb 

Shaft 

421 000 

Key 

158 000 

Hub 

1 632 000 

Bolts 

170 000 


The maximum safe torque for this power-transmission arrangement 
is 158 000 in lb. The maximum allowable horsepower is 



Tn 

63 000 


158 000(350) 
63 000 



PROBLEMS 

*13-1. What torque can a 75-mm-diameter solid Monel shaft transmit 
safely under steady load conditions? 

13-2. A lf-in-diameter solid shaft of 302 stainless steel transmits a 
torque of 31 000 in • lb. Assuming varying load conditions, is this 
shaft satisfactory? 

*13-3. An AISI 1045 steel shaft transmits a torque of 1.1 kNm under 
shock loading. 

a. What diameter solid shaft is required? 

b. What size hollow shaft is required if the outside diameter is 
twice the inside diameter? 

13-4. What is the length of a i-in AISI 1095 steel rod that can be 
twisted through one-half revolution without exceeding a shearing 
stress of 22 000 psi? 

*13-5. An AISI 1045 steel rod 20 mm in diameter and 300 mm long is 
subjected to a torque of 180 Nm. What will be the angle of 
twist? 

13-6. a. Find the horsepower which a 3-in shaft can transmit at 200 

rpm if the torsional shearing stress is not to exceed 7000 psi. 
b. What material would you recommend for the shaft (assume 
the stress specified in part a includes shock loading condi¬ 
tions)? 

*13-7. Find the diameter of a solid AISI 1020 steel shaft to transmit 
110 kW at 2200 rpm under shock loading. 

*13-8. Design a hollow shaft with d 0 = 1.8^, for the conditions in Prob. 

13-7. 

13-9. At what revolutions per minute would you operate a 12-in¬ 
diameter AISI 1020 steel shaft to transmit 6000 hp at a maximum 
shear stress of 5000 psi? 

13-10. A 302 stainless-steel shaft has the following specifications. 
Outside diameter = 0.500 in 
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*13-11. 

13-12. 

13-13. 

13-14. 


*13-15. 

13-16. 

*13-17. 


Inside diameter = 0.375 in 
Length = 3.25 in 
Loading = varying 
rpm = 10 000 

Find a. Maximum safe horsepower, b. Angle of twist (degrees). 
A gear transmitting 18 kW at 130 rpm is fastened to a 75-mm- 
diameter AISI 1045 steel shaft by means of an AISI 1045 steel 
flat key 20 mm wide by 12 mm thick. If the permissible shear 
and bearing stresses are 55(I0 6 ) and 110( 10 6 ) Pa, respectively, 
what length of key is required? 

A torque of 90 000 in-lb is transmitted from a 6-in AISI 1095 
steel shaft to a pulley by means of two AISI 1095 steel square 
keys, each 6 in long. If s s = 10 000 psi and s c = 18 000 psi, 
respectively, what should be the dimensions of the keys? 

A f-in-diameter AISI 1045 steel shaft transmits 10 hp at 500 rpm 
to a pulley which is keyed to the shaft by an AISI 1045 steel flat 
key in wide by | in thick and 4 in long. What are the safety 

factors of the key based on the allowable stresses of 8000 psi in 
shear and 16 000 psi in bearing? 

What torque can be transmitted by the eight steel bolts shown in 
the coupling of Fig. Prob. 13-14? The bolts, f in in diameter, are 

in bearing against the i-in web of the coupling. The bolt-circle 
diameter is 11 in. Allowable stresses are as in Prob. 13-12. 



FIGURE PROBLEM 13-14 


An AISI 1045 steel shaft transmits 373 kW at 200 rpm. The 
flange couplings use 10 AISI 1020 steel bolts 20 mm in diameter 
arranged in a circle with 300 mm diameter. The web of the 
coupling is 25 mm thick. What are the stresses in the bolts? 

An AISI 1095 steel shaft 1 in in diameter is twisted through an 
angle of 2° in a length of 10 ft. What will be the shearing stress? 
An AISI 1045 steel shaft 3 m long is subjected to a torque of 200 
N m. If the shearing stress is not to exceed 83 MPa, and if the 
angle of twist may not exceed 0.035 rad, what diameter is needed? 
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13-18. A hollow AISI 1045 steel shaft 5 in OD and 4 in ID transmits 
180 hp at a speed of 240 rpm. The length of shaft subjected to 
the torque is 10 ft. 

a. What is the angle of twist? 

b. What is the shearing stress? 




CHAPTER 



Combined Stresses 


14-1 PRINCIPLE OF SUPERPOSITION 

It has been shown that either direct axial loading (Chap. 7) or bending 
(Chap. 12) can induce tensile (or compressive) stresses. Furthermore, we 
have seen that a shearing stress may result from either direct shearing 
forces (Chap. 7) or from torsion (Chap. 13). 

Stresses of the same kind which act simultaneously orf a given area 
(or point) may be added to give their combined effect or resultant. If 
such stresses are collinear (act along the same line) they may be added 
algebraically. If the stresses are not collinear, they must be added 
vectorially. These procedures resemble the methods used earlier in this 
text (Chap. 2) to resolve concurrent force systems into resultants. 

This principle of superposition will be applied in this chapter to the 
following situations. 

1. Combined tension or compression 

(a) Combined axial and bending stresses in beams 

( b) Eccentrically loaded short columns 

(c) Eccentrically loaded machine members 

2. Combined direct and torsional shear 
(a) Eccentrically loaded bolted joints 

Members which are simultaneously loaded in tension (or compression) 
and shear are designed by considering the combined effect of these 
different kinds of stress. Of the several methods available for such 
combinations, two are demonstrated in this chapter: the maximum- 
principal-stress method and the maximum-shear-stress method. These 
methods will be applied to: 

3. Combined tension and shear 

(a) Combined bending and torsional shearing stresses which 
occur in shafts 


339 
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14-2 COMBINED AXIAL AND BENDING STRESSES 

Consider a simply supported beam with a uniformly distributed load 
which is subjected to an axial tensile force F, as in Fig. 14-1. The problem 



FIGURE 14-1 Beam subjected to 
combined axial and bending 
stresses. 


of determining the combined stress at any point in the beam may be 
subdivided by examining the effect of the axial load and the effect of the 
uniform load separately and then superimposing these effects to give the 
combined result. 

The axial force induces a tensile stress on all cross sections of the 
beam given by 


F 

A 


where A is the cross-sectional area of the beam. This stress is assumed to 
act equally at all points of a given cross section, as shown in Fig. 14-2. 


B C 






fAAs Beam to left of Section B-B 


F 




Beam to left of Section C-C 


FIGURE 14-2 Uniform stress due to 
axial load. 


The uniform load w causes the beam to bend and induces a stress at 
each cross section which varies from maximum tension at the bottom 
fibers through zero at the neutral axis to maximum compression at the 
top fibers. The bending stresses can be determined from 



(see Chap. 12) 


Since a design is usually concerned with critical conditions, the extreme 
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fiber values of s 2 are most often required. Furthermore, the largest of 
these extreme fiber values tends to occur at the cross section where M 
(bending moment) is maximum. For the case of a uniformly distributed 
load on a simple span, M max occurs at the middle cross section of the 
beam. The bending-stress distribution at this cross section is shown in 
Fig. 14-3. 


w Ib/ft 


rmrrmrrmrrrrrmrrrrrrrrrrrrrrmm 


R 


l R r 


Compression 








Tension 


(a) 


(b) 


FIGURE 14-3 Bending stress distribution. 


si (tension) 



si (tension) 


s 2 (compression) 





s 2 (tension) 


s 2 -si (compression) 



k 



s 2 +si (tension) 


FIGURE 14-4 Combined stress distribution by addition of axial 
and bending stresses. 


The resultant combined stresses are determined by algebraically 
adding the individual axial and bending stresses,* as in Fig. 14-4. Then 

5 = ± S 2 

F Me 

or s=—±— (14-1) 

A I 

In the case of akial tension and bending of a simply supported beam, 
when the bottom fibers are considered, both F/A and Mc/I are tensile 
stresses; thus, the plus sign is proper. When the axial stress is tension, 
while Mc/I is compression in the top fibers, the values must be subtracted. 
Figure 14-5 shows a plot of combined stresses for top and bottom fibers 
at all sections. The axial stress F/A could be either tension or compression, 
depending upon the nature of the load F\ and we have seen that Mc/I 
can be either tension or compression, depending upon which fiber of the 
beam is considered. In general, when F/A and Mc/I are both tension (or 
both compression), they should be added, but when one is tension and 
the other is compression, they should be subtracted. The resulting 


* Valid for small deflections. 
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(a) (6) 

FIGURE 14-5 (a) Simply supported beam with uniform load and axial load. 
(b) Distribution of stresses in top and bottom fibers of the beam. 


combined value should always be identified by stating whether it is tension 
or compression. These procedures will be clarified in the sample problems 
which follow. 

Sample Problem 1 A simply supported, W 12 x 65 beam, 16 ft long, 
carries concentrated loads of 6000 lb at each quarter point and is subjected 
to an axial tensile force of 25 000 lb applied at the end sections. 

(a) Find maximum combined tensile stress and maximum com¬ 
bined compressive stress. 

(b) If it were necessary to make a li-in hole in the web of this beam 
at the center cross section so that a water pipe could be 
accommodated, where on this cross section would you recom¬ 
mend that the hole center be located? 

Solution a: The weight of the beam is 65(16) = 1040 lb. The total 
vertical load on the beam is 6000 + 6000 + 6000 = 18 000 lb. Since the 
weight of the beam is only (1040/18 000)(100) = 5.8 percent of the total 
vertical load, it may be neglected without excessive error (approximately 
4 percent error occurs here). 

Figure 14-6 shows the beam with its shear-force and bending-moment 
diagrams. Note that the 25 000 lb axial force does not affect these 
diagrams. For the W 12 x 65, A = 19.1 in 2 , S = 88.0 in 3 , and d = 12.12 
in (App. B, Table 4). 

Direct Stress: 


F 25 000 
A ~ 19.1 


1310 psi (tension) 
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6000 lb 6000 lb 6000 lb 



FIGURE 14-6 (a) Beam diagram for Sample Problem 1. ( b ) Shear- 
force and bending moment diagrams. 


Bending Stress: 



M 

S 


The shear diagram indicates that the center cross section is the location 
of the maximum moment. A free-body diagram of the left half of the 
beam facilitates calculating M max (Fig. 14-7). 

XM = 0 about an axis through the center cross section gives 


M max = 9000(8) - 6000(4) = 72 000 - 24 000 = 48 000 ft lb 



48 000(12) 
88.0 


6550 psi 


5 2 = 6550 psi 


tension at bottom fiber 
compression at top fiber 


Therefore, from Eq. (14-1), at center cross section, 


Top fiber 5 = 5 2 — $i = 6550 — 1310 
Top fiber 5 — 5240 psi (maximum compression) 
Bottom fiber 5 = 5 2 + 5i = 6550 + 1310 
Bottom fiber 5 = 7860 psi (maximum tension) 
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6,000 lb 6,000 lb 



FIGURE 14-7 Free-body diagram of 
left half of beam for Sample 
Problem 1. 


Solution b: The distribution of combined stress at the center cross 
section is shown in Fig. 14-8. 

The location of zero combined stress would be the most preferable 
position for a hole in the web. The level of zero stress can be found from 
Fig. 14-8 by similar triangles. 



7860 

7860 + 5240 


( 12 . 12 ) 


7860 
13 100 


(12.12) = 7.27 in 


The center of the l|-in hole should be located 7.27 in above the 
bottom of the lower flange. 


12 . 12 " 


5,240 5,240 psi max compression 



5,240 7,860 psi max tension 


FIGURE 14-8 Location of point of zero 
stress from distribution of combined 
stress at center cross section. 


^Sample Problem 2 A 0.45-m cantilever member is subjected to a load 
F = 27 kN, as shown in Fig. 14-9a. Find the maximum tensile and 
compressive stresses. The centroid of the area is 50 mm from the top. 

Solution: Force F can be resolved into vertical and horizontal compo¬ 
nents F y and F x . 

F y = F sin 30° = 27(0.5) = 13.5 kN= 13.5(10 3 ) N 
F x - F cos 30° = 27(0.866) = 23.4 kN = 23.4( 10 3 ) N 

The beam shown in Fig. 14-96 may now be treated as a combined- 
stress problem. 

Direct Stress: 

F x causes uniform compression at all sections. 
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(b) 


FIGURE 14-9 (a) Beam diagram for Sample Problem 2. 

(b) Resolution of force F into horizontal and vertical components. 


A = 200(50) + 50(100) = 15 000 mm 2 = 15(10 3 ) mm 2 = 15(10- 3 ) m 2 

_Fx_ 23.4(10°) 

Sl A 15(10 -3 ) ‘• 56 < 10 > Pa 


Bending Stress: 


Me 


*2 


Ix = 


200(50) : 


Af m „ = F,(L) = (l».5x 10»)(0.45) 

= 6.075(10 3 ) N-m (at wall) 

50(100) 3 


+ 10 000(25) 2 + 


+ 5000(50) : 


l x = 


Top fiber s 2 = 


Bottom fiber 5 2 — 


12 12 
2.08(10 6 ) + 6.25(10®) + 4.17( 10 6 ) + 12.5(10 6 ) 

25(10 6 ) mm 4 = 25(10~®) m 4 

(6.075 x 10 3 )(50 x 10- 3 ) , 

- 25( - IQ — 6) -= 12.1(10 6 ) Pa (tension) 

(6.075 x 10 3 )(100 x 10" 3 ) 

- g 5 ^Q_ 6 j -= 24.3(10®) Pa (compression) 


Combined Stresses: 


Top fiber s = s 2 — = 12.1( 10®) — 1.56(10®) = 10.54(10®) Pa (tension) 

Say, 5 = 10.5 MPa (tension) 

Bottom fiber 5 = s 2 + = 24.3( 10 6 ) 

+ 1.56(10®) = 25.86(10®) Pa (compression) 
Say, 5 = 25.9 MPa (compression) 





346 STATICS AND STRENGTH OF MATERIALS 


14-3 ECCENTRICALLY LOADED SHORT 
COMPRESSION MEMBERS 

The reader will recall from Sec. 2-8 that a member under compression 
which does not tend to buckle or bend is called a short compression 
member. 

Let us examine a short compression member that has a loadF applied 
eccentric to the centroid of its cross section, Fig. 14- 10a. Now imagine 
two equal and opposite forces F t equal to the original load F, applied at 
the centroid, as indicated in Fig. 14-106. The loading has not changed, 
since the sum of the additional loads equals zero. We have effectively 
replaced the eccentric force system of Fig. 14- 10a by a downward force 
Ft at the centroid, acting to compress the member, and, the upward force 
F t and the force F, which together form a couple Fe which subjects the 
member to a clockwise moment, Fig. 14-10c. The distance e, called the 



FIGURE 14-10 (a) Eccentrically loaded short 
compression member. ( b ) Introduction of equal and 
opposite forces at centroid, (c) Equivalent system for 
eccentrically loaded short compression member. 


eccentricity, is the perpendicular distance from the centroid to the line of 
action of the force F. This problem can now be solved by applying the 
principles of combined axial and bending stresses, as in Sec. 14-2. The 
compressive stress due to the compressive load Ft = F is 

F 

S ' 


The flexural stress due to the moment Fe is 

Me Fee 


s 2 = 


I 


I 
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Then the combined stress at the base is 

S = Sj ± s 2 
F Fee 

or 5 = —± — (14-2) 

A 1 

At edge AA the negative sign will be used since the direct stress due 
to force F is compression and the bending stress due to the moment is 
tension. For edge BB the stresses will be added, since both the direct and 
bending stresses are compressive. 

Sample Problem 3 A short compression member 6 by 8 in in cross 
section and 10 in high has a load of 25 000 lb applied H in from the 
centroid of the cross section, as indicated in Fig. 14-11. Determine the 
stresses at sides AB and CD. 



FIGURE 14-11 Diagram for Sample 
Problems 3 and 4. 


Solution: The direct compressive effect of the 25 000-lb force will cause 
a compressive stress on the area AB CD. 



F 

A 

25 000 
6 ( 8 ) 


25 000 
48 


521 psi (compression) 


As a result of the eccentricity, there will be a moment equal to Fe tending 
to bend the short column. The bending stress due to this moment will be 

Fee 
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where F = 25 000 lb 
e = H in 
c = 3 in 


I 


s 2 


bh 3 8(6) 3 

12 ~ 12 


144 in 4 


(Note that the eccentric load tends to 


rotate the base about a centroidal axis perpendicular to the 6- 
in side) 


25 000(H)(3) 
144 


= 782 psi 


At side AB there will be compression due to the direct action of the 
load F and tension due to the bending effect. Since the stresses are not 
the same type, we use the negative sign in Eq. (14-2). 


F Fee 

s °‘ = a~T 

s ab = 521 - 782 = —261 psi (tension) 
Say, s ab = 260 psi (tension) 


The negative sign indicates that the bending tensile stress will dominate 
and the resultant stress is tension. 

At side CD there will be compression due to the direct action of the 
load F and compression due to the bending effect. Since both stresses are 
of the same type, we use the positive sign in Eq. (14-2). 


F Fee 

Sci= A + T 

s cd — 521 + 782 = 1303 psi (compression) 
Say, s cd = 1300 psi (compression) 


Sample Problem 4 If, for the conditions given in Sample Problem 3, the 
maximum compressive stress is specified as 1000 psi, what maximum load 
F can be applied? 


Solution: We have seen, in Sample Problem 3, that the stress at side AB 
will be tension. Therefore, we shall consider only side CD where a 
compressive stress occurs. 

From Eq. (14-2), 


F Fee 

S = S 1 + So = + 

A I 
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F F(31(1L) 

1000 = — + v ; = 0.0208F + 0.0313F 
48 144 

0.052 IF = 1000 

F = 19 200 lb (maximum) 

14-4 ECCENTRIC LOADING OF MACHINE MEMBERS 

The previous analysis for an eccentrically loaded short compression 
member can be extended to eccentric loading of machine members, such 
as the press frame of Fig. 14-12a. 

Let us determine the stresses developed on plane AA at edges a and 
b as a result of the force F applied to the jaws of the C frame. 



FIGURE 14-12 (a) Eccentrically loaded C frame. ( b ) Introduction of equal 
and opposite forces at centroid of section^, (c) Section AA. 


Figure 14-12 b shows the portion of the press frame above the plane 
AA. At the centroid of the cross section, imagine that two equal and 
opposite forces F x = F are applied. Then the downward force F x and the 
punching force F form a counterclockwise couple, or counterclockwise 
bending moment, equal to Fe. This moment will create a compressive 
stress at edge a and a tensile stress at edge b. The upward force Fj creates 
tension evenly distributed across plane AA. As a result, tensile stresses are 
developed at edges a and b. The resultant stresses at a and b will be the 
sum of stresses due to tension and bending. 

At edge a due to direct tension, 


s 


i 


F 

A 


At edge a due to bending (compression), 

Me a Fee a 


5 2 — 


I 


I 
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where c a = distance from neutral axis (centroid) to edge a, in 
I — moment of inertia of the cross section, in 4 

Therefore, the combined stress at edge a will be 

5 = 5j 52 

F Fec a 

or s — —- 

A I 

Whether the resultant stress is tension or compression will be governed 
by the values of and 5 2 . 

At edge b due to bending (tension), 

Mc b Fec b 


where c b = distance from neutral axis (centroid) to edge b, in 
I — moment of inertia of the cross section, in 4 

At edge b due to direct tension, 


F 


Therefore, the combined stress at edge b will be 

5—5] + S 2 

F Fec b 

or s = — + - 

A I 

This resultant stress will be tension since both 5, ands 2 are tensile stresses. 

Sample Problem 5 A punch-press frame, as in Fig. 14-13a, applies a 
maximum load of F = 15 000 lb. The distance / from the line of action 
of the force to the inside surface of the frame is 12 in. The dimensions 
of the cross section AA are as given in Fig. 14-13 b. Determine the stresses 
on the inside and outside surfaces of this section. 

Solution: Since the force F is eccentric to the centroid of the cross 
section AA , this problem must be analyzed for combined stress. On section 
AA there will be a direct tensile force F pulling the section apart and a 
bending moment equal to F times the perpendicular distance from the 
line of action of the force to the centroid of the section AA . The direct 
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10 '^ 


6 " 


T, 


G) 


C, 


Co 


(a) (6) 

FIGURE 14-13 Diagram for Sample Problem 5. 



tensile force will create a tensile stress on both the inside and outside 
surfaces. The bending moment will cause a tensile stress on the inside 
surface and a compressive stress on the outside surface. Therefore, the 
stress on the inside surface will be 



F Feci 
_ A / 


and the stress on the outside surface will be 


F Fec 0 

So= a~it 

F = 15 000 lb 

A = A! + A 2 = (6 x 2) + (8 x 2) = 12 + 16 = 28 in 2 


In order to determine e, the location of the centroid from the inside 
surface must be found. Taking the moment of areas about this side 


Ci = 


(12 x 1) + (16 x 6) 12 + 96 108 


28 


28 


28 


= 3.86 in 


Therefore, e = 12 + 3.86 = 15.86 in. 

To find I we must find the moment of inertia of the entire figure 
about axis 1-1. 


1 1 about axis 1-1 

h about axis 1-1 

I 


6(2 ) 3 
12 

2 ( 8) 3 


+ 12(2.86) 2 = 4 + 98.2 = 102.2 


12 

= 260.8 in 4 


+ 16(2.14) 2 = 85.3 + 73.3 = 158.6 
Say, I = 261 in 4 
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15 000 15 000(15.86)(3.86) 

28 + 261 

536 + 3520 = 4056 psi (tension) 

Say, Si =4060 psi (tension) 

15 000 15 000(15.86)(6.14) - 

28 ~ 261 

536 — 5600 = —5064 psi (compression) 

Say, s 0 — 5060 psi (compression) 

14-5 ECCENTRICALLY LOADED BOLTED JOINTS 

Whenever possible, a bolted joint should be constructed so that the line 
of action of the resultant force on the joint passes through the centroid 
of the area of the group of bolts. 




FIGURE 14-14 Load on bolted joint without 
eccentricity. 


Load/’, Fig. 14-14, has its line of action passing through the centroid 
of the area of the group of bolts A,B,C, and D . Each of the bolts will then 
resist a load of F/4, which could cause shear failure of the bolts. Thus, 
the resisting shear stress developed will be 

F 


where A = cross-sectional area of one bolt, in 2 

In Fig. 14-15a, the line of action of force F does not pass through the 
centroid of the bolt group. The line of action is eccentric to the centroid 
by the distance e. This results in a direct pull on the bolts, plus a 
counterclockwise moment about the centroid due to the eccentricity of 
the applied force. The direct shear stress developed is 

F 
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FIGURE 14-15 (a) Eccentrically loaded bolted joint, (b) Direct and 
rotational shear stresses developed in the bolts. 


The moment of the force F is 


M = Fe 

In order to maintain equilibrium, the sum of the resisting moments 
developed in the bolts must be equal and opposite to Fe. Hence, the 
resisting moments act in a clockwise direction. 

Fe — M = M a 4- M b 4- M c 4- M. d 

where M a — resisting moment of bolt A, in • lb 
M b = resisting moment of bolt B, in-lb 
M c = resisting moment of bolt C, in • lb 
M d = resisting moment of bolt D, in • lb 

The resisting moment M a on bolt A is 

Tin F a r a 

where F a = rotational resisting force of bolt A, lb 

r a = moment arm from line of action of F a to the centroid, in 

But the rotational resisting force will be a function of the resisting 
shear stress developed and the area of the bolt. 


where A a = area of the bolt, in 2 

s a = resisting rotational shear stress in bolt A, psi 

Therefore, 
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Since the bolts are the same size and the distance of bolt D from the 
centroid is the same as that of bolt A , the resisting moment of bolt D will 
be equal to that of bolt A. 


M a = M d 

The rotational shear stress developed in bolt D will be equal and opposite 
to that in bolt A. 


Similarly, the resisting moment developed by bolt B equals 


M b — F b r b - A b s b r b 


where M b = resisting moment of bolt B, in-lb 

F b = rotational resisting force of bolt B, lb 
r b = moment arm from line of action of F b to centroid, in 
A b = area of bolt B, in 2 

s b = resisting rotational shear stress developed in boltfi, psi 

The resisting moment of bolt C will be equal to that of bolt B since 
the area bf the bolts and the distance from the centroid are the same. 
The stress in bolt C will be equal and opposite to that in bolt B. 


Therefore, 


Fe = A a s a r a + A b s b r b + A c s c r b + A d s d r a 
= 2 (A a s a r a ) + 2 (A b s b r b ) 

Figure 14-156 indicates the directions in which the stresses will act. 
The direct shear stress and rotational shear stress on each bolt can be 
added directly since their lines of action are parallel. The resultant shear 
stresses in the bolts will be 


Bolt A: s s = — s a 

Bolt B'. s s = Sj — s b 
Bolt C - S s = 5i + s c 
Bolt D: s s = 5x + s d 


Sample Problem 6 What is the greatest shearing stress in the bolted 
connection shown in Fig. 14-16? Bolts are | in in diameter. 
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FIGURE 14-16 Diagram for Sample Problem 6. 


Solution: The load produces a direct shearing stress which is assumed 
to be the same for all bolts. The area for a f-in bolt = 0.6 in 2 . Then, the 
direct shear stress on each bolt is 


10 000 
( 0 . 6)8 


= 2080 psi 


The load also tends to rotate the plate in a clockwise direction. The 
moment due to the load is 


M = Fe = 10 000(10) = 100 000 in • lb 

For equilibrium, the resisting moment of the bolts must be equal to 
100 000 in *lb. The shearing stresses in the bolts will be proportional to 
their respective distances from the centroid of the group. These distances 
are 5.4 in for bolts A and 3.35 in for bolts B (distances calculated from 
other dimensions in the figure). 

Let s a represent the rotational shearing stress due to the moment in 
the outermost bolts A; then the stress in bolts B will be s b = (3.35/5.4)5 a . 
Taking moments about the centroid of the group, we have 
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Fe = 4 (A a s a r a ) + 4 (A^r*) 


100 000 = 4[(0.6)5 a (5.4)] + 4 

= 12.965 a + 5.05 a 
17.96s a = 100 000 
s a = 5570 psi 


( 0 . 6 )| 


3.35 

5.4 


5 a (3.35) 


The actual stress will be the resultant of 2080 and 5570 psi. Before 
this resultant can be determined, the directions of the stresses must be 
known. 

The 2080 psi is an upward stress for each bolt. The 5570 psi for each 
bolt A is perpendicular to the radius arm of the bolt. The directions vary 
with the position of the bolt, as can be seen from the figure. By inspection, 
it is evident that at the upper right-hand bolt A and the lower right-hand 
bolt A the resultant is greatest. 

The stress of 5570 psi makes an angle 6 with the horizontal that is 
equal to the angle that the radius makes with the vertical (see Fig 14-17a). 


3 

tan 6 = -— = 0.667 
4.5 

$ = 33.7° 


Resolving s a = 5570 psi into its vertical and horizontal components 
(Fig. 14-176), we have 

s au = 5570 sin 33.7° = 3080 psi 
s ax = 5570 cos 33.7° = 4630 psi 


s a = 5570 lb/in 2 ^ = 2080 lb/in 2 


s a = 5570 lb/in 2 




s gy = 3080 lb/in 2 


s ax = 4630 lb/in 2 {b) 


s c = 6930 lb/in 2 




~k s sy 


5160 lb/in 2 


s sx = 4630 lb/in 


•2 




(0 


FIGURE 14-17 (a) Stresses developed in bolt A. (b) Components of 
rotational shear stress in bolt A. (c) Resultant shear stress in bolt A. 
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The vertical and horizontal components of the resultant are (Fig. 

14-17c) 

s sy = 2080 + 3080 = 5160 psi 
s sx = 4630 psi 

The resultant is 

s s = V5160 2 4- 4630 2 = 6930 psi (maximum) 

14-6 SHEAR STRESS DUE TO TENSION OR 
COMPRESSION 

If an axial force is applied to a short compression member, the stress, 
which might be either tension or compression, is uniformly distributed 
over the normal cross section AA. There is no component of force parallel 
to the section, and consequently, there is no shearing stress produced on 
the section. 

If a section BB making some angle a with the normal section is 
chosen, as shown in Fig. 14-18, then the axial force may be resolved into 
two components, one at right angles to section BB, called F n , and the 
other parallel to section BB, called F s . Then 

F n — F cos a 
F s — F sin a 

The area resisting these forces will be the area of the inclined section 
and equal to A/c os a, where A is the area of the normal section. Then 

F n F cos a F cos 2 a 
n A n A/cosa A 


B 

A 



FIGURE 14-18 Member in axial 
compression. 
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This value is a maximum when the angle a = 0°. That is, the maximum 
tension or compression will take place on the normal cross section. Also, 


F s F sin a F . 

s 8 = ~T = -= T (sm a cos a) 

A s A/c os a A 


F sin 2a 
A 2 


The value of sin 2 a is largest when a = 45°; therefore, the value of s s is 
a maximum on a plane making an angle of 45° with the normal cross 
section. 


14-7 TENSION OR COMPRESSION DUE TO SHEAR 

When a member such as the shaft in Fig. 14-19a is subjected to pure 
torsion, direct shear stresses 5 X are developed on a very small square 
surface area. From Sec. 12-2 we know that, to maintain equilibrium, other 
shear stresses, s 2 equal to 5 X , are induced on the section at right angles to 
5 X , Fig. 14-196. Analysis of the 45° plane AA (Fig. 14-20a) indicates that 



FIGURE 14-19 (a) Shaft in pure torsion. ( b ) Shear 
stresses on small surface section A. 


tensile stresses are acting to pull the section apart (Fig. 14-206). On 45° 
plane BB, compressive stresses are acting to compress the section (Fig. 
14-20c). No shear exists on these 45° planes. If some other planes, such 



FIGURE 14-20 (a) Shear stresses on small surface section, (b) 
Tension at planeAA dueto shear, (c) Compression at plane BB due 
to shear. 
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as 15° or 20° planes, were analyzed, it would be found that combinations 
of shear and tension or compression exist. 

14-8 COMBINED BENDING AND TORSION 

Shafts which transmit or receive power by means of gear, belt, or chain 
drives develop not only a torsional shear stress but a bending stress due 
to the forces acting on the shaft. Such a shaft is shown in Fig. 14-21. 



FIGURE 14-21 Shaft subjected to combined bending 
and torsion. 

Let us examine the stresses acting on an extremely small section A 
of the surface of the shaft. When this outer fiber section is at the bottom, 
as a result of the rotation of the shaft, there exists both a torsional and 
tensile effect on the section. Torsion will create a shear stress s s and the 
bending will cause a tensile stress s t on this section (Fig. 14-22). 

In Secs. 14-6 and 14-7 we have seen how shear can result in tensile 
and compressive stresses and how tensile and compressive loads can 



FIGURE 14-22 Tensile and shear stresses 
on small surface section of shaft. 
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create shear stresses. In a similar manner, the combined effect of the 
shear and tensile stresses on section A (Fig. 14-22) will result in the 
following. 

1. A maximum resultant tensile (or compressive) stress, greater 
than the tensile (or compressive) stress due to bending alone, called 
the principal stress. 

This maximum tensile (or compressive) stress is given by 



max 


2 



(14-3) 


The angle 6 of the plane on which the maximum resultant 
tensile (or compressive) stress will occur can be found from 


tan 26 = 



s t 


(14-4) 


For design purposes, Eq. (14-3) is recommended when brittle ma¬ 
terials are involved. 

2. A maximum value of shear stress greater than the shear stress 
due to torsion alone. This maximum shear stress is given by 



max 



(14-5) 


For design purposes, Eq. (14-5) is recommended when ductile 
materials are used. Also, the ASME Boiler and Pressure Vessel Code 
specifies that members subjected to combined stresses are to be 
designed based on maximum shear stress. 

For a solid or hollow shaft simultaneously subjected to torsion 
and bending, the shear stress due to the transmitted torque is 


Tc T 

Ss ~ J ~ S' 


while the tensile stress due to bending is 



M 

S 


where S' = 25 for solid or hollow circular cross sections. Substituting 
this information into Eq. (14-3), 
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max 


M 
2 S 


+ 


T 2 M 2 
(S') 2 + 4S 2 


but S'=2S and (S') 2 — AS 2 

“ 2S + 2S +M 

M e = (s,) mm S=j + ^Vr + M* (14-6) 

Equation (14-6) is used to calculate M e , the equivalent bending 
moment. Similarly, Eq. (14-5) can be transformed into the equation 
for equivalent torque. 


T e = COmaxS' = + M 2 


(14-7) 


where M e = equivalent bending moment, in • lb; N • m 

equivalent torque, in * lb; N • m 
actual bending moment, in • lb; N • m 
actual torque, in • lb; N • m 
section modulus of a solid shaft ird 3 /?>2 

l t ( d 0 4 - d j 

32\ do 


T = 

1 e 

M = 

T = 
S = 


or a hollow shaft — I ——:—~1 , in 3 ; m 3 


S’ = polar section modulus of a solid shaft ird 3 /16 

7T ( d 0 4 ~ df 
16\ do 


or a hollow shaft — I —:—-1, in 3 ; m 3 


The equivalent bending moment M e will always be greater than 
M, the actual bending moment, owing to the combined effect of 
bending with torsion. Similarly, T e , the equivalent torque, is always 
greater than T, the actual torque. 

^Sample Problem 7 What diameter shaft is required to transmit a torque 
of 2.7 kN-m with a maximum bending moment of 2.0 kN m: 

(a) If the allowable shear stress is 55 MPa? 

(b) If the allowable tensile stress is specified as 75 MPa? 

Solution a: The maximum shear-stress equation or equivalent torque 
expression is called for. From Eq. (14-7), 

Te = COmaxS' = VT 2 + M 2 

J3 

(55 x 10 6 )— = V(2.7 x 10 3 ) 2 + (2.0 x 10 3 ) 2 

16 
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= V(7.29 x 10 6 ) + (4.0 x 10 6 ) = Vll.29 x 10 6 
= 3.36 x 10 3 N • m 



(3.36 x 10 3 )( 16) 
(55 x 10V 


= 0.311 x IQ" 3 


d = 0.678 x 10 1 m = 67.8 mm 


Use 70-mm-diameter shaft if material is ductile.* 


Solution b: The maximum resultant tensile stress equation or equivalent 
bending-moment expression is called for. From Eq. (14-6), 


M e = (s t ) 


M 1 


max 


5 = y + -VT 2 + M 2 


(75 x 10 6 ) 


t rd 3 2.0 x 10 3 1 

— =---+ - (3.36 x 10 3 ) = 2.68 x 10 3 

- " ^ “ ““* - 

d = 0.714 x 10 1 m = 71.4 mm 


Use 75-mm-diameter shaft if material is brittle.* 


Sample Problem 8 A li-in Monel shaft (Fig. 14-21) transmits 30 hp at 
250 rpm to a piece of equipment. Power is transmitted to the shaft by 
means of a belt drive. The shaft is supported on bearings 18 in apart and 
the belt pulley is centrally located. The total belt pull on the shaft is 600 
lb. Is the shaft satisfactory if a safety factor of 4 based on the ultimate is 
required? 

Solution: From App. B, Table 1, ultimate s s = 56 000 psi for Monel. 
Since Monel is a ductile material, the maximum shear-stress expression 
(Eq. 14-5) will be used 



max 



St 

2 


2 



T 

S' 



63 000(30) 
250 

Trd 3 7 t ( 1 . 5 ) 

16 ~~ 16 


Tn 

63 000 
7560 in lb 



- = 0.663 in 3 


63 000 hp 
n 


^Standard size taken from Standard Metric Dimensions, Steel Mill Products, United States Steel 
Corp. publication, 1977. 
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s t 

S 

s t 

ta) max 
(^s)max 

Allowable stress 
Therefore, the shaft is satisfactory. 

PROBLEMS 

*14-1. A beam has an axial tensile load of 45 kN and concentrated loads 
of 6.75 kN at the three quarter points of the beam. What would 
the maximum and minimum stresses be on a 100- by 150-mm 
rough-sawn beam simply supported on a 2.1-m span? 

14-2. A simply supported rough-sawn timber beam 10 in wide and 12 
ft long carries a uniform load of 700 lb/ft and an axial tensile load 
of 24 000 lb. What is the proper depth for the beam if the 
allowable stress is 1100 psi? 

*14-3. Determine the maximum stress at the center cross section of the 

1 

link shown in Fig. Prob. 14-3. 



20 mm 
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14-4. An S18 x 54.7 simply supported beam carries a concentrated 
load of 25 000 lb at the center of a 15-ft span, and a total uniform 
load of 4500 lb, including the weight of the beam. What maximum 
axial tensile force may be applied to this beam if the allowable 
stress is 20 000 psi? 

14-5. Find the maximum and minimum stresses in the wide-flanged 
member used as an eccentrically loaded short column, as shown 
in Fig. Prob. 14-5. 



25,000 lb 


225 mm 


1790 kN 


200 mm 



FIGURE PROBLEM 14-5 


FIGURE PROBLEM 14-6 


*14-6. The short column shown in Fig. Prob. 14-6 is subjected to an 
eccentric load of 790 kN. Determine the stresses at edges AB and 
CD. 

14-7. A rectangular concrete footing, 3 by 6 ft, supports two columns 
whose loads act as shown in Fig. Prob. 14-7. Calculate the base 
pressure at each corner of the footing. Include the weight of the 
footing. 


120 k 



FIGURE PROBLEM 14-7 
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14 - 8 . For the Class 20 cast-iron frame shown in Fig. Prob. 14-8, 
determine the maximum tensile and compressive stresses that 
would develop at section AA due to an applied load of F = 12 000 
lb. 

14 - 9 . Find the maximum safe load F that can be applied to the Class 
20 cast-iron machine frame of Fig. Prob. 14-9. Assume shock 
loading. 



FIGURE PROBLEM 14-8 and 14-9 


* 14 - 10 . What should be the diameter of the clamp at section^ for the 

arrangement shown in Fig. Prob. 14-10, if the allowable stress is 
105 MPa? 



Section A-A FIGURE PROBLEM 14-10 

* 14 - 11 . Determine the stresses acting at A and B for the machine link 

shown in Fig. Prob. 14-11. 



[—50 mm H 


FIGURE PROBLEM 14-11 
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14-12. Determine the maximum forceF that the structural steel channel, 
loaded as shown in Fig. Prob. 14-12, can take if the allowable 
tensile and compressive stresses are 20 000 psi. 



FIGURE PROBLEM 14-12 

*14-13. The davits in Fig. Prob. 14-13 are to be designed to support the 

lifeboat, which has a mass of 816 kg and has a capacity of 40 
people. Assume an average mass of 77 kg per person. The davits 
are aluminum alloy 6061-T6 with a hollow circular cross section 
of 150 mm OD and 100 mm ID. Determine the factor of safety 
N u for the davits. 



FIGURE PROBLEM 14-13 

14-14. The allowable tensile and compressive stresses at section AA of 
Fig. Prob. 14-14 are 11 000 psi. How large may the eccentricity 
e be? 



FIGURE PROBLEM 14-14 
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14-15. What shear stress will be developed in the bolts in Fig. Prob. 
14-15? The bolts are f-in in diameter and are spaced 2! in from 
center to center. 



14-16. The bracket in Fig. Prob. 14-16 is connected by f-in-diameter 
bolts to a vertical member. 

a. Determine the shearing stress in each bolt. 

b. Omitting the center bolt, repeat part a. 



FIGURE PROBLEM 14-16 


14-17. 


In order to support a platform, it was found necessary to provide 
a bracket bolted to a column, as shown in Fig. Prob. 14-17. If s s 
is limited to 10 000 psi, what is a proper bolt size? 



FIGURE PROBLEM 14-17 
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14-18. 


For Fig. Prob. 14-18, if the bolts are 1 in in diameter and 6 — 0°, 
find the maximum shear stress and identify the bolt or bolts in 
which it occurs. F - 10 000 lb. 



FIGURE PROBLEM 14-18 
through 14-20 


14-19. Same as Fig. Prob. 14-18, except 6 = 30°. 

14-20. For Fig. Prob. 14-20, what maximum force F at 0 — 90° may be 
applied to the 1-in-diameter bolts, if the allowable shear stress is 
15 000 psi? 

14-21. The f-in bolts in Fig. Prob. 14-21 are spaced 2i in center to 
center. 

a. What maximum force F may be applied if the allowable shear 
stress is 15 000 psi? 

b. What maximum force F may be applied if bolt/) is removed? 





FIGURE PROBLEM 14-21 



FIGURE PROBLEM 14-22 


14-22. The allowable shear stress is 9000 psi for the f-in bolts in Fig. 
Prob. 14-22. What is the largest permissible distance /? 

14-23. A steel shaft 3 in in diameter, making 150 rpm, is supported in 
bearings 6 ft apart. A load of 750 lb acts downward at the middle 
of the shaft due to belt pull. What horsepower can be transmitted 
by the shaft if the maximum shearing stress is 6000 psi? 
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*14-24. 


14-25. 


*14-26. 


14-27. 


*14-28. 


*14-29. 


Find the diameter of a shaft subjected to a bending moment of 
680 N m and a twisting moment of 900 N-m, if the bending 
stress does not exceed 70 MPa and the shear stress does not 
exceed 55 MPa. 

Find the diameter of a steel shaft in bearings 6 ft apart to transmit 
150 hp at 300 rpm. There is a load of 900 lb at the middle, and 
the maximum allowable stress is 10 000 psi in bending and 7000 
psi in shear. 

A 100-mm shaft is transmitting 22 kW at 180 rpm and is subjected 
to a bending moment of 950 N m. What will be the maximum 
tensile and shearing stresses developed? 

If the bending moment is equal to the twisting moment, what 
should be the diameter, expressed in terms of the allowable 
stress, of a solid shaft that is to transmit 120 hp at 125 rpm? 

a. The shaft is made of a ductile material. 

b. The shaft is made of a brittle material. 

Determine the size of a hollow steel shaft whose inside diameter 
is equal to one-half the outside diameter, if the bending moment 
developed is 1.4 kNm and the torque transmitted is 1.7 kNm. 
The allowable shear stress is 55 MPa. 

Same as Prob. 14-28 for a Class 40 cast-iron shaft with a factor 
of safety of 10 based on the ultimate stresses. Use SI units. 




CHAPTER 



Columns 


15-1 INTRODUCTION 

Short compression members which are subjected to axial loads can be 
treated by 5 = F/A, as was done in Chap. 7. When a short compression 
member is eccentrically loaded, it can be dealt with by 5 = F/A ± Fec/I, 
as in Chap. 14. In both cases, the equations given produce reasonably 
reliable solutions for actual members. Minor discrepancies may appear 
due to the following. 

1. Nonhomogeneous material 

2. Unforeseen or accidental misalignment of loading 

3. Slight variations in the straightness of the member 

4. Presence of unknown initial stress in the member 

These effects are usually negligible in short compression members as well 
as in tension members, torsion members, and beams. For relatively long 
compression members (columns) with axial loads, the above effects are 
of prime importance in determining and limiting the loads which such 
members may carry. jThe student may demonstrate this by a simple 
experiment with a piece of ordinary gray cardboard (such as the backing 
of a pad of paper), say 8 i by 11 in, and several textbooks. When the full 
length of cardboard is used to support one end of a book (as in Fig. 
15-la), it will probably bend or buckle if a second book is added. After 
determining the book load for the 11 -in length, cut the cardboard in half 
to produce two pieces 8 i by 5i in. If the test is repeated using one 82 - by 
5i-in piece with the 5i-in length supporting the books, approximately 
four books will be safely carried (see Fig. 15- lb). Thus, merely halving 
the length of the compression member will permit a compressive load 
four times as large to be safely supported. 

Column failures are characterized by sudden bending or local 
buckling. This column action, combined with the uncertain effects which 
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FIGURE 15-1 Demonstration of column 
action. 


contribute to failure, makes it difficult to calculate the actual stresses 
developed in the column material. Because of these special problems, 
column-design formulas have been developed to find the maximum safe 
axial load and to relate this load to the shape and size of the column, and 
the properties of the material. 

15-2 SLENDERNESS RATIO 

The experiment discussed in the previous section demonstrates the 
importance of column length as a determinant of safe load. Length alone 
is not the only important factor. This can be shown by taking the unused 
8 f- by 5|-in piece of cardboard and rolling it into a cylindrical shape 5i 
in long and about 2 in in diameter (use tape to keep cylinder from 
unrolling). If the experiment is repeated with this new shape, your supply 
of books might be exhausted bef ore f ailure occurs. Apparently, the cross- 
sectional shape and size of the column play an important role in 
determining the safe load. 

If you think back to the first two experiments, you may recall that 
the cardboard seemed to prefer to fail in a particular direction. That is, 
in both cases failure occurred as shown in Fig. 15-2. A horizontal cross 
section through the cardboard would look something like Fig. 15-3. In 
each of the first two experiments, the cardboard tended to buckle about 
axis YY. In neither case did buckling occur about axis XX. The reason for 
this is that the moment of inertia about axis YY is less than the moment 
of inertia about axis XX. To emphasize this point, let us calculate these 
moments of inertia and compare the results. 


I 


X 


I 


y 


bh? 

12 

bh?_ 

12 


0.03(8.5) 3 

12 

8.5(0.03) 3 

12 


= 1.54 in 4 
= 0.0000191 in 4 


From these figures it is apparent that there is much less resistance to 
buckling about the YY axis. 
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FIGURE 15-2 Direction of buckling FIGURE 15-3 Cross section of 
in demonstration. cardboard. 


Thus far, we have found that the important determinants of column 
strength for a given material are as follows. 

1. Length of column 

2. Cross-sectional shape 

3. Moment of inertia 

However, from a known cross-sectional shape, the moment of inertia 
can be determined. This means that both of these may be grouped 
together as one factor. The single factor that is used in column design 
which is related to both cross-sectional area and moment of inertia is 
called radius of gyration, the symbol for which is r. (The symbol k is 
sometimes used in place of r for radius of gyration.) Our listing of 
column-strength determinants for a given material reduces to the 
following. 

1. Length of column / 

2. Radius of gyration r 

If both of these terms are measured in the same units, their ratio is 
called slenderness ratio. Then 


Slenderness ratio = - 

r 


(15-1) 
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15-3 RADIUS OF GYRATION 

To determine the radius of gyration of a plane figure such as a rectangle, 
let us consider the following problem. For the rectangle in Fig. 15-4a, 
calculate the moment of inertia about a centroidal axis and calculate the 
radius of gyration for that axis. 



L- 12" -- 

^ 96 in 2 

_/ 

r x 


J" 

A= 96 in 2 

X 

w —- 

X X ! X 


(a) ( b) 

FIGURE 15-4 (a) Rectangular area with centroidal axis XX. 
(b) Representation of radius of gyration about axis XX. 


Moment of Inertia: 


I 


X 


bhf 

12 



512 in 4 


The radius of gyration is the distance from an axis to a point where 
all the area of a plane figure may be imagined to be concentrated so that 
the moment of inertia is left unchanged. Moment of inertia can be 
thought of as the “second moment of an area” and was expressed in 
Chap. 10 as 


I = Xay 2 


where y was the distance from the centroid of each segment of area to the 
axis. If all the area of the rectangle of Fig. 15-4a is concentrated at a 
point, as in Fig. 15-46, then from the above definition the distance from 
that point to the axis is r, the radius of gyration. Therefore, 


or 


I = Ar 2 

r= VI 


(15-2) 


where / = moment of inertia, in 4 
A = total area of figure, in 2 
r = radius of gyration, in 
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Radius of Gyration: 




512 

96 


= V533 =2.31 in 


Let us now calculate / and r 
centroidal axis (Fig. 15-5). 


for the same figure about the YY 



FIGURE 15-5 Rectangular area with 
centroidal axis YY 


Moment of Inertia: 




1152 in 4 


Radius of Gyration: 



^ = Vn = 3.46 in 
96 


From these calculations we can see that the axis which gives the 
smallest moment of inertia also gives the least radius of gyration. The 
same conclusion results from examination of Eq. (15-2). 

In the experiments with cardboard columns, buckling occurred about 
the axis with the smallest moment of inertia. Thus, buckling of columns 
tends to occur about the axis with the least radius of gyration. 

In determining the slenderness ratio of a column, the least radius of 
gyration is used. 


Slenderness ratio = - (15-1) 

r 


where l = unsupported length of column, in 
r = least radius of gyration, in 


Values of r for common cross sections are given in App. B, Table 12. 
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15-4 CATEGORIES OF COLUMNS 

Compression members are often subdivided into three categories accord¬ 
ing to slenderness ratio. 

1. Short compression members 

2. Intermediate columns 

3. Long slender columns 

These subdivisions can be visualized from an experimental curve, 
plotting F/A (at failure) vs. l/r. This experiment can be done by compres¬ 
sion testing various lengths of a member of standard cross section. Figure 
15-6 shows a curve of F/A (at failure) vs. l/r which might result from such 
an experiment. The broken lines indicate the probable variation which 
might be expected in experimental results. The experimental curve seems 
to have three distinct portions which correspond to the three categories 
mentioned earlier. 

For low values of slenderness ratio, the experimental curve shows a 
horizontal straight-line portion. This means that F/A is constant in this 
range regardless of the slenderness ratio of the specimen. Specimens in 
this range are called short compression members, and their values of F/A 
upon failure are determined from the ultimate stress of the material. 


F 

A 



(15-3) 


Since for short compression members the l/r ratio has no effect on 



r 

FIGURE 15-6 Expected ranges for F/A (at failure) vs. l/r. 
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/ 


r 

FIGURE 15-7 Plot of F/A (at failure) vs. IJr for short 
compression members and long, slender columns. 


strength, it is clear that column action does not become significant until a 
certain l/r value is exceeded. Briefly, then, short compression members 
require no special treatment as columns, but instead are simply handled 
by r = F/A. 

For members with large values of l/r, the experimental curve of Fig. 
15-6 shows that very small F/A values may cause failure. Such members 
are categorized as slender columns. Experimental curves for slender columns 
closely fit an equation proposed by Euler, 


F t t 2 E 
A (l/r) 2 


(15-4) 


This equation takes account of the primary source of failure of slender 
columns: column action, or buckling. 

In Fig. 15-7, Eqs. (15-3) and (15-4) are plotted as solid lines in the 
regions where they apply to columns and are extended as broken lines 
where they do not describe experimental results. 

Intermediate columns are members whose l/r values lie in the range 
between short compression members and slender columns. The inter¬ 
mediate column range is characterized by a sharp decrease in the F/A 
value, causing failure as the l/r value is increased. The actual shape of the 
curve describing intermediate columns is difficult to determine, since 
minor differences in specimens cause large changes in F/A values. Because 
of this sensitivity to uncertainties, no one equation can be identified as the 
“correct” formula. Instead, several equally “correct” formulas are used 
for intermediate columns. The most important feature of such formulas 
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is that they can be successfully used for design and selection of actual 
intermediate columns. In other words, they are justified because they 
work. The most common forms of intermediate-column equations are 
the following. 

1. The straight-line form: 


F 

A 


l 


= s-C l - 
r 


(15-5) 


2. The parabolic form: 


F 

A 


= s 




(15-6) 


Figure 15-8 shows the two forms of intermediate-column equations 
plotted as solid lines in their range of application and as broken lines 
outside this range. Notice that both of these equations can be adapted to 
represent the experimental intermediate-column range. The constant 
term C in each equation can be given an appropriate value to ensure a 
good fit to experimental results. 



FIGURE 15-8 Plot of F/A (at failure) vs. l/r for two 
types of intermediate column formulas. 

15-5 END CONDITIONS 

The strength of a column is dependent upon the way in which the ends 
of the column are held, in addition to the slenderness ratio. The various 
end conditions may be classified into the following four groups. 



378 STATICS AND STRENGTH OF MATERIALS 



FIGURE 15-9 End conditions: (a) both ends pinned; ( b ) both ends 
fixed; (c) one end fixed, one end pinned; (d) one end fixed, one end free. 


1. Both ends pinned or hinged (Fig. 15-9a) 

2. Both epds fixed (Fig. 15-9 b) 

3. One end fixed, one end pinned (Fig. 15-9c) 

4. One end fixed, one end free (Fig. 15-9 d) 

Other things being equal, column-type 2 is strongest, type 3 is next 
in strength, type 1 next, and type 4 is the least strong. Each of these 
conditions may be approximated in actual practice, although certain end 
fixtures which appear to be securely fixed often permit some lateral or 
rotational movement. To account for the effect on the strength of a 
column due to the end conditions, the factor K is introduced. The factor 
is used in conjunction with the slenderness ratio l/r to produce an effective 
slenderness ratio. Thus, 

Kl 

Effective slenderness ratio = — (15-7) 

r 

Values of K recommended by the Column Research Council for use 
when end conditions are approximated in actual design are given in Table 
15-1. 


15-6 COLUMN FORMULAS (METALS) 

A great variety of column-design formulas of the straight-line, parabolic, 
Euler, and other types have been proposed and used. A few of the more 
popular equations are presented in this section. The student may wonder 
which is the best formula to use. The answer to this puzzle is that an 
appropriate formula must be used. In actual practice, a column design is 
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TABLE 15-1 RECOMMENDED VALUES OF K FOR VARIOUS COLUMN 

END CONDITIONS 


Recommended K 


End Conditions Value* 


1. Both ends pinned or hinged (Fig. 15-9a) 1.0 

2. Both ends fixed (Fig. 15-9/)) 0.65 

3. One end fixed, one end pinned (Fig. 15-9c) 0.8 

4. One end fixed, one end free (Fig. 15-9 d) 2.1 


* Note: Theoretical values of K for these conditions are 1.0, 0.5, 0.7, and 2.0, respectively. 


often subjected to codes, laws, or company practices which dictate the 
design equations to be used, so that the designer has little or no choice. 
In situations which are not so restricted, the designer will select an 
equation, based on experience, which best fits the conditions of the design. 
The student will usually not be asked to make such a choice, but rather 
the problems in this chapter will specify the formulas to be applied. 

Several sets of column-design equations for metal members are given 
in Table 15-2. All the equations are based on the safe load F. It is 
interesting to note that many of the sets of equations are not categorized 
specifically for short, intermediate, and slender columns. If you refer to 
Figs. 15-7 and 15-8, you will find that the parabolic curve (typical of the 
AISC equation for Kl/r C c ) flattens out and becomes nearly horizontal 
in the low l/r range. Thus, use of this equation for short compression 
members becomes valid. In a like manner, we can establish the reasoning 
behind the use of the various column equations that do not adhere strictly 
to the previously established categories. 

As discussed in Sec. 15-5, K represents an end-condition factor. 

With reference to the AISC equations, C c represents the maximum 
slenderness ratio at which a column may be designed by the parabolic 
equation. Above C c , Euler’s form is used. Take note that Table 15-2 
indicates the value of C c for various s u . 

The use of the AISC parabolic equation ( Kl/r C c ) involves a factor 
of safety N. This is to be calculated from the given equation and has a 
range of 1.67 when l/r = 0, to 1.92 when l/r = C c . Because A36 structural 
steel is most commonly used for columns and since pinned ends is the 
most frequent design condition, Fig. 15-10 has been included so that A 
may be rapidly determined for various values of l/r. 

Sample Problem 1 Determine the allowable axial compressive load F 
which the AZ61A-F magnesium-alloy T section shown in Fig. 15-11 can 
carry if its ends are pinned and its length is 6 ft. 

Solution: For this T section, the moments of inertia have been calculated 
in Sec. 10-9. 


I x = 57.9 in 4 


4 = 38.7 in 4 A = 20 in 2 
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TABLE 15-2 DESIGN EQUATIONS FOR AXIALLY LOADED METAL COLUMNS 


Designation 


Short 

Compression 

Members 


Intermediate 

Columns 


Long, 

Slender 

Columns 


Machine design for 
any steel 


Ki 


2 


F 


V 


max — = 

A N 


y 


A N y 


’v\ 


1 - 


4t t 2 E 


F 

A 


7 T 2 E 




-< 40 
r 


40 ^ - < 7r 
r 


2 E 


Sy(K) 


r 


2 E 


7T 


Sy(K) 


AI SC for structural 
steels 


F __ Sy 
A~ N 


1 - 


t)‘ 


2 C 2 


C -* 


A' u (ksi) 


* 


C 


36 

42 

46 

50 


126.1 

116.7 

111.6 

107.0 


** jv = 


C — 

3 SC. 


(t) (r 


8C 2 


C,= 


2t t 2 E 


s 


V 


[see C ( . values at left] 


Ki 

r 


C, 


F _ 149000 000 
A (Kt 


KI 


>C. 


[max - = 200] 
r 


Magnesium alloy 
AZ61A-F [for 
pinned ends] 


F 

A 


42 800 


42 800 1 


1 + 


(0 


64.4 x 10 6 


Cast iron [for 
pinned ends] 


F 

A 

l 

r 


= 9000 - 


70 


/ 

401 - 

r. 


* See Table 9-1 for recommended steels and their s v . 

** Note: Values of N for A36 structural steel and K = 1 can be determined from the graph 
in Fig. 15-10. 
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1.67 1.72 1.77 1.82 1.87 1.92 

Factor of safety ( N ) 

FIGURE 15-10 Factor of safety ( N ) vs. slenderness ratio (l/r) 
for 436 structural steel columns, K = 1. 



FIGURE 15-11 Diagram for Sample 
Problem 1. 


The least radius of gyration will be referred to the axis with the 
smallest moment of inertia. Therefore, from Eq. (15-2), 


r y - 

1 = 
l_ _ 

r 



= V 1.935 = 1.39 in 
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From Table 15-2, 


F 

A 


42 800 


42 800 


l 

42 8001 - 

r 


42 800(51.8) ; 


1 + 


1 + 


64.4 x 10 6 


64.4 x 10 6 
42 800 


1 + 1.78 


= 15 400 


F = 15 400(20) = 308 000 lb (maximum) 


Sample Problem 2 Figure 15-12 shows the cross section of a column 
(pinned ends) made by bolting two C15 X 40 sections to two 16- by it-in 
plates. Find the safe load it will carry when 20 ft long. Use the AISC 
formula. The material is A36 structural steel. 





FIGURE 15-12 Diagram for Sample 
Problem 2. 


Solution: For the column, 


I x 2(/ x ) c hannel "f 2 (I x + Ad 2 ) p i a t e 
But I x for plate will be very small and can be neglected 


l x = 2(349) + 2(16) 


13 

16 



13\ 2 

7.5 +— =698 + 1625 

32. 


2323 in 4 
13(16) 3 


V 


L 16(12)J 
= 554 + 676 = 1230 in 4 


+ 2 [9.23 + 11.8(4.5 +0.778 ) 2 ] 
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Least radius of gyration, 


= 



in 

A 


A =2(11.8) +2(13) =49.6 in ! 


= 



1230 

49.6 


= V2L8 =4.98 in 


From Table 15-2 for A36 structural steel, s y = 36 000 psi (Table 9-1) and 
C c = 126.1. Since K = 1.0 for pinned ends and r y = 4.98 in, 


Kl 1.0(20)(12) 
r “ 4.98 


48.2 (which is less than C c ) 


Using 


F _ 
A ~ 

N = 


N 


Kl 


1 - 


2C„ 2 


(48.2 ) 3 

3 ' 8(126.1) ~ 8(126.1) : 


5 3(48.2) 


= 1.667 + 0.143 -0.007 = 1.80 


Or N = 1.80 (from graph, Fig. 15-10) 


Then 


F _ 36 000 
A ~ 


1.80 


1 - 


(48.2 ) 2 

2(126.1) 2 J 


20 000(1 -0.073) = 18 500 psi 


F = 18 500(49.6) = 918 000 lb (maximum) 


Sample Problem 3 Select the most economical A36 structural steel W- 
shape column (pinned ends), 20 ft long, to carry an axial load of 300 000 
lb. Use the AISC specifications. 

Solution: In this type of problem, there are two unknowns, A and r, in 
the equation. Therefore, a trial-and-error solution is called for. 

Assume that the column to be selected will have a Kl/r < C c . From 
Table 15-2 


(Kl 


2 


F 

A 
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This formula is limited to a range of Kl/r from 0 to 126.1 ( C c = 
126.1 for s v = 36 ksi). Assume Kl/r will fall in the middle of the range, 
say 63. Then 


5 

+ 

3 


Kl 


Kl 


8C. 


8C, 


= 1.67 +0.19 -0.02 =1.84 


Or 


1.84 (from graph, Fig. 15-10) 
36 000 T (63) 2 1 
1.84 L 1 2(126. 1) 2 J ~~ 

F 300 000 _ ... . „ 


= 17 200 psi 


17 200 17 200 


= 17.45 in 2 


Now select a W-shape section whose area is approximately equal to 
the above value. There may be several sections with approximately this 
area in the tables. Since we shall eventually be interested in the most 
economical column, check one of lighter weight. 


N= 1.67 + 


Try W12 X 65, A = 19.1 in 2 , r y = 3.02 in. 

«_ mm = 79 . 5 

r 3.02 

, 3(79.5) (79.5) 3 

' + 8(126.1) 8(126.1) 3 -67 

Or N = 1.88 (from graph, Fig. 15-10) 

F _ 36 000 r _ (79.5) 2 1 _ 36 000 

A ~ 1.88 L 1 2(126. 1) 2 J “ 1.88 ( ' 1 

F= 15 340(19.1) = 293 0001b 


= 1.67 + 0.24 - 0.03 = 1.88 


(0.801) = 15 340 


This column does not meet the 300 000-lb specification, although it comes 
quite close. 

For our second trial, we wantF to increase slightly without increasing 
A , if possible. Therefore, a section should be chosen with a larger r v , for 
approximately the sameT. Thus, the next most economical section would 
be W12 X 72, A = 21.2 in 2 , r v = 3.04 in. 


Kl 1(20)( 12) 
r 3.04 


79 


3(79) 


(79) 


1-67 + 8(126.1) 8(126.1) 3 1-88 
1.88 (from graph, Fig. 15-10) 

36 000 f, (79) 2 ] 36 000 


Or 


“TSTL^wJ'TiT^ 

= 15 400(21.2) = 326 0001b 


= 15 400 
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The W12 X 72 is the most economical W-shape column section for the 
conditions specified. The Manual of Steel Construction (AISC) contains 
tables which permit rapid selection of economical column sections. 

Sample Problem 4 Design an 18-in-long linkage rod of circular cross 
section, assuming a varying axial compressive load of 4500 lb if the 
material is AISI 1045 steel. Use machine-design formulas. 

Solution: From App. B, Table 1, for AISI 1045 steel, 

s y = 60 000 psi E = 30 x 10 6 psi 
Assume pinned ends (K = 1.0). From App. B, Table 2, 

N y = 3 

First determine the l/r ratio which separates intermediate and slender 
columns. 


I 


~ = 77 

r 



2(30 X 10 6 ) 
60 000 (l) 2 


= 7r(31.6) = 99.3 


At this stage, the actual value of l/r for the rod is not known. Let us 
assume that it will turn out to be an intermediate column (40 l/r < 
99.3). From Table 15-2, 


F 

A 




A = 0.785 d 2 
r = 0.25 d 


4500 60 000 

0.785^ ” 3 

= 20 000 


60 000 


1 - 


1 x 18 

0.25 d 


1 - 


4(3.14) 2 (30 x 10 6 ) 
0.263 N 


d 2 


= 20 000 - 


5260 

d* 


4500 


= 20 000^ - 5260 


0.785 

20 000d 2 = 5730 + 5260 = 10 990 


d 2 = 0.550 

d = 0.742 usecf = fin 


r = 0.25 d = 0.25(0.75) = 0.1875 in 


r 


18 

0.1875 



Check l/r: 
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This confirms our use of the intermediate-column formula. If l/r 
had been larger than 99.3, the calculation would have had to be redone 
using the slender-column equation. 


15-7 COLUMN FORMULAS (TIMBER) 

The National Forest Products Association (NFPA), formerly called the 
National Lumber Manufacturers Association, recommends Eq. (15-8) for 
the design of simple solid columns made of stress-grade lumber. The 
formula may be used to design square, rectangular, and circular cross 
sections for pin-ended or square-end conditions. 


F 

A 


0.30 E 




^allowable 



(15-8) 


where F = axial compressive load on column, lb 
A = cross-sectional area of column, in 2 
^allowable = allowable compressive stress parallel to grain, psi 


l = unsupported length of column, in 
r f = length of shortest side for rectangular cross section, in 
(= 0.886 times the diameter for circular cross section, in 
E = modulus of elasticity, psi 


Sample Problem 5 Find the safe load that a nominal 6- by 6-in Douglas 
fir column is permitted to carry, using the NFPA formula. The column 
is 8 ft long. 

Solution: 


A 

b 

E 

F 

A 


30.3 in 2 

5.5 in, 1 = 8(12) = 96 in 
1.2 x 10 6 psi 
0.30F 



F = 


A(0.30)£ 
/' 


F = 


bj \b t 

30.3(0.30)(1.2 x 10 6 ) 10.9 x 10 6 


96 

5.5, 


305 


F = 35 700 lb (maximum safe load) 


Sample Problem 6 Find the diameter of a Sitka spruce compression 
member 28 in long to carry a load of 1000 lb. Use the NFPA formula. 
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Solution: For spruce, s = 875 psi, is = 1.3 X 10 6 psi. Fora circular cross 
section, b = 0.886 d. 


F 0.3 E 

A ~ {l/bf 
A = 0.785^ 

1000 0.3(1.3)(10 e ) (0.39)(10V 

0.785c/ 2 ~ (28/0.886 df ~ 1000 

1000(1000) 
0.785(0.39)(10 6 ) 
d = 1.34 in (minimum) 

Check the stress with maximum allowable stress: 


F 1000 
A ~ 0.785(1.34) 2 


= 710 psi 


This does not exceed 875 psi; therefore, the calculated d is acceptable. 


PROBLEMS 

15-1. An S15 X 42.9 section is used as a 12-ft (pinned ends) column. 
Find the safe load it will carry, using AISC formulas. The material 
is A36 structural steel. 

15-2. Find the safe load that a C15 * 40 section will carry when used 
as a 6-ft column (fixed ends) using AISC formulas. The material 
is A36 structural steel. 

15-3. Find the safe load that a L6 x 6 x 1 section will carry when used 
as a column (pinned ends) 15 ft long. Use AISC formulas. The 
material is A36 structural steel. 

*15-4. A 12-mm-diameter, 302 stainless-steel pin, 200 mm long with 
pinned ends, is to support a varying load of 9.0 kN in compression. 
Is the member satisfactory? 

15-5. Determine the maximum safe length of a hollow cast-iron column 
whose outside diameter is 8 in and inside diameter is 6 in, with 
an axial load of 139 000 lb. 

15-6. A hollow round cast-iron column 20 ft long is to carry a load of 
250 tons. If the external diameter is 15 in, what is the inside 
diameter? 

15-7. Find the safe load that a column (pinned ends) 24 ft long, 
consisting of a 12- by i-in web plate, four L6 x 4 x f sections, 
and two 13- by f-in cover plates, will support. Short legs of the 
angles are to be riveted to the web plate. Use the AISC code. All 
material is A36 structural steel. 

15-8. Find the dimensions of a square AZ61A-F magnesium-alloy strut, 
pin ended, 10 ft long to carry a compressive load of 20 000 lb. 
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15-9. A hollow rectangular strut, pin ended, 7 ft long, is made of AZ61- 
A-F magnesium alloy. The outside dimensions of the strut are 3 
by 4 in and the wall thickness is £ in. Determine the safe axial 
compressive load it can support. 

15-10. A piece of seamless AISI 1045 steel tubing is used as a brace 
which requires it to support an axial compressive load of 12 000 
lb. The tube outside diameter is 2.875 in and the wall thickness 
is 0.203 in. Find the maximum permissible length. 

15-11. The upper chord compression member of a truss must safely 
carry an axial load of 22 kips. The member will be 11 ft long. 
Select two equal-leg A36 structural steel angles which when 
welded back to back will meet AISC specifications. Assume 
pinned-end conditions. 

15-12. What should be the diameter of a solid AISI 1095 steel rod, pin 
ended, 8 ft long, which is required to support a compressive load 
of 20 000 lb? 

15-13. Select the most economical S section to carry an axial load of 
50 000 lb for a column length of 12 ft with pinned ends. Use 
AISC formulas. The material is A36 structural steel. 

15-14. Select the most economical W section, according to AISC, to 
carry a central compressive load of 225 000 lb if the member is 
15 ft long with pinned ends. The material is A36 structural steel. 

15-15. A link with pinned ends, 15.75 in long, is subject to a compressive 
load of 4700 lb. The link is made of AISI 2340 steel, the cross 
section is rectangular, and the width is twice the depth. Find the 
dimensions of the cross section, assuming varying load. 

15-16. Choose the proper W section for a 15-ft column (pinned ends) 
to carry a central load of 230 000 lb under AISC specifications. 
The material is A36 structural steel. 

15-17. A Sitka spruce column, 10 ft long and 6 by 6 in dressed in cross 
section, supports a load of 9000 lb. Is this arrangement safe 
according to the NFPA specifications? 

15-18. What safe load will an Eastern white pine post, 12 ft long and 4 
by 6 in dressed in cross section, support according to the NFPA 
formulas? 

15-19. Find the dressed size of a square column of Douglas fir, 20 ft 
long, to carry a load of 100 000 lb. Use NFPA formula. 

15-20. Find the dressed size of a square Ponderosa pine timber to be 
used as a column 25 ft long to carry a load of 75 000 lb. Use the 
NFPA formula. 

15-21. A floor beam which carries a uniform load of 1000 lb/ft on a 12- 
ft simple span is supported by an 18-ft-long column at the left 
end and by an 11-ft-long column at the right end. What size 
Douglas fir columns should be used for the supports according 
to the NFPA formula? 












CHAPTER 



Indeterminate Beams 


16-1 TYPES OF STATICALLY INDETERMINATE BEAMS 

The beams discussed in Chap. 11 were statically determinate; that is, the 
unknown reactions and moments were found by using the conditions for 
static equilibrium: XF x - 0, XF y = 0, and = 0. Certain types of beams 
require more equations for their solution than are available from the 
static equilibrium formulas because there are too many unknowns. Such 
beams are called statically indeterminate. Other methods are used to find 
the unknown reactions and moments on these beams. Some typical 
indeterminate beams are shown in Fig. 16-1. 

16-2 BEAM WITH ONE END FIXED, ONE END 
SUPPORTED 

Figure 16-2a shows a beam with the right end fixed in a wall and the left 
end on a support; the beam carries a uniform load. The elastic curve for 
this beam is shown in Fig. 16-26. If the support were removed, the beam 
would be a cantilever with a maximum downward deflection at the free 
end. In the actual beam (Fig. 16-2), there is no deflection at the left end. 
Therefore, the supporting force Ri exactly counteracts the deflection 
which would occur without the support. This fact can be used to help 
solve this type of indeterminate beam. 

Imagine that the left support is removed and the beam becomes a 
cantilever, as in Fig. 16-3a. The elastic curve of the cantilever (Fig. 16-36) 
shows the deflection y L at the free end. From Chap. 12, Eq. (12-19), 

WL 3 

y L = —— (for the free end of a cantilever with uniform load) 

8 El 


Now we may ask what force at the free end is required to eliminate y L 

389 
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FIGURE 16-1 Some typical statically 
indeterminate beams: (a) One end 
fixed, one end supported; R lt R 2 , and M 
are unknown. ( b) Both ends fixed; R u R 2 , 
M u and M 2 are unknown, (c) Continuous 
beam; R lt R 2 , f? 3 , and R 4 are unknown. 



W = wL 


•I !• 


77VT 


f 

R, 


(a) 




(b) 

FIGURE 16-2 (a) Beam with one 
end fixed, one end supported; R u R r , 
and M are unknown. ( b ) Elastic 
curve for the beam. 


W = wL 



Support 

removed 





(b) 


FIGURE 16-3 (a) Beam of Fig. 16-2 
with left support removed, (b) Elastic 
curve for this condition. 


(because in the actual beam, Fig. 16-2,^ — 0). Imagine the same beam 
without the uniform load (as in Fig. 16-4a), but with an upward force Ri 
at the free end which produces a deflection))/,' (Fig. 16-46). From Chap. 
12, Eq. (12-16), 


RiL 3 
3 El 


(for the free end of a cantilever with load at end) 


Since y L is to be eliminated by the effect of R h then 
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FIGURE 16-4 (a) Beam of Fig. 16-2 with 
only one support force acting. ( b) Elastic 
curve for this condition. 


y L =yL 
WL 3 RiL 3 

or -=- 

8 El MI 

3 

from which R, — —W 

8 

With this new piece of information, the solution of the actual beam 
may proceed. Figure 16-5a shows the beam with only two unknowns, R r 
and M. The remainder of the solution follows the usual steps of finding 
R r from 'ItFy = 0 and finding M from = 0. The shear diagram (Fig. 
16-5c) indicates the location of maximum bending moments as before, 
while the moment diagram (Fig. 16-5d) shows how the moments vary 
along this beam. 

The principle of compensated deflection at the end support may be 
used for this type of beam with any loading. In one of the following 
sample problems, a beam of this kind with a concentrated load is solved. 
This method is easily extended to beams in which the support is caused 
to settle by the loading, as in the following illustrative problem. 


Sample Problem 1 A machine base rests on two W8 x 31 beams, each 
of which is mounted with one end embedded in concrete and the other 
end resting on a vibration damping pad (see Fig. 16-6). After the machine 
is put into place, the supported end settles i in. Find the reaction on one 
of the beams due to the vibration pad, and find the maximum stress in 
the beam. 

Solution: The uniform load on one beam is 



10 ( 2000 ) 

2 


10 000 lb 


(load is shared by two beams) 


W 2 = 20(31) = 620 lb (weight of beam) 
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FIGURE 16-5 (a) Beam of Fig. 16-2. ( b) Beam with computed values of R h 
R r , and M. (c) Shear-force diagram. ( d ) Bending moment diagram. 

(e) Calculations for R r and M. 


Therefore, 


W = 10 000 4- 620 = 10 6201b 



The deflection which would occur with the support removed is given 


WL Z 
8 El 


10 620(240) 3 
8(30)(10 6 )(110) 


5.56 in 


The upward deflection of an unloaded beam due to a concentrated 
reaction force R t at the left end is 
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End view 


FIGURE 16-6 Diagram for Sample Problem 1. 


RiL 3 
3 El 


Rt f (240) 3 
3 1_ (30)(10 6 )(110) 


0.0014R, 


The left end of the actual beam, when fully loaded, settles $ in; therefore, 



from which 5.56 = 0.0014/? ; 4- 0.5 

Ri = 3620 lb (reaction of vibration pad) 


The problem may now be solved in the usual way. 


0 

£Af wall = 0 


R t +R r - 10 620 = 0 

R r = 7000 lb 

M - 10 620(10) 4- 3620(20) = 0 
Af = 33 800 ft lb (at wall) 


The shear diagram (Fig. 16-76) indicates a maximum moment at x 
feet from the left support. By similar triangles, 


x 


3620 

7000* 


20 -x 

7000 

72 400 - 3620x 
72 400 


x = 


10 620 


= 6.8 ft 


The bending moment at this section in the beam is 

M 6 . 8 = 3620(6.8) - 10 620 (“j (3.4) 

= 24 620 - 12 280 = 12 340 ft ■ lb 
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FIGURE 16-7 (a) Beam diagram for Sample Problem 1. 
(b) Shear force diagram, (c) Bending moment diagram. 


The maximum bending moment occurs at the wall; M max = 33 800 
ft-lb (see Fig. 16-7c). 

For a W8 x 31, the section modulus 5 = 27.4 in 3 . Thus, 

M 33 800(12) 

s = — =---= 14 800 psi (maximum stress) 

5 27.4 v v 


Sample Problem 2 A beam has one end fixed and the other end resting 
on a support. The beam carries a concentrated load of 10 000 lb at the 
center of its 12-ft span. Select the most economical standard A36 structural 
steel S beam (Fig. 16-8). 

Solution: If the support is removed, the deflection at the free end is 
given by Eq. (12-17). 



6 El 
10 000 


(2 L 3 - 3 aU + a 3 ) 


6EI 
31.1(10 8 ) 
El 


[2( 144) 3 - 3(72)(144) 2 + (72) 3 ] 
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77*7 


( a ) R t = 3125 lb 


0 


(b) 


0 


(c) 


F = 10,000 lb 



M = 22,500 ft*lb 


R r = 6875 lb 



3125 lb 




0 


-6875 lb 


18,750 ft * lb 



0 


22,500 ft-lb 


FIGURE 16-8 (a) Beam diagram for Sample Problem 2. 
(b) Shear-force diagram, (c) Bending moment diagram. 


The upward force R t at the support would produce a deflection on 
an unloaded beam equal to 


^(H4) 3 
3 El 


995 000R l 
El 


Equating these deflections, 

31.1(10 8 ) 995 000/?; 

El ~ El 
R t = 3125 lb 


R { + R r - 10 000 = 0 

R r = 6875 lb 


2f„ = 0 






396 STATICS AND STRENGTH OF MATERIALS 

SAf wa u 
M - 


Select the S7 x 20 (S = 12.1 in 3 ). 

16-3 BEAM WITH BOTH ENDS FIXED 

Beams of this type may be treated by imagining them to be separated into 
three portions forming a simply supported beam in the central portion 
and cantilever beams at both ends. The point of imagined separation is 
the point where the bending-moment diagram crosses zero. This point, 
called the point of inflection of the elastic curve , locates a section in the beam 
where the moment is zero. Since the end of a simply supported beam and 
the free end of a cantilever beam have zero bending moments, the 
imagined separation is valid if it is done at a zero-moment section. 

Beam with Concentrated Load at Center of Span: Consider the beam in 
Fig. 16-9. There are two unknown forces R t and R r , and two unknown 


= 0 

10 000(6) + 3125(12) =0 

M = 60 000 - 37 500 

= 22 500 ft • lb (at wall) 
M G = 3125(6) = 18 750 ft -lb 

M ma x — 22 500 ft • lb (at wall) 

5 - — 


(at 6-ft section) 


22500(12) 
5 24 000 




FIGURE 16-9 (a) Beam with both ends 
fixed and concentrated load at center 
of span. ( b) Elastic curve showing location 
of inflection points. 


moments M t and M r . The points of inflection are located on the elastic 
curve. These locations are derived in more advanced books. The problem 
is to express the reaction forces and moments in terms of F and L. 
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FIGURE 16-10 Beam of Fig. 16-9 
separated at the inflection points. 


Imagine this beam to be separated at the points of inflection into 
three portions, as shown in Fig. 16-10. Although the beam appears to be 
cut into three portions, the shear forces acting at the separation sections 
are not zero and must be considered in order to maintain equivalence to 
the original beam. V a represents the shear force in the beam at a distance 
L /4 from the left wall. When we separate the beam at this section, V a is 
treated as an external effect of the adjacent portion. V b is treated similarly. 
We have converted a statically indeterminate beam into three statically 
determinate beams. 

Let us examine the central portion (Fig. 16-11). The portion is a 

r 



L 

2 


v b FIGURE 16-11 Central portion of the beam of Fig. 16-10. 


simply supported beam L/2 long, with a concentrated load F at the center 
of the span. From the symmetry, we note that 


F 

and V b = — 

Furthermore, it was shown in Chap. 11 that the maximum bending 
moment for this type of beam occurs at midspan and equals the load 
times one-fourth of the span. Since the span in Fig. 16-11 is L/2, the 
maximum moment in this portion is 



FL 

8 


Now consider one of the cantilever portions. Either end portion may be 
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F 

2 







FIGURE 16-12 End portion of the beam of Fig. 16-10. 


analyzed and the results applied to both ends because of the symmetrical 
loading on the original beam. The right end is shown in Fig. 16-12. Let 
us apply the conditions for static equilibrium to this portion of the original 
beam, noting that V b = F/2 from the previous step. 



SM wall 





0 

FL 

8 


The reaction and moment at the left end of the beam are equal to 
R r and M r , respectively. Therefore, 




F 

2 

FL 

8 


and, as previously calculated, the moment at the center of the span is 



FL 

8 


The shear-force and bending-moment diagrams for the beam with both 
ends fixed, carrying a concentrated load at midspan, are shown in Fig. 
16-13. These diagrams should be compared with Fig. 11-20 for a simply 
supported beam. 

The maximum deflection for the fixed-ends beam is obtained by 
adding the deflection of the central portion (Fig. 16-11) and the deflection 
at the free end of the cantilever portion (Fig. 16-12). Applying the 
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FIGURE 16-13 (a) Beam with both 
ends fixed and concentrated load at 
center of span, (b) Shear-force diagram, 
(c) Bending moment diagram. 


deflection formulas, Eqs. (12-11) and (12-16), to the portions of the beam, 
we obtain 


but 



4 ! 

8 


^raax 


^max 


48£7 
FL 3 
192 El 


+ 



3EI 



(16-1) 


Beam with Uniform Load: A similar procedure may be used to solve 
fixed-ends beams with uniform loading. The results of such a procedure 
are summarized in Fig. 16-14. 


Sample Problem 3 An overhead crane rides on a single rail which is 
rigidly fixed in concrete at the ends to provide a span of 20 ft. An 
allowable bending stress of 9000 psi is specified for the rail material. The 
rated capacity of the crane is 20 tons, but an overload of 25 percent is to 
be provided for. The depth of the rail is limited to 14 in by other 







400 STATICS AND STRENGTH OF MATERIALS 



(b) 





W 



FIGURE 16-14 (a) Beam with 
both ends fixed and uniformly 
distributed load. ( b) Elastic 
curve showing location of 
inflection points, (c) Shear- 
force diagram. ( d) Bending 
moment diagram. 


structural interference. Assuming a static design situation with the crane 
at midspan, determine the following. 

(a) The minimum centroidal moment of inertia of a 14-in-deep 
rail if the cross section is symmetrical about the XX axis 

(b) The maximum deflection of the rail, using the moment of 
inertia from part a, if the material is an alloy steel 

Solution a: This physical system is represented by Fig. 16-15, with the 



FIGURE 16-15 Beam diagram for 
Sample Problem 3. 


total load of 20 + 20(0.25) = 25 tons concentrated at midspan. The 
weight of the rail is assumed negligible for simplification. From Fig. 
16-13, p. 399, 
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«, = flr= £ = M = 250001b 

FL 50 000(20) 

Mi M r -Mmidspan — g g 

Me 
s = — 

/ 


125 000 ft-lb 


Me 

s 

c = 7 in 
5 = 9000 psi 

125 000(12)(7) 
9000 


1167 in 4 


(minimum) 


Solution b: 


From Eq. (16-1), 


Jinax 


FL 3 
192 El 


where 


F 

L 

E 

I 


^max 


= 50 000 lb 
= 20(12) = 240 in 
= 30 x 10 6 psi 
= 1167 in 4 

- 50 000(240)° 0.103 in 

192(30 x 10 6 )(1167) 


PROBLEMS 

16-1. A balcony is supported by S6 x 17.25, A36 structural steel beams 
spaced 10 ft on centers. The balcony projects 6 ft from the wall 
and carries 200 psf on floor area. The deflection at the end of the 
beam is prevented by AISI 1020 steel rods fastened from above. 
Find the size of rods necessary and the maximum stress in the 
beams. Rod spacing is 10 ft. 

16-2. A 10- by 14-in dressed Mountain hemlock beam is fixed at one 
end and supported at the other. It carries a load of 400 lb per 
linear foot. The support settles \ in under the action of the load. 
Find the reaction of the support and the maximum fiber stress if 
the span is 17 ft. 

Hint: If the support were removed, the deflection of the end 
would be 


1 WL 3 

= H- 

J 8 El 
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The support brings the end up: 


1 RL 3 
y2 ~ 3 El 

Then 35 = ^ + i in 

Now assume that the support does not settle. Find maximum fiber stress 
and compare with the first case. 

16-3. What are the bending and shearing stresses in a beam 9 ft long, 
fixed at one end and supported at the same level at the other? 
The rough-sawn cross section of the beam is 6 by 12 in. It carries 
a uniform load, including its own weight of 820 lb per linear foot. 
Sketch the shear and moment diagrams. E = 1 200 000 psi. 

16-4. If the end support in Prob. 16-3 settles 0.4 in, compute the 
reactions and bending and shearing stresses. 

16-5. If the end support in Prob. 16-3 is pushed 0.4 in above its previous 
level, what will be the stresses in the beam? 

16-6. A run of schedule 40 seamless steel pipe is rigidly fixed into two 
concrete walls with a clear span of 15 ft between the walls. The 
outside diameter is 5.563 in and the wall thickness of the pipe is 
0.258 in. A load of 1 ton is carried at midspan. Determine the 
following. 

a. The maximum bending stress in the pipe 

b. The maximum deflection of the pipe 

16-7. A platform is supported by two beams, as shown in Fig. Prob. 
16-7. Each beam consists of two L4 X 4 X | sections welded back 





FIGURE PROBLEM 16-7 


to back to form a T section. The platform is designed to carry 220 
psf. What maximum bending stress is developed in the beams, 
and how much will they deflect? 






APPENDIX 



Review of Stories 


A-1 FUNDAMENTAL TERMS 

The science of mechanics may be subdivided into statics and dynamics. Statics deals 
with bodies at rest, while dynamics involves motion. This book is concerned with 
static systems. 

Strength of materials is a study of the load-resisting ability of various machine 
and structural members. 

The reader should have a clear understanding of the following technical 
terms: length, area, volume, force, pressure, mass, weight, density, load, moment, torque, 
work, and power. Typical units and definitions of these terms are given on pages 
1 and 2. 

A scalar quantity is specified by magnitude only, such as $40 or 46°F. A vector 
quantity is specified by both magnitude and direction. Force is a vector quantity. 

A-2 FORCE SYSTEMS 

Systems of forces acting on members may be classified as either concurrent or 
nonconcurrent and as either coplanar or noncoplanar. This gives four categories of 
force systems. 

1. Concurrent-coplanar forces: 

(a) The lines of action of all forces pass through a common point. 

(b) The forces all lie in the same plane. 

2. Nonconcurrent-coplanar forces: 

(a) The lines of action of all forces do not pass through a common 
point. 

(i b ) The forces all lie in the same plane. 

3. Concurrent-noncoplanar forces: 

(a) The lines of action of all forces pass through a common point. 

(b) The forces do not all lie in the same plane. 

4. None oncurrent-noncoplanar forces: 

(c) The lines of action of all forces do not pass through a common 
point. 

(b) The forces do not all lie in the same plane. 
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Two other types of force systems which frequently occur are special 
cases of those mentioned above. They are as follows. 

1'. Collinear forces: 

(a) All forces act along the same line of action. 

(b) This is a special case of concurrent-coplanar force systems. 

2'. Parallel forces: 

(a) The lines of action of all forces are parallel. 

(i b ) This is a special case of nonconcurrent-coplanar force systems. 

A-3 CONCURRENT-COPLANAR FORCE SYSTEMS 

A resultant is a single force which can replace two or more concurrent forces and 
produce the same effect as.the original forces. The resultant of a collinear force 
system lies along the same line of action as the collinear forces. Since collinear 
forces lie along the same line, the resultant of collinear forces is their algebraic sum. 
However, the resultant of concurrent forces which are not collinear is their vector sum. 
Concurrent force vectors may be added by any of the following methods. 

1. Parallelogram method. This method is applied to two concurrent forces, 
as in Fig. A-l. Construct or sketch the parallelogram with the vectors as its sides, 



FIGURE A-1 Force diagram. FIGURE A-2 Parallelogram method 

for determining resultant. 

as shown in Fig. A-2. The diagonal of the parallelogram is the resultant of the two 
concurrent forces. 

2. Triangle method. This method is applied to two concurrent forces, as in 
Fig. A-l. Draw or sketch one vector and connect the tail of the second vector to 
the head of the first, as shown in Fig. A-3. The line which forms the closing side 
of the triangle is the resultant of the two concurrent forces. Take note where the 
arrow on the resultant is placed. 

3. Summation of rectangular components. This method is applied to two 
or more concurrent forces. All forces are converted to their vertical and horizontal 


R 





FIGURE A-3 Triangle method for 
determining resultant. 
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FIGURE A-4 Component method of finding resultant: 
(a) vertical and horizontal components; ( b) resultant of 
algebraic sum of vertical and horizontal components. 


(rectangular) components, as in Fig. A-4a. Both the vertical and horizontal 
components are algebraically added, resulting in one vertical vector and one 
horizontal vector. The resultant of these two vectors is the resultant of the original 
concurrent forces, as in Fig. A-4 b. 

a. Determining vertical and horizontal components. Referring to Fig. 
A -4a, the components of force F x are F Xy and F lx , which are determined from the 
equations 


F y —F sin a 
F x =F cos a 

b. Determining the resultant. Referring to Fig. A-4 b, the resultant is given 
by the equation 


R = V (2F X ) 2 + (XFy) 2 


and the angle that the resultant makes with the x axis is given by 


tan 6 - 


ZFy 

?<F X 


4. Polygon method. This is applied to more than two concurrent forces, as 
in Fig. A-5a. This method is an extension of the triangle method in which all 
concurrent forces are successively joined head to tail. The line which closes the 
polygon is the resultant of the concurrent force system; see Fig. A-5 b. Note that 
the arrowhead on the resultant meets the arrow of the last vector to be drawn. 

Each of the four methods of determining the resultant of concurrent force 
systems may be used in either a graphical solution or a trigonometric solution. 
The graphical solution requires accurate layout of force vectors, with lengths 
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FIGURE A-5 Polygon method of finding resultant: 
(a) force diagram; ( b ) vector diagram. 


proportional to force magnitudes and directions correctly aligned. The resultant 
is then measured from the drawing. The trigonometric solution for determining 
the resultant employs any of several mathematical relationships, the most common 
of which are given below. 

1. Sine, cosine, tangent (for right triangles only): 



a 

sin B 

_b 

sin A 




c 


c 

cos A 

_b 

cos B 

a 




c 


c 

tan A 

a 

tan B 





b 


a 


2. Pythagorean theorem (for right triangles only): 

c 2 — a 2 + b 2 


3. Law of sines (for any triangle): 

a _ b _ c 
sin A sin B sin C 

4. Law of cosines (for any triangle): 


c 2 — a 2 + b 2 — 2 ab cosC 


Note: If angle C is more than 90°, then substitute for cos C the expression 
[-cos(180° - C)]. 


A-4 NONCONCURRENT-COPLANAR FORCE SYSTEMS 

The resultant of a nonconcurrent-coplanar force system is a single force which 
usually does not pass through the axis of rotation of the body. The magnitude 
and direction of the resultant force may be determined by the rectangular 
component method using the equations 
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R = V(XF x f + (XF U ) 2 


tan 6 = 


ZFy 

XF x 


and the perpendicular distance of the line of action of R from the axis of rotation 
of the body is given by 


XM 


where XM is the net unbalanced moment of the force system about the axis of 
rotation of the body. 

The resultant of a nonconcurrent-coplanar force system is also equivalent to 
a single force passing through the axis of rotation and a couple. 

For a complete discussion of nonconcurrent-coplanar force systems, refer to 
Chap. 4, Sec. 4-2. 

A-5 EQUILIBRANT 

The equilibrant of a force system is a single force which would exactly balance the 
resultant of that system. The equilibrant must be equal in magnitude to the 
resultant and it must act along the same line of action as the resultant (collinear 
with the resultant), but in the opposite direction. 

A-6 STATIC EQUILIBRIUM 

When a concurrent-coplanarforce system is in equilibrium, the resultant of the system 
must be zero. In other words, the vector sum must be zero. In terms of the 
polygon method of adding force vectors, this means that concurrent force systems 
in equilibrium form closed polygons. That is, when all force vectors are connected 
head to tail graphically, the arrowhead of the last vector to be drawn will touch 
the tail (or starting point) of the first vector drawn. In terms of the component 
method of adding force vectors, since the force system is in equilibrium there will 
be no unbalanced net component along any axis, including the x axis and the y 
axis. Thus, the algebraic sum of the rectangular components for each axis must 
equal zero, or in equation form, 


XF x = 0 and XF U = 0 

When a nonconcurrent-coplanar force system is in equilibrium, the resultant of 
the system must be zero. This means that there can be no unbalanced force and 
no unbalanced moment about any point or axis. These conditions for equilibrium 
can be expressed by the following equations: 


XF x = 0 2F V =0 and XM =0 
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Chap. 9; the AISC allowable stresses for beams are given in Chapter 12. 
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TABLE 2 FACTORS OF SAFETY (N) 


Loading Condition 

Ductile Metals, Steel, etc. 

Brittle Metals, Cast Iron, 

etc. 

N u 

N y 

N u 

Steady load 

4 

2 

7 

Varying load 

6 

3 

10 

Shock load 

10 

5 

20 






TABLE 3 UNIFIED AND AMERICAN SCREW THREADS (ABSTRACTED 
FROM ANSI STANDARD B 1.1-1974) 


Size 

Basic 

Major 

Diameter, 

in 

Coarse Threads, 

UNC and NC 

Fine Threads, 

UNF and NF 

Threads 
per in 

Root (Minor) 
Diameter, in 
(External 
Thread) 

Threads 
per in 

Root (Minor) 
Diameter, in 
(External 
Thread) 

0 

0.0600 

• • ■ • 


80 

0.0447 

1 

0.0730 

64 

0.0538 

72 

0.0560 

2 

0.0860 

56 

0.0641 

64 

0.0668 

3 

0.0990 

48 

0.0734 

56 

0.0771 

4 

0.1120 

40 

0.0813 

48 

0.0864 

5 

0.1250 

40 

0.0943 

44 

0.0971 

6 

0.1380 

32 

0.0997 

40 

0.1073 

8 

0.1640 

32 

0.1257 

36 

0.1299 

10 

0.1900 

24 

0.1389 

32 

0.1517 

12 

0.2160 

24 

0.1649 

28 

0.1722 


0.2500 

20 

0.1887 

28 

0.2062 

A 

0.3125 

18 

0.2443 

24 

0.2614 

i 

0.3750 

16 

0.2983 

24 

0.3239 


0.4375 

14 

0.3499 

20 

0.3762 

i 

0.5000 

13 

0.4056 

20 

0.4387 

A 

0.5625 

12 

0.4603 

18 

0.4943 

I 

0.6250 

11 

0.5135 

18 

0.5568 

1 

0.7500 

10 

0.6273 

16 

0.6733 

7 

■g 

0.8750 

9 

0.7387 

14 

0.7874 

1 

1.0000 

8 

0.8466 

12 

0.8978 

11 

1.1250 

7 

0.9497 

12 

1.0228 

li 

1.2500 

7 

1.0747 

12 

1.1478 

11 

1.3750 

6 

1.1705 

12 

1.2728 

l* 

1.5000 

6 

1.2955 

12 

1.3978 

if 

1.7500 

5 

1.5046 



2 

2.0000 

4* 

1.7274 



2i 

2.2500 

4* 

1.9774 



2* 

2.5000 

4 

2.1933 



21 

2.7500 

4 

2.4433 



3 

3.0000 

4 

2.6933 



3i 

3.2500 

4 

2.9433 



3* 

3.5000 

4 

3.1933 



31 

3.7500 

4 

3.4433 



4 

4.0000 

4 

3.6933 
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150 44.1 14.88 15.515 1.128 0.695 1 790 240 6.37 703 90.6 3.99 
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TABLE 9 SECTION MODULUS TABLE FOR SHAPES USED AS BEAMS 
(SELECTED LISTING) 


Section Section Section 

Modulus Shape Modulus Shape Modulus Shape 
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TABLE 12 RECTANGULAR AND POLAR MOMENT OF INERTIA, 
SECTION MODULUS, AND RADIUS OF GYRATION OF SIMPLE AREAS 


Rectangular 


Polar 




bh(b 2 + h 2 ) 
12 






I x = 0.11r 4 

S x = 0.1917* 


r x = 0.264r 

I y = 0.393r 4 

S y =0.393r 3 
r 




J = 0.503r 4 
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TABLE 13 LIST OF SELECTED SI METRIC UNITS 


Quantity 

Unit Name 

Unit Symbol 

Length 

meter 

m 

Mass 

kilogram 

k g 


metric ton 

t (= 1000 kg) 

Time 

second 

S 


hour 

h 

Temperature 

kelvin* 

K (- 273 + °C) 

Plane angle 

radian 

rad (= 180 /t r - 57.3°) 

Force 

newton 

N (= 1 kg-m/s 2 ) 

Pressure, Stress 

pascal 

Pa (= 1 N/m 2 ) 

Work, Energy 

joule 

J (= 1 N-m) 

Power 

watt 

W(= lj/s) 


* A difference of 1 K is equal to a difference of 1°C. 
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mile/hour (mi/hr) 1.609 kilometer/hour (km/h) 

Acceleration foot/second 2 (ft/s 2 ) 3.048 x lO” 1 meter/second 2 (m/s 2 ) 

Density pound-mass/foot 3 (lb/ft 3 ) 1.602 x W kilogram/meter 3 (kg/m 3 ) 

Force pound (lb) 4.448 newton (N) 
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TABLE 15 LIST OF FORMULAS 


Pythagorean theorem c 2 — a 2 + b 2 

x r ■ a b c 

Law of sines -—- = -—- = -—— 

sin A sin B sin C 

Law of cosines c 2 = a 2 + b 2 - 2ab cos C 
Components of a force F x = F cos a; F y = F sin a 

Resultant of force components R = V (%F X ) 2 + (XF y ) 2 

IF 

/—i i i /> «I it 


Law of sines 


Slope of resultant tan d — 


XF 


Equilibrium of concurrent forces XF x = 0; XF y = 0 
Equilibrium of a force system XF = 0; XM = 0 
Resultant of noncoplanar force components 

R = \ / aF x ) 2 + aF y ) 2 + (XF z ) 2 


Coefficient of friction 


Simple stress 


5= A 


Modulus of elasticity 


Strain 


E = tan 6 = 

e 


8 

€ = 7 


E = 


AS 


Percent reduction in area = 


original area — final a rea 
original area 


( 100 ) 


Percent elongation = 


_ change in gage length 


original gage length 


( 100 ) 


,, r r Ultimate at 

Factor of safety N u = —-—- 

allowable st 

E 

Modulus of rigidity G = —-- 

67 2(1 + n) 

Thermal expansion 8 = ad 
Thermal stress 5 = Ea A/ 

Load on bolted and riveted joint 


, T ultimate stress , yield stress 

^ ^ — - L - 

“ allowable stress ’ u allowable stress 


F = n 


TTCp 


Load on bolted and riveted joint F — [(b — nD)t]st 

Load on bolted and riveted joint F = [ntd 

Efficiency of bolted joint 

strength of the joint 

y] =- - -— .- J -x 100 

tensile strength of the gross area 

Allowable fillet-weld force F = F'(L) 

pD 

Longitudinal section of pressure vessel 5, = — 


St - 


pD, 


Transverse section of pressure vessel 


pD, 
41 


F = 


F = 


pDJ 


pDJ 


Centroid location 


XAx _ 
X= %A 


lAy 

XA 


( 2 - 1 ) 

( 2 - 2 ) 

(2-3) 
(2-4), (2-5) 

( 2 - 6 ) 

(2-7) 

( 2 - 8 ) 
(3-1), (3-2) 

(5-2) 

( 6 - 1 ) 

(7-1), (8-1) 
(8-2), (8-3) 

(8-5) 

( 8 - 6 ) 

(8-7), (8-8) 

(8-9) 

( 8 - 10 ) 

( 8 - 11 ) 

(9-2a) 

(9-3) 

(9-4) 


(9-5) 
(9-6) 
(9-7), (9-8) 

(9-9), (9-10) 

(10-2), (10-2) 
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TABLE 15 LIST OF FORMULAS (Continued) 


Formulas for centroid locations and moments of intertia of 
simple areas Tables 10-1, 10-2 


Transfer formula I a - a = l x + Ad 2 
Conditions for static equilibrium 2F X 

Me M 

Stress due to bending 5 = —— ; 5 = — 

i o 

Modulus of rupture r ° 


= 0 ; XF U = 0 ; = 


Horizontal shear stress 


Sh = 


Vay 


(10-7) 

( 11 - 1 ) 

( 12 - 1 ), ( 12 - 2 ) 

(12-3) 

f 

(12-4) 


Vertical web shear stress 5„ = —- 

td 

Formulas for beam deflections 

Allowable stress, laterally unsupported beam 


12 OOOOOOCft 
Id/A f 


(12-7) 

Table 12-2 
( 12 - 20 ) 


Torsional shear stress 


s, = 


; 


(13-1), (13-2) 


Angle of twist 


sj Tl 

6 = 7 ~ ; 6 = IF 

Gc JG 


Horsepower hp = 


Metric Power W = 


Tn 

63 000 
Tn 
9.55 


Combined axial and bending stress 


F Me 
s = i —— — 
A I 


Combined stress, eccentrically loaded members 


F Fee 

r = —-+- - 

A~ I 


(13-5), (13-6) 


(13-7a) 


(13-76) 


(14-1) 


(14-2) 


Maximum resultant tensile stress 


(S/)max _ 2 + V 5 * 2 + V 2 


(14-3) 


Maximum resultant shear stress 


(^s)max ~ \ $S ( o 


(14-5) 


Equivalent bending moment M e — (s t ) m . Ayi S = ^ + “Vt 2 + M 2 
Equivalent torque T e = (5 s ) max S' = VT 2 + M 2 


Radius of gyration 



Euler’s equation 


Design equations for metal columns 
Design equation for wood columns (NFPA) 


F 0.30E 

‘'(a 


t *£50 
b 


F 7 t 2 E 

A = m< 


(14-6) 

(14-7) 

(15-2), (15-4) 


Table 15-2 


allowable 


(15-8) 








ANSWERS TO 
SELECTED PROBLEMS 


CHAPTER 2 

2-1. R = 23.3 N; d = 30.95° or 0.54 rad. 2-2. R = 100 lb; d = 60° with 
either force. 2-3. R = 1.73 P lb; 6 = 30° with either force. 2-4. R = 87 lb; 
6 = 16.7° or 16°42' with the 40-lb force, or 13.3° (13°18') with the 50-lb force. 
2-5. F = 42.7 lb; d = 39° with the 60-lb force. 2-7. m = 8.52 kg. 2.9. AB = 
60 kN (tension); BC = 98 kN (compression). 


2 - 11 . 



0 ° 

F x (lb) 

Fy (lb) 

(a) 

10 

197 

35 

(b) 

35 

164 

115 

(c) 

55 

115 

164 

(d) 

,80 

35 

197 

(e) 

90 

0 

200 


2-13. Any load greater than W = 97 lb. 2-15. F = 1050 lb. 2-17. Cable 
tensions = 1.37 tons at 30° and 1.065 tons at 40°. 2-19. BC = 288 lb (tension); 
AB = 577 lb (compression). 2-21. F = 200 + 0.0995 W N. 2-23. Force in 
each arm = 100 lb (tension); R $ = R n = 173 lb. 2-25. F = 2.67 kN. 


CHAPTER 3 

3-1. R t = 350 lb; i? r = 250 lb. 3-2. R = 775 N; F = 475 N. 3-3. R t = 8500 
lb; R 2 = 13 500 lb. 3-4. R, = 2280 lb; R 2 = 2160 lb. 3-5. 58.3 in from 
rear axle. 3-7. R^ = 5520 lb; R 2 = 7080 lb. $-9. R x = 500 lb; R 2 = 100 lb; 
right support 5 ft from right end. 3-11. F = 2795 lb. 3-13. P = 4.69 kN. 

3- 15. F = 44 kN; p = 318 kPa. 3-17. M = 180 in lb; M = 180 in lb. 

CHAPTER 4 

4- 1. F = 17.33 lb between upper and lower cylinders; F = 8.66 lb between lower 

cylinders and sides of box; F = 45 lb between lower cylinders and bottom of the 
box. 4-2. R a = 1667 lb at 36.9° with horizontal; = 1333 lb horizontal to left. 
4-3. BD = 1.11 kN (compression); R c = 1.93 kN at 55° with horizontal. 
4-4. R ax = 190 lb; R ay = 289 lb; R bx - 190 lb; R by = 11 lb; R cx = -190 lb; R cy 
= 211 lb. 4-5. BC = 6.5 kN; R ax = 4.86 kN; R ay = 0.18 kN. 4-7. Upper 
hinge R — 3.08 kN horizontal to left; lower hinge R = 3.55 kN at 29.75° with 
horizontal. 4-9. R b = 26001b \R C =2152 lb;i? d = 28101b. 4-11. CG = 1794 

435 



436 STATICS AND STRENGTH OF MATERIALS 


lb; DE - 1115 lb; R ax = 1078 lb; R ay = 1889 lb; R bx = 1794 lb; R by = 1600 lb. 

4- 13. AB = 34 k (compression; AH = 16 k (tension); BH = 10 k (tension); 
BC = 24 k (compression); HG = 16 k (tension); BG = 17k (tension); CG = 10 
k (compression); R x = R 2 = 30 k. 4-15. P = 5550 lb (tension); F bx = 3330 lb; 
F by = 8440 lb; EF = 4710 lb (tension); BF = 7770 lb (compression); BE = 950 
lb (compression); BC = 2660 lb (compression); CE= 1330 lb (tension); CD = 
2660 lb (compression); DE = 3760 lb (tension). 4-17. R = 676 lb acting at 
102.8° from horizontal. 4-19. Upper horizontal members (left to right): 26 kip 
(compression); 46.22 kip (compression); 54.89 kip (compression); 46.22 kip 
(compression); 26 kip (compression). Lower horizontal members (left to right): 
13 kip (tension); 36.11 kip (tension); 50.55 kip (tension); 50.55 kip (tension); 
36.11 kip (tension); 13 kip (tension). Slanted members (left to right): 26 kip 
(compression); 26 kip (tension); 20.22 kip (compression); 20.22 kip (tension); 
8.67 kip (compression); 8.67 kip (tension); 8.67 kip (tension); 8.67 kip (compres¬ 
sion); 20.22 kip (tension); 20.22 kip (compression); 26 kip (tension); 26 kip 
(compression). 

CHAPTER 5 

5- 1 AB = 2.0 tons (compression); BC = BD = 1.14 tons (compression). 5-2. 

DE = 50.6 kN (tension); AD = 14.6 kN (compression); CD = 19.9 kN 
(compression). 5-3. BD = 7500 lb (tension). 5-4. BD = 10 600 lb (tension). 
5-5. P ~ 12.5 tons (tension) in hoisting cable and in each pulley cable; F — 48 

tons (compression) in each leg of crane; F = 37.1 tons (tension) in stay cable. 

5- 7. CD = 2415 lb. 5-8. DF = 648 lb (compression). 5-9. (a) DE = 15.88 
tons (tension) ( b ) DF = 21.12 tons (compression); ( c ) AD = 11.68 tons (tension); 
BD = 15 tons (tension). 5-11. BC = 16 450 lb (tension). 

CHAPTER 6 

6- 1. P = 8.55 lb. 6-2. Body will slide without additional force. 6-7. f = 

0.118. 6-9. No. Total F m = 123.6 lb; component of 60-lb body parallel to 

plane = 42.42 lb; tension in cord = 20.82 lb; F = 166 lb to start 200-lb body to 
the right. 6-11. F = 1064 lb; P = 1684 lb. 6-13. No. At base of ladder, F m 
— 35.4 N, but horizontal force = 66 N. 6-15. Yes. Minimum F required = 63.2 
lb. 

CHAPTER 7 

7- 1. s, = 4000 psi. 7-2. = 4.6 MPa. 7-3. F = 3890 lb. 7-4. = 4.17 

MPa. 7-5. d = 112 mm. 7-7. h = 0.358 in (using root area in tension); 
h = 0.50 in (using shank area in tension). 7-9. F = 666kN. 7-11. Use 12.5 

posts. 7-13. s t = 47 300 psi (root area). 7-15. (a) d 0 = 66 mm, d t = 44 mm; 
(b) d 0 = 106 mm; d t = 94 mm. 

CHAPTER 8 

8- 1. 5 , = 15 300 psi; 8 = 0.0734 in. 8-2. F = 238 kN. 8-3. e = 0.001088 
m/m; final length = 993.08 mm. 8-4. Original length = 84 in. 8-5. s t = 280 
MPa, e = 1.40 x 10 -3 m/m; s t = 297 MPa, e = 1.48 x 10~ 3 m/m; s, = 382 MPa 
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(above yield point), e = 1.91 x 10 3 m/m (not true strain). 8-9. 8 = 0.00496 
in. 8-11. E = 134 GPa. 8-13. N u = 6.83. 8-15. (a) d = 1.09 in; ( b) d = 

1.09 in. 8-17. Use 10 in by 10 in. 8-19. 3.24 mm; 65.5 MPa (compression). 

8- 21. 0.0825 in, 330 psi. 8-23. (a) 8 = 1.94 mm; 5 = 0; (b) 8 = 0; 5 = 108 
MPa (compression); (c) F = 136 kN. 8-25. F = 158 000 lb. 8-27. (a) s c - 
11 800 psi; (b) s c = 13 300 psi; (c) s c = 15 200 psi. 

CHAPTER 9 

9- 1. F — 26 500 lb (shear); (F = 34 400 lb, tension; F = 36 400 lb, bearing). 

9-2. F = 14 200 lb (shear); (F = 19 500 lb, tension; F = 18 800 lb, bearing). 
9-3. Use 3 bolts; (n = 2.2, shear; n = 1.98, bearing). 9-4. d = 0.56 in; use two 
is in bolts. 9-5. F— 106 000 lb (shear); (F = 180 000 lb tension). 9-7. Member 
A : The bolting is safe; (i g = 8300 psi, s c — 16 300 psi, s t — 18 700 psi in angles at 
hole). Member B: F = 67 500 lb (double shear); (F = 198 000 lb, compression 
angles; F = 166 700 lb, bearing). 9-9. Member A: Use 2 bolts; (n = 2.79, 
double shear; n = 1.58, bearing in gusset plate). Member B: Use 2 bolts; (n = 
2.17, double shear; n = 1.23, bearing in gusset plate; tensile stress in angles at 
hole = 9300 psi). 9-11. Joint strength F = 60 600 lb (bearing); efficiency = 
64%; (F — 115 600 lb, double shear; F = 85 000 lb, row 1 tension; F = 88 200 
lb, row 2 tension). 9-13. Joint strength F = 66 300 lb (bearing); efficiency = 
70%; (. F = 95 200 lb, double shear; F = 72 800 lb (row 1 tension); F — 78 100 
lb, row 2 tension; F = 96 500 lb, row 3 tension). 9-15. (a) Each side weld = 
1.43 in + g in corner returns; ( b ) Yes, required L = 2.86 in + g in corner returns. 
9-17. (a) F — 24 000 lb (weld); ( F = 27 500 lb, plate); ( b ) F = 27 500 lb (using 
plate allowable stress for butt weld). 9-19. (a) Overlap = 4.3 in.; ( b) F = 48 100 
lb (plate, AISC); (F = 141 000 lb, weld). 9-21. (a) s t = 7840 psi (tension, 
longitudinal section); ( b ) No, allowable s t = 5720 psi for steady load. 9-23. 
p = 1833 psi (maximum). 9-25. t = 0.273 in (minimum). 9-27. Spacing / - 
5.3 in (maximum). 9-29. p = 189 psi (maximum); (joint strength F = 5680 lb, 
bearing, for / = 2J in). 9-31. D = 41.8 ft (maximum); (joint strength F — 

18 800 lb, tension, for / = 3 in). 9-33. h = 34.5 m (maximum). 9-35. (a) t — 
§ in (minimum); (single bead of weld); (b) t = 0.205 in (minimum). 9-37. (a) 
h = 115 ft; (joint strength F = 16 200 lb, shear, for 1 = 3 in); ( b ) h = 154 ft; (c) 
h = 168 ft. 


CHAPTER 10 

10-1. y = 1.16 in, x = 2.5 in (by inspection) from point O. 10-2. y = 7.21 in, 
x — 2.82 in from lower right corner. 10-3. y = 131 mm, x — 76.2 mm from 
lower left corner. 10-4. y = 5.29 in from base. 10-5. y = 7.12 ft, x = 7.33 
ft from point D. 10-7. y = 0.58 in, x = 4 in (by inspection) from lower left 
corner. 10-9. y = 66 mm, x — 207 mm from lower left corner. 10-11. y = 
10.58 in from base on the vertical centerline. 10-13. Maximum b = 3.72 m, 
(a = 3.04 m). 10-15. Volume = 589 (10 3 ) mm 3 . 10-17. Volume = 6140 tt in 3 

or 19 300 in 3 . 10-19. (a) I x = 47.6 in 4 , I y = 24.3 in 4 ; (b) l x = I y = 7.36 in 4 ; (c) 
I x = 1.03 in 4 , I y = 3.68 in 4 ; (d) I x =l y = 0.515 in 4 . 10-21. I x = 8.23 in 4 , I y = 
7.92 in 4 . 10-23. I x = 1126 in 4 , I y = 1308 in 4 . 10-25. l x = 494 in 4 , I y = 186 
in 4 . 10-27. I x = 1864 in 4 . 10-29. I x = 6010 in 4 (bolt holes deducted); I x 
= 6690 in 4 , (bolt holes not deducted). 




438 STATICS AND STRENGTH OF MATERIALS 


CHAPTER 11 

11-1. R t = 1200 lb ,R r = 800 lb; V, = 1200 lb = V 4 , V\ = -800 lb = V r . 11-2. 
/?, = 12 kN, R t = 10 kN; V { = 12 kN = V u E,' = -1 kN = V 3 , V 3 ' = -10 kN = 
V r . 11-3. Rt = 8.25 kN, R r = 14.25 kN; V x = 8.25 kN, V 3 . 5 = 3 kN, V 3A ' = -12 
kN, V r = -14.25 kN. 11-4. R x = 2040 lb, R 2 = 3760 lb; V t = 2040 lb, V 12 = 
240 lb = V 18 ; V l3 ' = -3760 lb = V r . 11-5. R= 18 kN; V t = -8 kN = V 2 , V 2 ' 
= -18 kN = V r . 11-7. R, = 1735 lb, R 2 = 1640 lb; = 1735 lb, V 5 = 610 lb, 
V 9 = 110 lb, V 9A = 0, V 14 = -1265 lb, V r = -1640 lb. 11-9. i?, = 10.2 kN,i? 2 
= 16.8 kN; V x = 0, V x = -1.4 kN, V/ = 8.8 kN, V 2 = 7.4 kN = V 3 , V 3 ' = -8.6 
kN = V 3A , V 4 . 5 = -9.8 kN = V 5 , V 5 ' = 7 kN = V r . 11-11. M max = 4800 ft-lb 
4 ft from left support. 11-13. M max = 19.69 kN-m, 1.5 m from right support. 
11-15. M max = -43 kN-m at wall; (M 2 = -16 kN-m). 11-17. M max = 7320 
ft-lb 9.4 ft from left support; (M 5 = 5870 ft-lb, M 9 = 7290 ft - lb, M u = 4360 
ft * lb). 11-19. M max = 14.85 kN-m, 3 m from left end of beam; (Af, = —0.7 
kN-m, M 2 = 7.42 kN-m, M 3 . 5 = 10.56 kN-m, Af 4-5 = 1.39 kN-m, M 5 = -3.5 
kN-m). 11-21. (a) Rt = ( P/L)(L - a), R 2 = Pa/L; ( b) V max = (P/L)(L - a) at 
all sections from R t to P, if a < L/2; (c) Af max = Pa(L - a)/L located at P\ ( d ) M x 
= Px(L - a)/L. 11-23. R = 14 700 lb, M = -138 850 ft-lb (at wall). 

11-25. M max = 735 kN-m, occurs under rear axle (153 kN load) when it is 6.4 
m from left support and front axle is 1.4 m from right support. (Af max = 654 
kN-m for 81 kN at 8.5 m from left support; Af max = 451 kN-m for 36-kN load 
at 10 m from left support.) 


CHAPTER 12 

12-1. *o .9 = 16.2 MPa; *,. 5 = 27 MPa; s iA = 10.8 MPa. 12-2. W - 3910 lb 
(maximum). 12-3. L = 10.8 ft (maximum). 12-4. d 0 = 140.8 mm, d t = 70.4 
mm (minimum). 12-5. N u = 144 (top fiber compression), N u = 75.4 (bottom 
fiber tension); (y = 3.22 in from base, I x = 155 in 4 , M max = 3192 ft-lb 3 ft from 
R i). 12-7. L = 31.1 ft (maximum, neglecting beam weight); (L = 29.3 ft, 
including beam weight). 12-9. S8 x 18.4 (required S = 14.4 in 3 , neglecting 
beam weight; S8 x 23 (required S = 14.8 in 3 , including beam weight). 12-11. w 
= 267 psf of floor area (maximum floor load in addition to beam weight); (w = 
271 psf with beam weight neglected). 12-13. d = 3.57 in (minimum; shaft 
weight included); (d — 3.45 in, neglecting shaft weight). 12-15. d — 2.47 in 
(minimum, based on ultimate stress with N u = 6); (d = 2.22 in, based on yield 
stress with N v = 3). 12-17. Yes, Eastern white pine is satisfactory. ( s b = 0.95 

MPa with beam weight). 12-19. Use dressed 6 in x 14 in (required S = 150 
in 3 for bending, required/l = 68 in 2 for shear; beam weight neglected). 12-21. 
F = 5760 lb (maximum, for nominal size); F = 4850 lb (for dressed size). 
12-23. (a) W = 16 800 lb (maximum, for nominal size); W = 15 300 lb (for 
dressed size); ( b ) s b = 616 psi (nominal size); s b = 637 psi, (dressed size). 
12-25. Bolt spacing = 11.3 in center to center, two rows (maximum; beam weight 
neglected). 12-27. s v = 3300 psi (maximum web shear at supports). 12-29. s h 
= 11 800 psi at base of flange at supports for W — 130 000 lb; (s„ = 12 300 psi 
maximum web shear). 12-31. W = 8360 lb (maximum, for dressed size; shear 
controls); (W = 9600 lb for nominal size). 12-33. s b — 16 150 psi at midspan, 
s v — 4130 psi at supports, y = 0.751 in at midspan. 12-35. (a) No, y — 0.539 
in (beam weight neglected); (y =0.561 in with beam weight); ( b ) s b = 14 500 psi, 
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s v — 1715 psi (beam weight neglected); (5 6 = 15 100 psi, s v = 1765 psi with beam 
weight). 12-37. (a) y = 0.0923 in (including shaft weight); ( b) s h = 59.8 psi at 
supports, s b = 4360 psi at midspan. 12-39. S15 x 42.9 (required S = 50 in 3 ; beam 
weight neglected). 

CHAPTER 13 

13-1. T = 7.95 kN m (maximum). 13-2. No; allowable s s = 18 350 psi, actual 
s g - 29 400 psi. 13-3. (a) d = 48.9 mm (minimum); (b) d 0 = 50 mm, d t = 25 
mm. 13-4. L = 411 in or 34.2 ft (maximum). 13-5. 6 = 0.043 rad. 13-7. 
d — 41.3 mm (minimum, based on ultimate with N u = 10). 13-9. n = 223 rpm. 

13-11. L = 53.3 mm (bearing); (L = 32 mm, shear). 13-13. N s = 1.79 

(shear), N c = 1.19 (bearing). 13-15. s s = 38 MPa (shear), s c = 24 MPa (bearing). 
13-17. d — 38.4 mm (based on angle of twist); d = 23.1 mm (based on shear 
stress). 

CHAPTER 14 


14-1. Bottom fiber maximum tension = 21.9 MPa, top fiber maximum compres¬ 
sion = 15.9 MPa (both at midspan). 14-2. h = 10.24 in (minimum depth). 
14-3. Right-side maximum tension = 293 MPa (at midspan). 14-4. F = 97 500 
lb. 14-5. Right-side maximum compression = 4680 psi; left-side maximum 
tension = 2100 psi. 


14-7. 


BASE PRESSURES (psf) 



Footing 

weight 

120-k load 

85-k load 

Total 

Left-front corner 

300 

16 670 

-14 180 

2 790 

Left-rear corner 

300 

16 670 

4 720 

21 690 

Right-rear corner 

300 

-3 330 

23 620 

20 590 

Right-front corner 

300 

-3 330 

4 720 

1 690 


(Negative 

values are tension) 


14-9. F = 1940 lb (maximum, based on shock loading; tension controls). 

14-11. 






STRESSES (MPa) 





At A 

At B 


Due to 4.5-kN load 


30 

30 


Due to 450-N load 


36 

-36 


Due to 600-N load 


21.8 

-13.8 


Total 


87.8 

-19.8 



(Negative values are compression) 
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14- 13. N u = 1.43. 14-15. s g = 13 580 psi (no eccentricity). 14-17. d — 1.03 

in, use li-in. bolts. 14-19. Maximum s s = 2980 psi on lower right-hand 

bolt; (lower left = 2760 psi; center right = 2280 psi; center left = 1990 psi; upper 
right = 1680 psi; upper left = 1260 psi). 14-21. (a) F = 7350 lb (bolt A 
controls); ( b) F = 8830 lb (no eccentricity). 14-23. hp = 68.5 14-25. d = 
2.97 in (minimum; from maximum principal stress); (d = 2.96 in, minimum; 

from maximum shear stress). 14-27. (a) d = 75.8/V(s*) ma x; (b) d = 

90.6/V(Sf)max- 14-29. d 0 = 90 mm (minimum), d t = 45 mm (from maximum 
principal stress). 

CHAPTER 15 

15- 1. F = 103 600 lb. 15-2. F = 203 000 lb. 15-3. F = 69 000 lb. 15-4. 

Maximum safe load F = 15.26 kN (intermediate column; machine-design 
formula). The member is satisfactory. 15-5. L = 13.95 ft or 167.5 in. 15-7. 
F = 695 000 lb (/„ = 481.5 in 4 ). 15-9. F = 51 000 lb. 15-11. Two 3f x 

3i" x angles (can carry 34 200 lb). 15-13. S 10 x 25.4 (can carry 49 000 lb). 
15-15. 0.515 X 1.03 in (slender column; machine-design formula). 15-17. The 

column is safe. Maximum safe load F = 24 900 lb (dressed size). 15-19. 11.2 

in x 11.2 in. Use 12 x 12 (can carry 109,000 lb). 15-21. For left column, use 
6 in x 6 in, (or 6 in diam.); for right column, use 6 in X 6 in, or 4 in X 8 in (or 
4.7 in diam.). 


CHAPTER 16 

16-1. Force in rod F = 4500 lb; rod diameter d = 0.594 in for AISI 1020 with 
steady load (use f-in-diameter rod). Maximum bending stress s b = 12 300 psi at 
wall. 16-2. Support reaction 1U = 2170 lb; maximum bending stress s b = 868 
psi at wall (for dressed size); (/?, = 2100 lb; s b = 810 psi for nominal size). If 
support does not settle, /?j = 2550 lb; s b = 600 psi at wall (for dressed size). 
16-3. s b = 692 psi at wall; s h — 96 psi at wall. (M max = 8300 ft-lb; F max — 4610 
lb). 16-4. s b = 1435 psi at wall; s h = 117 psi at wall. (M max = 17 200 ft-lb; 
V max = 5600 lb). 16-5. s b = 720 psi at section 4.58 ft from support; s h = 78.3 
psi at support. (M max = 8640 ft-lb; V max = 3760 lb). 16-7. s b — 9150 psi 
(compression) at bottom fiber at wall; y max = 0.0307 in at midspan. 
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Allowable stress, 155 
Alloy, definition, 152 
American Institute of Steel Construc¬ 
tion, allowable stresses for 
beams, 287 

code for rivets, bolts and threaded 
parts, 175, 176 
code for welds, 188 
column formulas, 380 
steel shapes, tables, 412-424 
stress in laterally unsupported 
beams, 308 

American Society of Mechanical 

Engineers, code for bolted con¬ 
nections, 177 

American Society for Testing Ma¬ 
terials, tension test, 146-151 
American standard, channels, table, 
418, 419 

lumber and timber sizes, table, 

426, 427 

S shapes, table, 416, 417 
American Welding Society, fillet and 
buttwelds, 187 

Angle of twist in shafts, 322, 323 
Angles, equal legs, table, 420, 421 
unequal legs, table, 422, 423 
Area, definition, 1 

determination by centroid methods, 
217 

percent reduction of, 153 


Beams, AISC allowable stresses, 287 
assumptions and limitations, 232 
bending-moment diagram, 244-249 
Beams, bending stress, 269-271 
applied couple, 255-259 
bending theory, 233-236 
cantilever, 232 
concentrated load, 232-235 
conditions for static equilibrium, 

232, 407 


Beams (continued): 
deflection, 288-306 
tables, of formulas, 304 
design of, 306 

diagram relationships, 249, 250 
horizontal and vertical shear 
stresses, 278-287 
lateral buckling, 308, 309 
moments from shear diagram area, 
252-254 

moving loads, 259-265 
neutral axis, 233, 234 
overhanging, 232, 233 
reactions, 235, 236 
by lever rule, 237, 238 
section modulus table, 424, 425 
selection for economy, 278 
shear-force diagram, 239-244 
simply supported, 232 
statically determinate, 232 
statically indeterminate, 232, 389 
both ends fixed, 396-401 
one end fixed and one end sup¬ 
ported, 389-396 
types, 232, 233 

uniformly distributed load, 232, 
235, 236 

vertical web shear, 287 
Bearing stress in bolted joint, 173, 174 
Bending, combined with axial stress, 
340-345 

combined with torsion, 359-363 
Bending moment, diagram, 244-249 
equivalent, combined bending and 
torsion, 360 

shear-diagram area method, 
252-254 

Bolted joints, AISC code, 175, 176 
ASME code, 177 
design for maximum efficiency, 
182-185 

eccentrically loaded, 352-357 
edge distance, 175 
efficiency, 179-182 
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Bolted joints (continued): 
gage, 175 
gross area, 179 
pitch, 174 

repeating section, 174 
strength of, 178 
stresses in, 172-174 
on thin-walled pressure vessels, 
194-196 

transmission of load, 170, 171 
trial patterns, 183, 184 
types, 169-170 
types of failure, 170 
Bolts, AISC codes for rivets, bolts and 
threaded parts, 175, 176 
direct stresses in, 170-174 
in flange couplings, 328, 329 
in torsional shear, 321, 322 
Brittle materials, maximum principal 
stress, 360, 361 

stress-strain diagram, 150, 151, 154 
yield strength, 154 
Brittleness, definition, 152 
Buckling in columns, 370 


Center of gravity, 205-217 
of simple solids, 213-217 
by suspension, 206 
Centroid method for determining 
areas and volumes, 217, 218 
Centroids, 206-213 
of composite areas, 208-213 
table for simple areas, 207 
Channels, table, 418, 419 
Coefficient of friction, 116 
table, 120 

Coefficient of thermal linear expan¬ 
sion, 157, 158 
table, 158 

Collinear forces, definition, 7, 404 
Column action, 370, 371 
Column formulas, metals, table, 380 
timber, 386 

Columns, buckling, 370 
categories of, 375-377 
end conditions, 377-379 
Euler’s equation, 376 


Columns (continued): 
intermediate, 375 
long, slender, 375 
parabolic formula, 377 
short compression members, 375 
straight-line formula, 377 
Combined stresses, 339 
axial and bending, 340-345 
distribution of, 341, 342 
bending and torsion, 359-363 
superposition principle, 339 
Components of a force, 26 
rectangular, 28, 29, 405 
in three directions, 96 
Composite members, 161-164 
Compression, axial, 13 
due to shear, 358 
Compressive stress, direct, 139 
Concurrence, principle of, 18, 405 
Concurrent forces, definition, 7, 403 
Coplanar forces, definition, 7, 403 
Couple, definition, 54, 55 
applied to beam, 255-259 
due to eccentric load, 346 
Curvature, radius of, 289-291 
Cylinders, pressure vessels, thin- 
walled, 190-193 


Deflection of beams, 288-306 
cantilever beam, 299-303 
elastic curve, 289 

method for determining formulas, 
291 

moment-area method, 291-296 
radius of curvature, 289 
simply supported beam, 296-299 
table of formulas, 304 
Density, definition, 2 
Design equations, metal columns, 
table, 380 

timber columns, 386 
Dimensional analysis, 6 
Direct stress (see Stress, simple) 
Ductile materials, elastic limit, 151 
maximum shear stress, 360 
stress-strain diagram, 146-151 
yield point, 150, 151 
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Ductility, definition, 152 
percent elongation, 154 
percent reduction in area, 153 


Eccentric loads, machine members, 
349-352 

bolted joints, 352-357 
short compression members, 
346-348 

Effective slenderness ratio, 378 
Elastic curve, 289 
points of inflection, 396 
Elastic limit, 150-154 
Elasticity, definition, 152 
modulus of, 152 
Elongation, percent, 154 
total, 146 

End conditions, columns, 377-379 
Equilibrant, 17, 407 
Equilibrium, of concurrent force sys¬ 
tems, 12, 32, 41, 407 
of concurrent-noncoplanar forces, 
98 

conditions for, 49, 407 
of nonconcurrent-coplanar forces, 
63, 407 

Euler’s equation for slender columns, 

376 

Expansion, thermal, 157, 158 
Extensometer, 146 


Factor of safety, 155, 156 
table, 410 

Fillet welds, table of allowable loads, 
189 

Flange couplings, 327-329 
Force, axial, 14, 138 
components of, 26 
Force, definition, 2 
direction angles, 96 
external, 7 
internal, 7 
polygon, 32, 405 
transmissibility of, 7 


Force (continued): 

triangle, 15-18, 404 
Force systems, concurrent-coplanar, 
9-42, 404-407 
concurrent-noncoplanar, 9 
nonconcurrent-coplanar, 9, 46-55, 

60-73, 407 
applications, 65 
nonconcurrent-noncoplanar, 9 
parallel forces, 48 
Formulas, list of, 432, 433 
Free body, definition, 21 
Free-body diagram, 22 
Friction, coefficient of, 116 
cone of, 125 
inclined plane, 121, 122 
jackscrew, 132, 134 
journal bearing, 131 
kinetic, 118 
least force, 124, 125 
maximum static, 116 
table, 120 

wedge action, 128-131 


Hardness, definition, 151 


Inclined plane, 30, 31 
with friction, 121, 122 
Inflection points, elastic curve, 396 


Jackscrew, 132-134 
Journal friction, 131 


Keys, 329-331 


Lateral buckling of beams, 308, 309 
Law, of cosines, 19, 406 
of sines, 19, 406 
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Length, 1 
original, 147 

Linear expansion, coefficient of, 157, 
158 

table, 158 

Liquid column pressure, 198 
List of formulas, 432, 433 
Load, definition, 2 
axial, definition, 138 
concentrated, 232, 235 
eccentric, machine members, 349- 
352 

bolted joints, 352-357 
short compression members, 
346-349 

moving, 259-265 
transverse, definition, 138 
uniformly distributed, 52-54, 232, 
235, 236 

Lumber and timber, 
sizes, table, 426,427 
properties of, table, 425 


Malleability, definition, 151 
Mass, definition, 2 

Materials, members of two different, 
in parallel, 161, 162 
in series, 163, 164 
Members, eccentrically loaded, 
machine, 349-352 
short compression, 346-348 
short compression, columns, 375 
two-force, 13, 14 
of two materials, 161, 164 
Metals, mechanical properties, table, 
409 

Method of joints, 74-81 
Method of sections, 81-84 
Method of shears, 84 
Metric units, 2-4 

conversions, U.S. customary to SI 
units, table, 430, 431 
list of selected SI metric units, 
table, 429 
prefixes, 4 

Modulus, section, 271, 320, 424 
table of formulas, 428 


Modulus of elasticity, 152 
Modulus of rigidity, 153, 322 
Modulus of rupture in bending, 271 
Moment, definition, 2, 46 
diagram, 244-249 
signs for, 47, 245 
Moment of area, 207 
Moment of inertia, 218-226 
of composite areas, 223-226 
polar, 319 
table, 220, 428 
transfer formula, 222 
Moment-area method for deflection 
formulas, 291-296 
Moving loads, 259-265 

position for maximum moment, 260 


National Forest Products Association, 
column formula, 386 
Neck-down, 151, 152 
Neutral axis, 233 
Numbers, rounding off, 6 
significant figures, 5 


Offset method for yield strength, 
brittle materials, 154, 155 
Original length, 147 


Parabolic column formula, 377 
Parallelogram method, vector 
addition, 14, 404 
Permanent set, 150 
Pitch of bolts, 174 
Plasticity, 152 
Poisson’s ratio, 156, 157 
table, 156 

Polar moment of inertia, 319 
table, 428 

Polar section modulus, 320 
table, 428 

Power, definition, 2 
Power transmission, shafts, 323-325 
Pressure, definition, 2 
liquid column, 198 
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Pressure vessels, thin-walled, 190-193 
Principal stress, maximum, 360 
Principle, of concurrence, 18 
of superposition, 339 
Properties, of lumber, table, 425 
of metals, table, 409 
Proportional limit, 150 
Pythagorean theorem, 19, 406 


Radius, of curvature, 289 
of gyration, 373 
table, 428 

Rectangular components of a force, 
28, 29, 405 

Reduction in area, percent, 153 
Resultant, of concurrent force systems, 
10, 38, 404-406 

of concurrent-noncoplanar forces, 
96 

by force triangle, 14, 404 
of nonconcurrent-coplanar forces, 
60-65, 406 

of parallel force systems, 49, 50 
by parallelogram method, 14, 404 
by summation of components, 38, 
404 

Rigid body, definition, 7 
Rigidity, modulus of, 153, 322 
Riveted joints, 185 
AISC code, 175, 176 
Rupture, modulus of, 271 


S shapes, table, 416, 417 
Safety factor, 155, 156 
Scalar, definition, 4 
Screw thread sizes, table, 411 
Section modulus, 271 
beams, table, 424 
polar, 320 

table of formulas, 428 
Shaft couplings, 327-329 
Shafts, angle of twist, 322, 323 
combined bending and torsion, 
359-363 

power transmission, 323-325 


Shafts (continued): 
torsion, 316-327 
circular section, 320 
hollow circular, 320 
Shear, in flange couplings, 329 
maximum combined bending and 
torsion, 360 

modulus of rigidity, 153, 322 
single and double, 173 
due to tension, 357 
torsional, 318-320 
circular section, 320 
hollow circular section, 320 
vertical, in webs of I-beams, 287 
Shear force diagram, 239-244 
area of moments, 252-254 
Shear modulus, 153 
Shear stress, simple, 137, 139, 140 
Significant figures, 5 
Simple structure, 23 
Slenderness ratio, 371, 372 
effective, 378 
table, 379 

Spheres, thin-walled, 194 
Statically indeterminate beams (see 
Beams) 

Stiffness, definition, 152 
Straight-line column formula, 377 
Strain, 147 

Strength of bolted joint, 178 
Stress, allowable, 155 

AISC table for rivets, bolts and 
threaded parts, 175, 176 
ASME table for bolted joints, 177 
Stress, bearing, 173, 174 
bending, 269-271 
distribution of, 234 
in bolted joints, 172, 173 
combined, 339 
axial and bending, 340-345 
bending and torsion, 359-363 
definition and types, 137 
horizontal shear, distribution, 285 
and vertical shear in beams, 
278-288 
in keys, 329-331 
maximum principal, 360 
in riveted joints, 185 
simple compression, 137-138 
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Stress (continued): 

simple shear, 137, 139, 140 
simple tension, 137, 138 
thermal, 159-161 
in thin-walled pressure vessels, 
190-193 

torsional shear, 318-320 
circular section, 320 
hollow circular section, 320 
vertical web shear in I-beams, 287 
Stress-strain diagram, brittle material, 
154 

ductile material, 146-151 
Superposition, principle of, 339 

Table, AISC allowable stresses for 
beams, 287 
connections, 175, 176 
allowable loads for fillet welds, 189 
American standard, channels, 418, 
419 

lumber and timber sizes, 426, 427 
ASME allowable stresses for connec¬ 
tions, 177 

beam deflection formulas, 304 
centroids of simple areas, 207 
codes for bolted joints, 175-177 
coefficient of friction, 120 
coefficient of thermal linear expan¬ 
sion, 158 

common SI metric prefixes, 4 
conversions: US customary to SI 
units, table, 430, 431 
effective slenderness ratio, 379 
equal leg angles, 420, 421 
factors of safety, 410 
list of formulas, 432, 433 
list of selected SI metric units, 429 
metal column formulas, 380 
moment of inertia, 220, 428 
Table, Poisson’s ratio, 156 
polar moment of inertia, 428 
properties, of metals, 409 
of lumber, 425 
radius of gyration, 446 
S shapes, 416, 417 
screw thread sizes, 411 
section modulus, for beams, 424 


Table (continued): 
formulas, 428 

unequal leg angles, 422, 423 
wide flange steel shapes, 412-415 
Tensile stress, simple, 137, 138 
Tension, axial, 13 
due to shear, 358 
Tension test, metal, 146-155 
Thermal stress, 159-161 
Thin-walled pressure vessels, cylin¬ 
ders, 190-193 
spheres, 194 
Torque, definition, 2 

equivalent, combined bending and 
torsion, 361 
Torsion, 316-327 
angle of twist, 322, 323 
circular cross section, 320 
combined with bending, 359-363 
hollow circular section, 320 
shear stress, 318-320 
in flange couplings, 327-329 
Toughness, definition, 151 
Transmissibility of a force, 7, 8 
Trusses, 73-84 

method of joints, 74-81 
method of sections, 81-84 
method of shears, 84 
Two-force members, definition, 14 

Ultimate strength, 151 
Units, 2-4 

dimensional analysis, 6 
SI metric units, 2 

conversions, table, 430, 431 
prefixes, 4 

selected metric units, 429 
US customary units, 3 

Vectors, 4 

addition by parallelogram method, 
14, 404 

addition by triangle method, 14, 404 
representation of, 5 
Volume, definition, 1 

determination by centroid method, 
217, 218 
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Water pressure depth, 198, 199 
Wedge action, 128-131 
Weight, definition, 2 
Welded joints, 186-190 
AISC code for fillet and butt welds, 
188 

AWS standards 

Welded joints, allowable loads for fillet 
welds, 189 

on thin-walled pressure vessels, 
196-199 


Wide flange steel shapes, table, 412- 
415 

Work, definition, 2 


Yield point, ductile, materials, 151 
Yield strength, brittle materials, 154 
determination, by apparent elastic 
limit method, 155 
by offset method, 154 



